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Ââåäåíèå

Äèñöèïëèíà ¾×èñëåííûå ìåòîäû è àëãîðèòìû ðåøåíèÿ äèôôåðåíöè-
àëüíûõ óðàâíåíèé¿ äëÿ ñòóäåíòîâ çàî÷íîé ôîðìû îáó÷åíèÿ ÷èòàåòñÿ íà
âòîðîì êóðñå (â ÷åòâ¼ðòîì ñåìåñòðå). Ñòóäåíòû âûïîëíÿþò òðè êîíòðîëü-
íûõ ðàáîòû.

Êîíòðîëüíàÿ ðàáîòà ìîæåò áûòü íàïèñàíà îò ðóêè íà ëèñòàõ ôîðìàòà
À4 èëè ïðåäñòàâëåíà â ðàñïå÷àòàííîì âèäå. Ëèñòû äîëæíû áûòü ñêðåïëå-
íû ñòåïëåðîì, ïðè÷åì êàæäàÿ êîíòðîëüíàÿ ðàáîòà ñäàåòñÿ îòäåëüíî. Ðàáî-
òà ìîæåò áûòü íàïèñàíà îò ðóêè â òåòðàäè. Â ýòîì ñëó÷àå êàæäàÿ ðàáîòà
ñäàåòñÿ â îòäåëüíîé òåòðàäè.

Íà òèòóëüíîì ëèñòå óêàçûâàåòñÿ ïîëíîå íàçâàíèå óíèâåðñèòåòà, ôàêóëü-
òåò, êàôåäðà, ôàìèëèÿ, èìÿ, îò÷åñòâî ñòóäåíòà, íîìåð ó÷åáíîé ãðóïïû,
íîìåð êîíòðîëüíîé ðàáîòû, íîìåð âàðèàíòà, ôàìèëèÿ è èíèöèàëû ïðåïî-
äàâàòåëÿ, ïðîâåðÿþùåãî ðàáîòó, ãîä è ñòàâèòñÿ ëè÷íàÿ ïîäïèñü ñòóäåíòà.

Ðàáîòà çàñ÷èòûâàåòñÿ ïðåïîäàâàòåëåì, åñëè âñå çàäà÷è ðåøåíû âåðíî.
Åñëè â ðåøåíèè êàêîé-ëèáî çàäà÷è äîïóùåíà îøèáêà, òî ñòóäåíò äîëæåí
ñäåëàòü ðàáîòó íàä îøèáêàìè (çàíîâî ðåøèòü çàäà÷ó). Ðàáîòà íàä îøèá-
êàìè äîëæíà ðàñïîëàãàòüñÿ ïîñëå çàïèñè ðåøåíèÿ ïîñëåäíåé çàäà÷è êîí-
òðîëüíîé ðàáîòû.
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Ñòóäåíò ñàìîñòîÿòåëüíî âûáèðàåò âàðèàíò êîíòðîëüíîé ðàáîòû â ñîîò-
âåòñòâèè ñ íà÷àëüíîé áóêâîé ñâîåé ôàìèëèè.

Áóêâà Íîìåð âàðèàíòà

À 1

Á 2

Â 3

Ã 4

Ä 5

Å, � 6

Æ 7

Ç 8

È, É 9

Ê 10

Ë 11

Ì 12

Í 13

Î 14

Ï 15

Ð 16

Ñ 17

Ò 18

Ó 19

Ô 20

Õ 21

Ö, Þ 22

× 23

Ø,Ù 24

Ý, ß 25
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Êîíòðîëüíàÿ ðàáîòà � 1

Òåìà: îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

Ñîäåðæàíèå êîíòðîëüíîé ðàáîòû � 1

Çàäàíèå � 1

Ïî óñëîâèþ çàäà÷è ñîñòàâüòå äèôôåðåíöèàëüíîå óðàâíåíèå è, ðåøèâ
åãî, îòâåòüòå íà âîïðîñû.

Çàäàíèå � 2

Äëÿ çàäàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âèäà y′ = f(x, y)

1. Íàéäèòå óðàâíåíèå ëèíèè ýêñòðåìóìîâ è ïîñòðîéòå å¼;

2. Íàéäèòå ëèíèþ (âîçìîæíûõ) ïåðåãèáîâ;

3. Ïîñòðîéòå èçîêëèíû è ïîëå íàïðàâëåíèé;

4. Ïîñòðîéòå (ãðàôè÷åñêè) èíòåãðàëüíóþ êðèâóþ, ïðîõîäÿùóþ ÷åðåç çà-
äàíóþ òî÷êó M(x0, y0);

5. Íàéäèòå àíàëèòè÷åñêè îáùåå ðåøåíèå èëè îáùèé èíòåãðàë äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ è ðåøåíèå çàäà÷è Êîøè.

y′ = f(x, y), y(x0) = y0.

Óñëîâèÿ çàäà÷ êîíòðîëüíîé ðàáîòû � 1

Âàðèàíò � 1.

Çàäàíèå 1.
Äâà ñîîáùàþùèõñÿ ñîñóäà èìåþò ôîðìó ïàðàëëåëåïèïåäîâ, îñíîâàíè-

ÿìè êîòîðûõ ÿâëÿþòñÿ êâàäðàòû ñî ñòîðîíàìè a è b. Äèàìåòð îòâåðñòèÿ
ìåæäó ñîñóäàìè ðàâåí d. Íà÷àëüíàÿ ðàçíîñòü óðîâíåé æèäêîñòè â ñîñóäàõ
ñîñòàâëÿåò h. Ïðåäïîëàãàåòñÿ, ÷òî ñêîðîñòü èñòå÷åíèÿ æèäêîñòè (ì/ñ) ÷å-
ðåç îòâåðñòèå ïîä÷èíÿåòñÿ çàêîíó

w = φ
√

2g (z1 − z2),

ãäå g = 9, 81 ì/ñ2, φ = 0, 61, z1 è z2 � óðîâíè æèäêîñòè â ïåðâîì è âî
âòîðîì ñîñóäå ñîîòâåòñòâåííî.

Íàéäèòå çàâèñèìîñòü ðàçíîñòè óðîâíåé îò âðåìåíè è îòâåòüòå íà ñëåäó-
þùèå âîïðîñû:
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1. ×åðåç êàêîå âðåìÿ â ñîñóäàõ óñòàíîâèòñÿ îäèíàêîâûé óðîâåíü æèäêî-
ñòè? (a = 0, 7; b = 1, 5; d = 0, 03; h = 3)

2. ×åìó ðàâåí äèàìåòð îòâåðñòèÿ ìåæäó ñîñóäàìè, åñëè ÷åðåç âðåìÿ t
ïîñëå åãî îòêðûòèÿ óñòàíàâëèâàåòñÿ îäèíàêîâûé óðîâåíü æèäêîñòè â
ñîñóäàõ? (a = 0, 7; b = 1, 5; t = 20; h = 3).

3. ×åìó ðàâíû ðàçìåðû îñíîâàíèÿ ïåðâîãî ñîñóäà, åñëè çà âðåìÿ t ðàç-
íîñòü óðîâíåé èçìåíèòñÿ íà l? (l = 0, 7; b = 2; t = 15; h = 3).

4. Êàêîâû ðàçìåðû îñíîâàíèÿ âòîðîãî ñîñóäà, åñëè çà âðåìÿ t ðàçíîñòü
óðîâíåé èçìåíèòñÿ íà l? (a = 1, 3; l = 1; t = 15; h = 2, 5).

Âñå ðàçìåðû óêàçàíû â ìåòðàõ, à âðåìÿ � â ñåêóíäàõ.

Çàäàíèå 2.
y′ = y − x2, M(1; 2).

Âàðèàíò � 2.

Ñêîðîñòü èñòå÷åíèÿ âîäû èç îòâåðñòèÿ íà ðàññòîÿíèè h ïî âåðòèêàëè îò
ñâîáîäíîé ïîâåðõíîñòè îïðåäåëÿåòñÿ ôîðìóëîé

v = c
√

2gh,

ãäå c = 0, 6 � ýìïèðè÷åñêèé êîýôôèöèåíò, g = 9, 81 ì/ñ2 � óñêîðåíèå ñâî-
áîäíîãî ïàäåíèÿ. Âîäà çàïîëíÿåò ïîëóñôåðè÷åñêèé ñîñóä äèàìåòðà D, íà
äíå êîòîðîãî â íà÷àëüíûé ìîìåíò âðåìåíè îòêðûâàåòñÿ îòâåðñòèå ðàäèó-
ñà r.

Íàéäèòå çàâèñèìîñòü îáú¼ìà â ñîñóäå îò âðåìåíè è îòâåòüòå íà ñëåäóþ-
ùèå âîïðîñû.

1. Çà êàêîå âðåìÿ âîäà èç ñîñóäà âûòå÷åò ïîëíîñòüþ? (D = 3, 4 ì; r =
0, 23 ì).

2. Êàêîâ ðàäèóñ îòâåðñòèÿ â äíå ñîñóäà, åñëè âîäà èç íåãî ïîëíîñòüþ
âûòåêëà çà âðåìÿ t1? (D = 3, 4 ì; t1 = 44 c).

Çàäàíèå 2.
yy′ = −2x, M(0; 5).

Âàðèàíò � 3.

Çàäàíèå 1.
Èìååòñÿ øàð èç ðàñùåïëÿþùåãîñÿ âåùåñòâà ïîñòîÿííîé ïëîòíîñòè. Â

íà÷àëüíûé ìîìåíò âðåìåíè ÷èñëî ñâîáîäíûõ íåéòðîíîâ â âåùåñòâå ðàâ-
íî N0. Â ýòîò ìîìåíò âêëþ÷àåòñÿ èñòî÷íèê íåéòðîíîâ, ââîäÿùèé â øàð
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q íåéòðîíîâ â ñåêóíäó. Â ðåçóëüòàòå ñòîëêíîâåíèé ñâîáîäíûõ íåéòðîíîâ
ñ àòîìíûìè ÿäðàìè â åäèíèöó âðåìåíè âîçíèêàåò äîïîëíèòåëüíîå ÷èñëî
íåéòðîíîâ ïðîïîðöèîíàëüíî ÷èñëó èìåþùèõñÿ ñ êîýôôèöèåíòîì ïðîïîð-
öèîíàëüíîñòè α. ×èñëî íåéòðîíîâ, ïîêèäàþùèõ âåùåñòâî, òàêæå ïðîïîð-
öèîíàëüíî èõ òåêóùåìó êîëè÷åñòâó (êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè β).

Íàéäèòå çàâèñèìîñòü ÷èñëà ñâîáîäíûõ íåéòðîíîâ îò âðåìåíè è îòâåòüòå
íà ñëåäóþùèå âîïðîñû.

1. Ñêîëüêî ñâîáîäíûõ íåéòðîíîâ áûëî â íà÷àëüíûé ìîìåíò âðåìåíè,
åñëè ÷åðåç âðåìÿ t èõ êîëè÷åñòâî óâåëè÷èëîñü íà Q %? (q = 200;
Q = 50 %; t = 3600 c; β − α = 5 · 10−6).

2. Êàêîâà ìîùíîñòü èñòî÷íèêà íåéòðîíîâ, åñëè ñïóñòÿ t c êîëè÷åñòâî
ñâîáîäíûõ íåéòðîíîâ óâåëè÷èëîñü â m ðàç? (N0 = 1000000; m = 3;
t = 3600 c; β − α = 5 · 10−6).

Çàäàíèå 2.
y′ = 2 + y2, M(1; 2).

Âàðèàíò � 4.

Çàäàíèå 1.
Â ãàçîâîé ñðåäå ïðè èîíèçèðóþùåì äåéñòâèè ïîñòîÿííîãî èçëó÷åíèÿ â

åäèíèöó âðåìåíè îáðàçóåòñÿ m ïîëîæèòåëüíûõ è ñòîëüêî æå îòðèöàòåëü-
íûõ èîíîâ íà åäèíèöó îáú¼ìà ãàçà. ×àñòü ïîëîæèòåëüíûõ èîíîâ ðåêîì-
áèíèðóåò â ðåçóëüòàòå ñòîëêíîâåíèé ñ îòðèöàòåëüíûìè èîíàìè. ×àñòîòà
ñòîëêíîâåíèé ïðîïîðöèîíàëüíà ïðîèçâåäåíèþ ïëîòíîñòåé ñòàëêèâàþùèõ-
ñÿ èîíîâ (êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè ðàâåí k). Â íà÷àëüíûé ìîìåíò
âðåìåíè ïëîòíîñòè ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ èîíîâ áûëè ðàâíû x0.

Íàéäèòå çàâèñèìîñòü êîëè÷åñòâà ïîëîæèòåëüíûõ èîíîâ â åäèíèöå îáú-
¼ìà îò âðåìåíè è îòâåòüòå íà ñëåäóþùèå âîïðîñû.

1. Â êàêîé ìîìåíò âðåìåíè t2 ïëîòíîñòü ïîëîæèòåëüíûõ èîíîâ óâåëè-
÷èòñÿ íà P %, åñëè â ìîìåíò âðåìåíè t1 ïëîòíîñòü ðàâíà x1? (k = 0.3;
P = 70 %; x0 = 2000; x1 = 3000; t1 = 10 c).

2. Â êàêîé ìîìåíò âðåìåíè t1 ïëîòíîñòü ïîëîæèòåëüíûõ èîíîâ áóäåò
ðàâíà x1, åñëè ê ìîìåíòó âðåìåíè t2 îíà óâåëè÷èëàñü íà P%? (k = 0.3;
x0 = 2000; P = 30 %; x1 = 2500; t2 = 6 c).

Çàäàíèå 2.

y′ =
2

3
· x
y
, M(1; 1).
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Âàðèàíò � 5.

Çàäàíèå 1.

Â ðåçåðâóàðå èìååòñÿ V ë ðàñòâîðà, ñîäåðæàùåãî Mêã ñîëè. Äíî ðåçåð-
âóàðà ïîêðûòî ñëîåì ñëåæàâøåéñÿ ñîëè. Â ðåçåðâóàð ïîñòóïàåò ÷èñòàÿ âî-
äà ñî ñêîðîñòüþ v ë/ìèí. Îäíîâðåìåííî èç ðåçåðâóàðà ñ òîé æå ñêîðîñòüþ
óäàëÿåòñÿ ðàñòâîð. Ïåðåìåøèâàíèå îáåñïå÷èâàåò îäèíàêîâóþ êîíöåíòðà-
öèþ ñîëè âî âñ¼ì îáú¼ìå ðåçåðâóàðà. Ïðåäïîëàãàåòñÿ, ÷òî ñêîðîñòü ðàñ-
òâîðåíèÿ òâ¼ðäîé ñîëè ïðîïîðöèîíàëüíà ðàçíîñòè ìåæäó êîíöåíòðàöèÿìè
äåéñòâèòåëüíîãî è íàñûùåííîãî ðàñòâîðà (C = 0, 3 êã/ë). Åñëè áû âîäà
áûëà ÷èñòîé, òî ñêîðîñòü ðàñòâîðåíèÿ ñîñòàâèëà áû m êã/ìèí.

Íàéäèòå çàâèñèìîñòü êîëè÷åñòâà ðàñòâîð¼ííîé ñîëè îò âðåìåíè è îò-
âåòüòå íà ñëåäóþùèå âîïðîñû.

1. Ñêîëüêî ñîëè áûëî â ðåçåðâóàðå â íà÷àëüíûé ìîìåíò âðåìåíè, åñëè
÷åðåç t ìèí å¼ êîíöåíòðàöèÿ óìåíüøèëàñü íà P%? (P = 10%; V = 80;
v = 30; t = 10; m = 1).

2. Ñêîëüêî ñîëè áûëî â ðåçåðâóàðå â íà÷àëüíûé ìîìåíò âðåìåíè, åñëè
÷åðåç t ìèí å¼ êîíöåíòðàöèÿ ñòàíîâèòñÿ ïîñòîÿííîé ñ òî÷íîñòüþ äî
Q%? (Q = 3 %; V = 80; v = 30; t = 10; m = 1).

3. ×åðåç ñêîëüêî ìèíóò ïîñëå íà÷àëà ïðîöåññà êîëè÷åñòâî ñîëè â ðåçåð-
âóàðå óìåíüøèòñÿ íà P %? (P = 10%; V = 80; v = 30; M = 6; m = 1).

4. ×åðåç ñêîëüêî ìèíóò ïîñëå íà÷àëà ïðîöåññà êîíöåíòðàöèÿ ðàñòâîðà
ñòàíîâèòñÿ ïîñòîÿííîé ñ òî÷íîñòüþ äî Q%? (Q = 3%; V = 80; v = 30;
M = 6; m = 1).

Çàäàíèå 2.

y′ = (y − 1)x, M(1; 32).

Âàðèàíò � 6.

Çàäàíèå 1.

Â ïîìåùåíèè öåõà, îáú¼ì êîòîðîãî V ì3, âîçäóõ ñîäåðæèò C1% óãëåêèñ-
ëîòû. Âåíòèëÿòîðû äîñòàâëÿþò â ïîìåùåíèå öåõà ñâåæèé âîçäóõ, ñîäåðæà-
ùèé C2% óãëåêèñëîòû, â îáú¼ìå a ì3/ìèí. Ïðåäïîëàãàåòñÿ, ÷òî ïåðåìåøè-
âàíèå ñâåæåãî âîçäóõà ñ çàãðÿçí¼ííûì ïðîèñõîäèò ìãíîâåííî, ñìåøàííûé
âîçäóõ ÷åðåç íåïëîòíîñòè â äâåðÿõ è îêíàõ âûõîäèò íàðóæó ñ òîé æå ñêî-
ðîñòüþ, ñ êàêîé ïîñòóïàåò ñâåæèé âîçäóõ.

Íàéäèòå çàâèñèìîñòü êîíöåíòðàöèè óãëåêèñëîòû îò âðåìåíè è îòâåòüòå
íà ñëåäóþùèå âîïðîñû.
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1. Êàêîâà äîëæíà áûòü ìîùíîñòü âåíòèëÿòîðà a, ÷òî áû ÷åðåç t1 ìèí ñî-
äåðæàíèå óãëåêèñëîòû íå ïðåâûøàëî C3%? (V = 7500; C1 = 0, 140%;
t1 = 10; C2 = 0, 045 %; C3 = 0, 06 %).

2. Çà êàêîå âðåìÿ t1 ïðè çàäàííîé ìîùíîñòè âåíòèëÿòîðà a êîíöåíòðàöèÿ
óãëåêèñëîòû äîñòèãíåò óðîâíÿ C3 %? (V = 7500; C1 = 0, 140 %; a =
1000; C2 = 0, 045 %; C3 = 0, 06 %).

3. Êàêàÿ êîíöåíòðàöèÿ óãëåêèñëîòû C3 % áóäåò äîñòèãíóòà, åñëè âåí-
òèëÿòîð ìîùíîñòè a áóäåò ðàáîòàòü â òå÷åíèå t1 ìèí? (V = 7500;
C1 = 0, 140 %; a = 800; t1 = 10; C2 = 0, 04 %).

4. Êàêîâà áûëà íà÷àëüíàÿ êîíöåíòðàöèÿ óãëåêèñëîòû C1 %, åñëè ÷åðåç
t1 ìèí ïîñëå âêëþ÷åíèÿ âåíòèëÿòîðà îíà ðàâíÿëàñü C3%? (V = 7500;
t1 = 8; a = 1000; C2 = 0, 045 %; C3 = 0, 06 %).

Çàäàíèå 2.

yy′ + x = 0, M(−2;−3).

Âàðèàíò � 7.

Çàäàíèå 1.
Êîðàáëü çàìåäëÿåò ñâî¼ äâèæåíèå ïîä äåéñòâèåì ñèëû ñîïðîòèâëåíèÿ

âîäû, êîòîðàÿ ïðîïîðöèîíàëüíà ñêîðîñòè êîðàáëÿ. Íà÷àëüíàÿ ñêîðîñòü êî-
ðàáëÿ ñîñòàâëÿëà a ì/ñ, à ÷åðåç t1 c åãî ñêîðîñòü áûëà b ì/ñ.

Íàéäèòå çàâèñèìîñòü ñêîðîñòè êîðàáëÿ îò âðåìåíè è îòâåòüòå íà ñëåäó-
þùèå âîïðîñû.

1. Êîãäà ñêîðîñòü êîðàáëÿ óìåíüøèòñÿ äî c ì/ñ? (a = 16, 5; b = 8; c = 6;
t1 = 25).

2. Êàêîâà áûëà íà÷àëüíàÿ ñêîðîñòü êîðàáëÿ, åñëè ÷åðåç t2 c åãî ñêîðîñòü
ñòàëà d ì/ñ? (b = 8; d = 1, 9; t1 = 18, 5;t2 = 24).

Çàäàíèå 2.

y′ = 3 + y2, M(1; 2).

Âàðèàíò � 8.

Çàäàíèå 1.
Èìååòñÿ õèìè÷åñêîå âåùåñòâî A â êîëè÷åñòâå m ã. Â ðåçóëüòàòå õèìè÷å-

ñêîé ðåàêöèè îíî ïåðåõîäèò â âåùåñòâî W (òåðìèí ¾ïåðåõîäèò¿ îçíà÷àåò,
÷òî â êàæäûé ìîìåíò âðåìåíè êîëè÷åñòâî îáðàçîâàâøåãîñÿ âåùåñòâà W
ðàâíî êîëè÷åñòâó, íà êîòîðîå óìåíüøèëîñü âåùåñòâî A). Ïðåäïîëàãàåòñÿ,
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÷òî ðåàêöèÿ ïîä÷èíÿåòñÿ çàêîíó äåéñòâóþùèõ ìàññ, ò. å. ñêîðîñòü ðåàêöèè
ïðîïîðöèîíàëüíà îñòàâøåìóñÿ êîëè÷åñòâó âåùåñòâà A.

Íàéäèòå çàâèñèìîñòü êîëè÷åñòâà îáðàçîâàâøåãîñÿ âåùåñòâà W îò âðå-
ìåíè è îòâåòüòå íà ñëåäóþùèå âîïðîñû.

1. Ñêîëüêî âåùåñòâàW îáðàçóåòñÿ ê ìîìåíòó t1 c, åñëè ÷åðåç äâå ñåêóíäû
åãî ñòàëî m2 ã? (m = 28; m2 = 14; t = 14).

2. ×åðåç ñêîëüêî âðåìåíè îáðàçóåòñÿ m3 ã íîâîãî âåùåñòâà, åñëè èçâåñò-
íî, ÷òî ÷åðåç äâå ñåêóíäû åãî ñòàëîm2 ã? (m = 28;m2 = 14;m3 = 8, 5).

Çàäàíèå 2.

xy′ = 2y, M(2; 3).

Âàðèàíò � 9.

Çàäàíèå 1.
Èçâåñòíî, ÷òî ñêîðîñòü ðàçìíîæåíèÿ áàêòåðèé â ïèòàòåëüíîé ñðåäå ïðî-

ïîðöèîíàëüíî êîëè÷åñòâó áàêòåðèé (êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè K

1/÷àñ).
Íàéäèòå çàâèñèìîñòü ÷èñëà áàêòåðèé îò âðåìåíè è îòâåòüòå íà ñëåäóþ-

ùèå âîïðîñû.

1. ×åðåç êàêîå âðåìÿ êîëè÷åñòâî áàêòåðèé óâåëè÷èíòñÿ â P ðàç? (P =
9, 5; K = 1, 5).

2. Êàêîå êîëè÷åñòâî áàêòåðèé áûëî â íà÷àëüíûé ìîìåíò âðåìåíè, åñëè
èçâåñòíî, ÷òî ÷åðåç t1 ÷àñîâ èõ ñòàëîN? (k = 0, 2; t = 16, 5;N = 1000).

Çàäàíèå 2.

y′
(
x2 + 2

)
= y, M(2; 2).

Âàðèàíò � 10.

Çàäàíèå 1.
Â âîçäóõå êîìíàòû îáú¼ìîì V ì3 ñîäåðæèòñÿ P % óãëåêèñëîãî ãà-

çà (CO2). Âåíòèëÿòîð ïîäà¼ò çà îäíó ìèíóòó a ì3 âîçäóõà, ñîäåðæàùåãî
0, 04 % CO2. Ïðåäïîëàãàåòñÿ, ÷òî êîëè÷åñòâî ïîäàâàåìîãî êîìíàòó âîçäóõà
ðàâíî êîëè÷åñòâó âîçäóõà, óõîäÿùåãî ÷åðåç ùåëè îêîí è äâåðåé.

Íàéäèòå çàâèñèìîñòü êîíöåíòðàöèè óãëåêèñëîãî ãàçà îò âðåìåíè è îò-
âåòüòå íà ñëåäóþùèå âîïðîñû.

1. ×åðåç êàêîå âðåìÿ ñîäåðæàíèå CO2 ñòàíåò Q %? (V = 1000; P = 15%;
Q = 12 %; a = 230).
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2. Ñêîëüêî ïðîöåíòîâ óãëåêèñëîãî ãàçà áóäåò â êîìíàòå ÷åðåç t ìèí?
(V = 1000;P = 15 %; t = 3, 6; a = 460).

Çàäàíèå 2.
x2 − y2 + 2xy′ = 0, M(2; 1).

Âàðèàíò � 11.

Çàäàíèå 1.
Â êóëüòóðå ïèâíûõ äðîææåé áûñòðîòà ïðèðîñòà äåéñòâóþùåãî ôåðìåí-

òà ïðîïîðöèîíàëüíà åãî íàëè÷íîìó êîëè÷åñòâó. Ïåðâîíà÷àëüíî êîëè÷åñòâî
ôåðìåíòà áûëî a, à ÷åðåç ÷àñ îíî óâåëè÷èëîñü â r ðàç.

Íàéäèòå çàâèñèìîñòü êîëè÷åñòâà ôåðìåíòà îò âðåìåíè è îòâåòüòå íà
ñëåäóþùèå âîïðîñû.

1. Âî ñêîëüêî ðàç óâåëè÷èëîñü êîëè÷åñòâî ôåðìåíòà ÷åðåç t1 ÷àñîâ? (r =
3, 3; t1 = 3).

2. ×åðåç ñêîëüêî ÷àñîâ êîëè÷åñòâî ôåðìåíòà óâåëè÷èòñÿ â b ðàç? (r = 2;
b = 30).

Çàäàíèå 2.
y′ = y − x, M(92 ; 1).

Âàðèàíò � 12.

Çàäàíèå 1.
Â áàêå íàõîäèòñÿ V ë ðàñòâîðà, ñîäåðæàùåãî a êã ñîëè. Â áàê íåïðå-

ðûâíî ñî ñêîðîñòüþ b ë â ìèíóòó ïîäà¼òñÿ âîäà, êîòîðàÿ ïåðåìåøèâàåòñÿ ñ
èìåþùèìñÿ ðàñòâîðîì. Ñìåñü âûòåêàåò èç áàêà ñ òîé æå ñêîðîñòüþ, ñ êî-
òîðîé âîäà ïîäà¼òñÿ â áàê (îáùèé îáú¼ì ðàñòâîðà îñòà¼òñÿ ïîñòîÿííûì).

Íàéäèòå çàâèñèìîñòü êîëè÷åñòâà ñîëè â áàêå îò âðåìåíè è îòâåòüòå íà
ñëåäóþùèå âîïðîñû.

1. Ñêîëüêî ñîëè îñòàíåòñÿ â áàêå ÷åðåç t1 ìèí? (V = 200; a = 6; b = 23, 5;
t1 = 8, 2).

2. ×åðåç ñêîëüêî ìèíóò êîíöåíòðàöèÿ ðàñòâîðà â áàêå ñòàíåò P %? (V =
200; a = 60; b = 33; P = 2 %).

Çàäàíèå 2.
y′ = x2 − y, M(1; 12).

Âàðèàíò � 13.

Çàäàíèå 1.
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Èçâåñòíî, ÷òî â ïðîöåññå áûñòðîé êîàãóëÿöèè* ýëåêòðîëèòàìè ñêîðîñòü
èçìåíåíèÿ êîíöåíòðàöèè çîëÿ x ïðîïîðöèîíàëüíà êâàäðàòó åãî êîíöåí-
òðàöèè ñ êîýôôèöèåíòîì ïðîïîðöèîíàëüíîñòè k, õàðàêòåðèçóþùèì âåðî-
ÿòíîñòü ñòîëêíîâåíèÿ ÷àñòèö.

Íàéäèòå çàâèñèìîñòü êîíöåíòðàöèè çîëÿ îò âðåìåíè è îòâåòüòå íà ñëå-
äóþùèå âîïðîñû.

1. Êàêîâà áûëà íà÷àëüíàÿ êîíöåíòðàöèÿ çîëÿ, åñëè ÷åðåç t1 ìèí åãî êîí-
öåíòðàöèÿ ñòàëà C1? (k = 2; t1 = 1; C1 = 0, 17).

2. Â êàêîé ìîìåíò âðåìåíè êîíöåíòðàöèÿ çîëÿ óìåíüøèòñÿ íà P % ïî
ñðàâíåíèþ ñ íà÷àëüíîé x0? (k = 0, 2; x0 = 0, 5; P = 36 %).

*Ïðèìå÷àíèå. Êîàãóëÿöèÿ � ïðîöåññ ñâ¼ðòûâàíèÿ, ò. å. âûäåëåíèÿ èç êîë-
ëîèäíîãî ðàñòâîðà ðàñòâîð¼ííûõ âåùåñòâ â âèäå ñòóäíÿ � ãåëÿ. Çîëü �
êðàòêîå íàçâàíèå êîëëîèäíîãî ðàñòâîðà � òîí÷àéøåé âçâåñè âåùåñòâà â
æèäêîñòè èëè ãàçå (ãèäðîçîëè, àýðîçîëè).

Çàäàíèå 2.
y′ = xy, M(0;−1).

Âàðèàíò � 14.

Çàäàíèå 1.
Äâà õèìè÷åñêèõ âåùåñòâà A è B â ïðîöåññå õèìè÷åñêîé ðåàêöèè îáðà-

çóþò íîâîå õèìè÷åñêîå âåùåñòâî C. Ðåàêöèÿ èä¼ò ïî ñõåìå

A+B → C,

ò. å. îäíà ìîëåêóëà A ðåàãèðóåò ñ îäíîé ìîëåêóëîé B, â ðåçóëüòàòå ÷åãî
ïîëó÷àåòñÿ îäíà ìîëåêóëà C. Ñêîðîñòü õèìè÷åñêîé ðåàêöèè, ò. å. ñêîðîñòü

îáðàçîâàíèÿ âåùåñòâà C �
dx

dt
(ãäå x(t) � êîëè÷åñòâî âåùåñòâà C â åäèíè-

öå îáú¼ìà), ïðîïîðöèîíàëüíà ïðîèçâåäåíèþ êîíöåíòðàöèé ðåàãèðóþùèõ
âåùåñòâ A è B. Èçâåñòíî, ÷òî íà÷àëüíûå çíà÷åíèÿ êîíöåíòðàöèé A è B
áûëè ðàâíû a è b ñîîòâåòñòâåííî, à ÷åðåç t1 ìèí êîíöåíòðàöèÿ âåùåñòâà
A óìåíüøèëàñü íà P %.

Íàéäèòå çàâèñèìîñòü êîíöåíòðàöèè âåùåñòâà C îò âðåìåíè è îòâåòüòå
íà ñëåäóþùèå âîïðîñû.

1. Êàêîâî êîëè÷åñòâî âåùåñòâà C, îáðàçîâàâøåãîñÿ ÷åðåç t1 ìèí? (a =
0, 46; b = 0, 21;P = 10 %; t1 = 18).

2. Çà êàêîå âðåìÿ êîíöåíòðàöèÿ âåùåñòâà A óìåíüøèëàñü íà Q%? (a =
0, 46; b = 0, 21;P = 10 %; t1 = 14; Q = 15 %).

11



Çàäàíèå 2.
y′ = xy, M(0; 1).

Âàðèàíò � 15.

Çàäàíèå 1.
Íà äíå öèëèíäðè÷åñêîãî ðåçåðâóàðà, íàïîëíåííîãî æèäêîñòüþ, îáðàçî-

âàëàñü ùåëü. Ïðåäïîëàãàåì, ÷òî ñêîðîñòü èñòå÷åíèÿ æèäêîñòè ïðîïîðöè-
îíàëüíà âûñîòå å¼ óðîâíÿ â ðåçåðâóàðå. Èçâåñòíî, ÷òî íà÷àëüíûé óðîâåíü
ñîñòàâëÿë h0 ì, à â òå÷åíèå ïåðâûõ ñóòîê âûòåêëî a% ñîäåðæèìîãî.

Íàéäèòå çàâèñèìîñòü óðîâíÿ æèäêîñòè îò âðåìåíè è îòâåòüòå íà ñëåäó-
þùèå âîïðîñû.

1. Ñêîëüêî æèäêîñòè îñòàëîñü â ðåçåðâóàðå ÷åðåç t1 äíåé? (a = 23 %;
h = 6, 1; t1 = 2).

2. Ñêîëüêî âðåìåíè ïîòðåáóåòñÿ, ÷òîáû èç ðåçåðâóàðà âûòåêëî b% æèä-
êîñòè? (a = 10 %; b = 54 %).

Çàäàíèå 2.

yy′ = −x

2
, M(4; 2).

Âàðèàíò � 16.

Çàäàíèå 1.
Â áàê ñ ÷èñòîé âîäîé îáú¼ìîì V ë ñî ñêîðîñòüþ b ë/ìèí âëèâàåòñÿ

ðàñòâîð, ñîäåðæàíèå ñîëè â êîòîðîì îïðåäåëÿåòñÿ çàâèñèìîñòüþ

x(t) = a · exp
(
−b · t

V

)
êã/ë.

Íàéäèòå çàâèñèìîñòü êîëè÷åñòâà ñîëè â áàêå îò âðåìåíè è îòâåòüòå íà
ñëåäóþùèå âîïðîñû.

1. Êîãäà êîëè÷åñòâî ñîëè â áàêå ñòàíåò íàèáîëüøèì è êàêîâî ýòî íàè-
áîëüøåå çíà÷åíèå? (V = 300; a = 12, 5; b = 9, 5).

2. Ñêîëüêî ñîëè ñòàíåò â áàêå ÷åðåç t1 ìèíóò? (V = 300; a = 20; b = 24;
t1 = 16).

Çàäàíèå 2.

2 (y + y′) = x+ 3, M(1; 12).

Âàðèàíò � 17.

Çàäàíèå 1.
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Ñîñóä îáú¼ìîì V ë ñîäåðæèò âîçäóõ (80 % àçîòà è 20 % êèñëîðîäà). Â
ñîñóä âòåêàåò a ëèòðîâ àçîòà â ñåêóíäó. Àçîò íåïðåðûâíî ïåðåìåøèâàåòñÿ
ñ âîçäóõîì. Ñìåñü ïîêèäàåò ñîñóä ñ òîé æå ñêîðîñòüþ, ñ êîòîðîé ïîñòóïàåò
àçîò.

Íàéäèòå çàâèñèìîñòü ñîäåðæàíèå àçîòà îò âðåìåíè è îòâåòüòå íà ñëåäó-
þùèå âîïðîñû.

1. ×åðåç ñêîëüêî âðåìåíè â ñîñóäå áóäåò p % àçîòà? (V = 200; a = 10;
p = 91, 5 %).

2. Êàêîå ïðîöåíòíîå ñîäåðæàíèå àçîòà áóäåò â ñîñóäå ÷åðåç t1 ñ? (V =
360; a = 13, 5; t1 = 10).

Çàäàíèå 2.

y′ = x+ 2y, M(3; 0).

Âàðèàíò � 18.

Çàäàíèå 1.
Êðèâàÿ ïðîõîäèò ÷åðåç òî÷êóM0 ñ êîîðäèíàòàìè (x0; y0) è îãðàíè÷èâàåò

âìåñòå ñ îñüþ Ox è ïðÿìûìè x = a, x = b êðèâîëèíåéíóþ òðàïåöèþ,
ïëîùàäü êîòîðîé óäîâëåòâîðÿåò ðàâåíñòâó

S = 2xy − x3, x ∈ [a; b].

Íàéäèòå óðàâíåíèå ëèíèè y = y(x) è çàâèñèìîñòü ïëîùàäè êðèâîëèíåé-
íîé òðàïåöèè îò x.

×åìó ðàâíà ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, ñîîòâåòñòâóþùàÿ çíà÷å-
íèþ x = x0? (a = 4, 6; b = 12, 8; x0 = 1; y = 7, 5)

Çàäàíèå 2.

xy′ = 2y, M(1; 3).

Âàðèàíò � 19.

Çàäàíèå 1.
Ïóñòü â íà÷àëüíûé ìîìåíò âðåìåíè òåëî ìàññû m ïîñòîÿííîé òåïëî¼ì-

êîñòè C èìååò òåìïåðàòóðó Θ0. Òåìïåðàòóðà îêðóæàþùåé ñðåäû ñ÷èòàåò-
ñÿ ïîñòîÿííîé è ðàâíà Θc (Θ0 > Θc). Ïðåäïîëàãàåòñÿ âûïîëíåííûì çàêîí
Íüþòîíà, ñîãëàñíî êîòîðîìó òåïëî, îòäàâàåìîå òåëîì çà áåñêîíå÷íî ìà-
ëûé ïðîìåæóòîê âðåìåíè dt, ïðîïîðöèîíàëüíî äëèòåëüíîñòè ïðîìåæóòêà
è ðàçíîñòè òåìïåðàòóð òåëà è îêðóæàþùåé ñðåäû.

Íàéäèòå çàêîí îõëàæäåíèÿ òåëà, ò. å. çàâèñèìîñòü åãî òåìïåðàòóðû îò
âðåìåíè, è îòâåòüòå íà ñëåäóþùèå âîïðîñû.
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1. Çà êàêîå âðåìÿ òåìïåðàòóðà òåëà ïîíèçèòñÿ äî Θ1, åñëè èçâåñòíî, ÷òî
çà âðåìÿ t2 îíà ïîíèçèëàñü äîΘ2? (Θ0 = 300◦C;Θc = 20◦C;Θ1 = 58◦C;
Θ2 = 200◦C; t2 = 34 åäèíèö âðåìåíè).

2. Êàêîé áûëà òåìïåðàòóðà òåëà â ìîìåíò âðåìåíè t1, åñëè èçâåñòíî,
÷òî çà âðåìÿ t2 îíà ïîíèçèëàñü äî Θ2? (Θ0 = 250◦C; Θc = 24◦C;
Θ2 = 150◦C; t1 = 10; t2 = 48 åäèíèö âðåìåíè).

Çàäàíèå 2.

3yy′ = x, M(−3;−2).

Âàðèàíò � 20.

Çàäàíèå 1.
Êîíè÷åñêèé ðåçåðâóàð ñ äèàìåòðîìD1 ì âåðõíåãî îñíîâàíèÿ,D2 ì íèæ-

íåãî îñíîâàíèÿ è âûñîòîéH ì çàïîëíåí âîäîé. Â íà÷àëüíûé ìîìåíò âðåìå-
íè â äíå ðåçåðâóàðà îòêðûâàåòñÿ îòâåðñòèå äèàìåòðîì a ì. Ïðåäïîëàãàåò-
ñÿ, ÷òî ñêîðîñòü èñòå÷åíèÿ âîäû èç îòâåðñòèÿ óäîâëåòâîðÿåò ñîîòíîøåíèþ

v = µ
√
2gh,

ãäå g � óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ, h � óðîâåíü âîäû íàä îòâåðñòèåì,
µ � ýìïèðè÷åñêèé êîýôôèöèåíò.

Íàéäèòå çàâèñèìîñòü óðîâíÿ âîäû îò âðåìåíè è îòâåòüòå íà ñëåäóþùèå
âîïðîñû.

1. Çà êàêîå âðåìÿ óðîâåíü âîäû ïîíèçèòñÿ äî H1 ì (H1 < H), åñëè
èçâåñòíî, ÷òî çà âðåìÿ t0 c âîäà ïîëíîñòüþ âûòåêàåò èç ðåçåðâóàðà?
(D1 = 2; D2 = 0, 5; H = 2; H1 = 0, 78; t0 = 114).

2. Çà êàêîå âðåìÿ âîäà ïîëíîñòüþ âûòå÷åò èç ðåçåðâóàðà, åñëè èçâåñòíî,
÷òî çà âðåìÿ t1 c óðîâåíü âîäû ïîíèçèëñÿ äî H1 ì? (D1 = 2; D2 = 0, 5;
H = 2; H1 = 1, 22; t1 = 38).

Çàäàíèå 2.

y′ = y − x2, M(−3; 4).

Âàðèàíò � 21.

Çàäàíèå 1.
Â ãàçîâîé ñðåäå ïðè èîíèçèðóþùåì äåéñòâèè ïîñòîÿííîãî èçëó÷åíèÿ â

åäèíèöó âðåìåíè îáðàçóåòñÿ m ïîëîæèòåëüíûõ è ñòîëüêî æå îòðèöàòåëü-
íûõ èîíîâ íà åäèíèöó îáú¼ìà ãàçà.×àñòü ïîëîæèòåëüíûõ èîíîâ ðåêîì-
áèíèðóåò â ðåçóëüòàòå ñòîëêíîâåíèé ñ îòðèöàòåëüíûìè èîíàìè. ×àñòîòà
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ñòîëêíîâåíèé ïðîïîðöèîíàëüíà ïðîèçâåäåíèþ ïëîòíîñòåé ñòàëêèâàþùèõ-
ñÿ èîíîâ ñ êîýôôèöèåíòîì ïðîïîðöèîíàëüíîñòè k (k/m = a2). Â íà÷àëü-
íûé ìîìåíò âðåìåíè ïëîòíîñòè ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ èîíîâ
áûëè ðàâíû x0.

Íàéäèòå çàâèñèìîñòü êîëè÷åñòâà ïîëîæèòåëüíûõ èîíîâ â åäèíèöå îáú-
¼ìà îò âðåìåíè è îòâåòüòå íà ñëåäóþùèå âîïðîñû.

1. Â êàêîé ìîìåíò âðåìåíè t2 ïëîòíîñòü ïîëîæèòåëüíûõ èîíîâ óâåëè-
÷èòñÿ íà P %, åñëè â ìîìåíò âðåìåíè t1 ïëîòíîñòü ðàâíà x1? (a =
37416, 57; P = 19 %; x0 = 240; x1 = 1000; t1 = 17 c).

2. Â êàêîé ìîìåíò âðåìåíè t1 ïëîòíîñòü ïîëîæèòåëüíûõ èîíîâ áóäåò
ðàâíà x1, åñëè ê ìîìåíòó âðåìåíè t2 îíà óâåëè÷èëàñü íà P %? (a =
37416, 57; P = 19 %; x0 = 240; x1 = 2400; t2 = 10 c).

Çàäàíèå 2.
x2 − y2 + 2xyy′ = 0, M(−2; 1).

Âàðèàíò � 22.

Çàäàíèå 1.
Ïîãëîùåíèå ñâåòîâîãî ïîòîêà òîíêèì ñëîåì âîäû ïðîïîðöèîíàëüíî òîë-

ùèíå ñëîÿ è ïîòîêó, ïàäàþùåìó íà ïîâåðõíîñòü.
Íàéäèòå äîëþ ïåðâîíà÷àëüíîãî ïîòîêà, äîõîäÿùåãî äî ïðîèçâîëüíî çà-

äàííîé ãëóáèíû, è îòâåòüòå íà ñëåäóþùèå âîïðîñû.

1. Êàêîé ïðîöåíò ïåðâîíà÷àëüíîãî ñâåòîâîãî ïîòîêà äîéä¼ò äî ãëóáèíû

b ì, åñëè ïðè ïðîõîæäåíèè ÷åðåç ñëîé òîëùèíîé a ì ïîãëîùàåòñÿ
1

3
ïåðâîíà÷àëüíîãî ïîòîêà? (a = 2, 5; b = 3, 5).

2. Êàêàÿ ÷àñòü ñâåòîâîãî ïîòîêà äîéä¼ò äî ãëóáèíû a ì, åñëè äî ãëóáèíû
b ì äîõîäèò P% ïåðâîíà÷àëüíîãî ñâåòîâîãî ïîòîêà? (a = 2, 6; b = 1, 6;
P = 64 %).

Çàäàíèå 2.
y′ = x2 − y, M(2; 32).

Âàðèàíò � 23.

Çàäàíèå 1.
Â ìîìåíò ðàñêðûòèÿ ïàðàøþòà ñêîðîñòü ïàäåíèÿ ïàðàøþòèñòà ðàâíà

v0. Ïðåäïîëàãàåòñÿ, ÷òî ïàðàøþò èñïûòûâàåò ñîïðîòèâëåíèå âîçäóõà, ïðè-
÷¼ì ñèëà ñîïðîòèâëåíèÿ ïðîïîðöèîíàëüíà ïåðâîé ñòåïåíè ñêîðîñòè ïàðà-
øþòà. Óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ g = 9, 81 ì/ñ2. Ïðåäåëüíàÿ ñêîðîñòü
ïàäåíèÿ ðàâíà v∗.
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Íàéäèòå çàâèñèìîñòü ñêîðîñòè ïàðàøþòèñòà îò âðåìåíè è îòâåòüòå íà
ñëåäóþùèå âîïðîñû.

1. Êàêîé áóäåò ñêîðîñòü ïàðàøþòèñòà ÷åðåç t1 c? (v0 = 106, 5 ì/ñ; v∗ =
30, 5 ì/ñ; t1 = 9, 5 c).

2. Çà êàêîå âðåìÿ ñêîðîñòü ïàðàøþòèñòà ñíèçèòñÿ äî v1? (v0 = 106, 5ì/ñ;
v∗ = 30, 5 ì/ñ; v1 = 60 ì/ñ).

Çàäàíèå 2.
y′ = y − x, M(2; 1).

Âàðèàíò � 24.

Çàäàíèå 1.
Èçâåñòíî, ÷òî ñêîðîñòü ðàñòâîðåíèÿ ñîëè ïðîïîðöèîíàëüíà ðàçíîñòè

ìåæäó êîíöåíòðàöèÿìè íàñûùåííîãî è äåéñòâèòåëüíîãî (íàëè÷íîãî) ðàñ-
òâîðîâ. Â íà÷àëüíûé ìîìåíò âðåìåíè â ðàñòâîðå áûëî x0 êã ñîëè, êîëè÷å-
ñòâî ñîëè â íàñûùåííîì ðàñòâîðå � y0 êã (y0 > x0). Ñêîðîñòü ðàñòâîðåíèÿ
ñîëè â ÷èñòîì ðàñòâîðèòåëå � 0, 6 êã/ìèí.

Íàéäèòå çàâèñèìîñòü êîëè÷åñòâà ñîëè îò âðåìåíè è îòâåòüòå íà ñëåäó-
þùèå âîïðîñû.

1. Çà êàêîå âðåìÿ ðàñòâîðèòñÿ âñÿ ñîëü? (x0 = 3, 2; y0 = 14, 2).

2. Êàêîå êîëè÷åñòâî ñîëè áûëî â ðàñòâîðå ïåðâîíà÷àëüíî, åñëè èçâåñòíî,
÷òî âñÿ ñîëü ðàñòâîðèëàñü ÷åðåç t1 ìèí? (t1 = 3, 6; y0 = 14, 2).

Çàäàíèå 2.
yy′ = −x, M(2; 3).

Âàðèàíò � 25.

Çàäàíèå 1.
Äëÿ î÷èñòêè ãàçà îò ãàçîîáðàçíîé ïðèìåñè åãî ïðîïóñêàþò ÷åðåç ñêóá-

áåð (ñîñóä, ñîäåðæàùèé ïîãëîòèòåëü). Êîëè÷åñòâî ãàçîîáðàçíîé ïðèìåñè,
ïîãëîùàåìîå ñëîåì ïîãëîòèòåëÿ ïðè óñòàíîâèâøåìñÿ ðåæèìå ðàáîòû àï-
ïàðàòà, ïðîïîðöèîíàëüíî êîíöåíòðàöèè ïðèìåñè, òîëùèíå ñëîÿ è ïëîùàäè
ïîïåðå÷íîãî ñå÷åíèÿ ñëîÿ. Ñêóááåð èìååò ôîðìó êîíóñà ñ ðàäèóñîì îñíî-
âàíèÿ R è âûñîòîé H. Ãàç ïîñòóïàåò ÷åðåç âåðøèíó êîíóñà.

Íàéäèòå çàâèñèìîñòü êîíöåíòðàöèè ãàçîîáðàçíîé ïðèìåñè (q) îò ðàccòî-
ÿíèÿ îò âåðøèíû êîíóñà (h) è îòâåòüòå íà ñëåäóþùèå âîïðîñû.

1. Êàêîâà êîíöåíòðàöèÿ ïðèìåñè â ïîñòóïàþùåì ãàçå, åñëè â âûõîäÿùåì
ãàçå îíà ðàâíà b1 %, à íà âûñîòå H/2 � b2 %? (b1 = 7, 8 %; b2 = 17 %).
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2. Êàêîâà êîíöåíòðàöèÿ ïðèìåñè â âûõîäÿùåì ãàçå, åñëè â ïîñòóïàþùåì
ãàçå îíà ðàâíà a%, à íà âûñîòå H/2 � b% ? (b = 13, 6 %; a = 17 %).

Çàäàíèå 2.
y′ = y − x, M(4; 2).
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Êîíòðîëüíàÿ ðàáîòà � 2

Òåìà: ïðèìåíåíèå ñòåïåííûõ ðÿäîâ äëÿ ðåøåíèÿ äèôôåðåíöè-

àëüíûõ óðàâíåíèé

Ñîäåðæàíèå êîíòðîëüíîé ðàáîòû � 2

Çàäàíèå � 1

Íàéäèòå óêàçàííîå ÷èñëî ïåðâûõ ÷ëåíîâ (ñ÷èòàÿ íóëåâûå) ðàçëîæåíèÿ â
ñòåïåííîé ðÿä ðåøåíèÿ çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Çàäàíèå � 2

Äëÿ íàõîæäåíèÿ ðåøåíèÿ çàäà÷è Êîøè äëÿ ëèíåéíîãî äèôôåðåíöèàëü-
íîãî óðàâíåíåíèÿ âòîðîãî ïîðÿäêà â âèäå ñòåïåííîãî ðÿäà:

• ñîñòàâüòå ðåêóððåíòíóþ ôîðìóëó äëÿ êîýôôèöèåíòîâ ñòåïåííîãî ðÿ-
äà;

• âûïèøèòå ïåðâûå ÷ëåíû ñòåïåííîãî ðÿäà (íåíóëåâûå) äî x8 âêëþ÷è-
òåëüíî.

Óñëîâèÿ çàäà÷ êîíòðîëüíîé ðàáîòû � 2

Âàðèàíò � 1.

1. y′ = y3 − x, y(0) = 1 (ïÿòü ÷ëåíîâ).

2. (x2 − 1)y′′ + (x+ 3)y′ − y = 0, y(0) = 1, y′(0) = 1.

Âàðèàíò � 2.

1. y′ = ey + xy, y(0) = 0 (ïÿòü ÷ëåíîâ).

2. y′′ − xy′ + 6y = 0, y(0) = 1, y′(0) = 0.

Âàðèàíò � 3.

1. y′′ = x sin y′, y(1) = 0, y′(1) =
π

2
(øåñòü ÷ëåíîâ).

2. (x+ 1)y′′ = (x− 1)y′ + y, y(0) = 1, y′(0) = −1.

Âàðèàíò � 4.

1. y′′ = x2y − y′, y(0) = 1, y′(0) = 0 (äåâÿòü ÷ëåíîâ).
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2. y′′ − 2xy′ + 14y = 0, y(0) = 0, y′(0) = 1.

Âàðèàíò � 5.

1. y′ = x+
1

y
, y(0) = 1 (ïÿòü ÷ëåíîâ).

2. (2x− 1)y′′ + 2(x− 1)y′ + y = 0, y(0) = 0, y′(0) = 1.

Âàðèàíò � 6.

1. y′′ = (y′)
2
+ xy, y(0) = 4, y′(0) = −2 (ïÿòü ÷ëåíîâ).

2. (1− x2)y′′ − 2xy′ + 30y = 0, y(0) = 0, y′(0) = 1.

Âàðèàíò � 7.

1. y′ = x2y2 − 1, y(0) = 1 (øåñòü ÷ëåíîâ).

2. (x− 1)y′′ − y′ − x− 3

4
y = 0, y(0) = 2, y′(0) = 1.

Âàðèàíò � 8.

1. y′ = sin y − sinx, y(0) = 0 (ñåìü ÷ëåíîâ).

2. (1− x2)y′′ − xy′ + 49y = 0, y(0) = 0, y′(0) = 1.

Âàðèàíò � 9.

1. y′′ = xyy′, y(0) = 1, y′(0) = 1 (øåñòü ÷ëåíîâ).

2. (x2 + 3x+ 2)y′′ + xy′ − y = 0, y(0) = 1, y′(0) = −1

2
.

Âàðèàíò � 10.

1. y′′ =
y′

y
− 1

x
, y(1) = 1, y′(1) = 0 (øåñòü ÷ëåíîâ).

2. (1− x2)y′′ − 3xy′ + 63y = 0, y(0) = 0, y′(0) = 1.

Âàðèàíò � 11.

1. y′ = y + xey, y(0) = 0 (ïÿòü ÷ëåíîâ).

2. (x2 − 4)y′′ + 4xy′ + 2y = 0, y(0) = 0, y′(0) = 1.

Âàðèàíò � 12.

1. y′ = y2 − x, y(0) = 1 (ïÿòü ÷ëåíîâ).
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2. (1− x2)y′′ − 4xy′ + 28y = 0, y(0) = 1, y′(0) = 0.

Âàðèàíò � 13.

1. y′ = x2 − y2, y(0) = 0 (äâåíàäöàòü ÷ëåíîâ).

2. (x2 + 4)y′′ + 4xy′ + 2y = 0, y(0) = 1, y′(0) = 0.

Âàðèàíò � 14.

1. y′ = 1 + x+ x2 − 2y2, y(1) = 1 (øåñòü ÷ëåíîâ).

2. (1− x2)y′′ − 4xy′ + 40y = 0, y(0) = 0, y′(0) = 1.

Âàðèàíò � 15.

1. yy′′ + y′ + y = 0, y(0) = 1, y′(0) = 0 (ñåìü ÷ëåíîâ).

2. (2x+ 1)y′′ = (2x− 3)y′ + 2y, y(0) = 1, y′(0) = −2.

Âàðèàíò � 16.

1. y′′ = xy′ − y2, y(0) = 1, y′(0) = 2 (ïÿòü ÷ëåíîâ).

2. (1− x2)y′′ − 3xy′ + 48y = 0, y(0) = 1, y′(0) = 0.

Âàðèàíò � 17.

1. y′ = 2x+ cos y, y(0) = 0 (ïÿòü ÷ëåíîâ).

2.

(
x+

1

4

)
y′′ − (2x+ 1)y′ + y = 0, y(0) = 1, y′(0) = 2.

Âàðèàíò � 18.

1. y′′ = yex, y(0) = 1, y′(0) = 0 (øåñòü ÷ëåíîâ).

2. (1− x2)y′′ − xy′ + 25y = 0, y(0) = 0, y′(0) = 1.

Âàðèàíò � 19.

1. y′ =
1− x2

y
+ 1, y(0) = 1 (ïÿòü ÷ëåíîâ).

2. (2x+ 4)y′′ = (x− 2)y′ + y, y(0) = 1, y′(0) = −1

2
.

Âàðèàíò � 20.

1. y′′ = yy′ − x2, y(0) = 1, y′(0) = 1 (øåñòü ÷ëåíîâ).
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2. (1− x2)y′′ − 2xy′ + 42y = 0, y(0) = 1, y′(0) = 0.

Âàðèàíò � 21.

1. y′′ + yy′ − 2 = 0, y(0) = 0, y′(0) = 0 (äåâÿòü ÷ëåíîâ).

2. (x2 − 1)y′′ + (x− 3)y′ − y = 0, y(0) = −2, y′(0) = 0.

Âàðèàíò � 22.

1. y′ = 4x− 2y2, y(0) = 0 (äåâÿòü ÷ëåíîâ).

2. y′′ − xy′ + 7y = 0, y(0) = 0, y′(0) = 1.

Âàðèàíò � 23.

1. y′ = y3 + x2, y(1) = 1 (ïÿòü ÷ëåíîâ).

2. y′′ = 2xy′ + 4y, y(0) = 0, y′(0) = 1.

Âàðèàíò � 24.

1. y′′ = yy′ + x2, y(0) = 1, y′(0) = 0 (ñåìü ÷ëåíîâ).

2. y′′ − 2xy′ + 12y = 0, y(0) = 1, y′(0) = 0.

Âàðèàíò � 25.

1. y′′ = (y′)2 + y, y(0) = 0, y′(0) = 1 (ïÿòü ÷ëåíîâ).

2. (x+ 1)y′′ − (x+ 4)y′ + 4y = 0, y(0) = 1, y′(0) = 4.
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Êîíòðîëüíàÿ ðàáîòà � 3

Òåìà: äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ

Ñîäåðæàíèå êîíòðîëüíîé ðàáîòû � 3

Ðåøèòå äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïðè çà-
äàííûõ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèÿõ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ
(ìåòîäîì Ôóðüå).

1. Çàïèøèòå òî÷íîå ðåøåíèå çàäà÷è (u(x, t)) â âèäå ñóììû ðÿäà è âûðà-
æåíèå äëÿ ñêîðîñòè (v(x, t) = ∂u

∂t ).

2. Âûïèøèòå ÷àñòè÷íóþ ñóììó ðÿäà (óäåðæàòü òðè ïåðâûõ ñëàãàåìûõ);

3. Ïîñòðîéòå ãðàôèêè ÷àñòè÷íûõ ñóìì ðÿäà u(x, 0) è u(x, 0.9) äëÿ äâóõ
ïåðâûõ ñëàãàåìûõ;

4. Ïîñòðîéòå àíàëîãè÷íûå ãðàôèêè äëÿ ñóììû 50 ïåðâûõ ñëàãàåìûõ.

Óñëîâèÿ çàäà÷ êîíòðîëüíîé ðàáîòû � 3

Âàðèàíò � 1.
∂2u

∂t2
= 4

∂2u

∂x2
; u(0, t) = u(4, t) = 0;

u(x, 0) =


x

2
, 0 6 x < 2;

−x− 4

2
, 2 6 x 6 4;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 2.
∂2u

∂t2
= 4

∂2u

∂x2
; u(0, t) = u(3, t) = 0;

u(x, 0) =
4

9

(
3x− x2

) ∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 3.
∂2u

∂t2
= 4

∂2u

∂x2
; u(0, t) = u(4, t) = 0;

u(x, 0) =

{
x, 0 6 x < 2;

4− x, 2 6 x 6 4;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 4.
∂2u

∂t2
= 16

∂2u

∂x2
; u(0, t) = u(3, t) = 0;

u(x, 0) =
8

9

(
3x− x2

)
,

∂u

∂t

∣∣∣∣
t=0

= 0.
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Âàðèàíò � 5.
∂2u

∂t2
= 4

∂2u

∂x2
; u(0, t) = u(6, t) = 0;

u(x, 0) = 0,
∂u

∂t

∣∣∣∣
t=0

=

{
x, 0 6 x < 3;

6− x, 3 6 x 6 6.

Âàðèàíò � 6.
∂2u

∂t2
= 9

∂2u

∂x2
; u(0, t) = u(4, t) = 0;

u(x, 0) =
1

8

(
4x− x2

)
,

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 7.
∂2u

∂t2
= 9

∂2u

∂x2
; u(0, t) = u(6, t) = 0;

u(x, 0) =


2x

3
, 0 6 x < 3;

2(6− x)

3
, 3 6 x 6 6;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 8.
∂2u

∂t2
= 25

∂2u

∂x2
; u(0, t) = u(8, t) = 0;

u(x, 0) = 0;
∂u

∂t

∣∣∣∣
t=0

=

{
x, 0 6 x < 4;

8− x, 4 6 x 6 8.

Âàðèàíò � 9.
∂2u

∂t2
= 9

∂2u

∂x2
; u(0, t) = u(18, t) = 0;

u(x, 0) =
9

100
sin

πx

18
,

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 10.
∂2u

∂t2
=

∂2u

∂x2
; u(0, t) = u(9, t) = 0;

u(x, 0) = x(9− x),
∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 11.
∂2u

∂t2
= 4

∂2u

∂x2
; u(0, t) = u(6, t) = 0;

u(x, 0) = cos
π(x− 3)

6
;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 12.
∂2u

∂t2
= 16

∂2u

∂x2
; u(0, t) = u(8, t) = 0;

u(x, 0) = 0;
∂u

∂t

∣∣∣∣
t=0

=

{
x, 0 6 x < 4;

8− x, 4 6 x 6 8;
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Âàðèàíò � 13.
∂2u

∂t2
= 16

∂2u

∂x2
; u(0, t) = u(4, t) = 0;

u(x, 0) =

{
x, 0 6 x < 2;

4− x, 2 6 x 6 4;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 14.
∂2u

∂t2
= 16

∂2u

∂x2
; u(0, t) = u(10, t) = 0;

u(x, 0) =
1

10
sin

πx

10
;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 15.
∂2u

∂t2
= 49

∂2u

∂x2
; u(0, t) = u(14, t) = 0;

u(x, 0) = 0;
∂u

∂t

∣∣∣∣
t=0

=

{
x, 0 6 x < 7;

14− x, 7 6 x 6 14.

Âàðèàíò � 16.
∂2u

∂t2
= 9

∂2u

∂x2
; u(0, t) = u(10, t) = 0;

u(x, 0) = x(10− x);
∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 17.
∂2u

∂t2
= 36

∂2u

∂x2
; u(0, t) = u(6, t) = 0;

u(x, 0) =

{
x, 0 6 x < 3;

6− x, 3 6 x 6 6;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 18.
∂2u

∂t2
= 4

∂2u

∂x2
; u(0, t) = u(8, t) = 0;

u(x, 0) =


2

3
x, 0 6 x < 3;

2(8− x)

5
, 3 6 x 6 8;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 19.
∂2u

∂t2
= 16

∂2u

∂x2
; u(0, t) = u(6, t) = 0;

u(x, 0) =
4

9

(
6x− x2

)
;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 20.
∂2u

∂t2
= 36

∂2u

∂x2
; u(0, t) = u(10, t) = 0;

u(x, 0) = 0;
∂u

∂t

∣∣∣∣
t=0

=

{
x, 0 6 x < 5;

10− x, 5 6 x 6 10.
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Âàðèàíò � 21.
∂2u

∂t2
= 16

∂2u

∂x2
; u(0, t) = u(8, t) = 0;

u(x, 0) = x(8− x);
∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 22.
∂2u

∂t2
= 9

∂2u

∂x2
; u(0, t) = u(8, t) = 0;

u(x, 0) =

{
x, 0 6 x < 4;

8− x, 4 6 x 6 8;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 23.
∂2u

∂t2
= 25

∂2u

∂x2
; u(0, t) = u(10, t) = 0;

u(x, 0) =


x

3
, 0 6 x < 3;

10− x

7
, 3 6 x 6 10;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 24.
∂2u

∂t2
= 16

∂2u

∂x2
; u(0, t) = u(4, t) = 0;

u(x, 0) =
1

4

(
4x− x2

)
;

∂u

∂t

∣∣∣∣
t=0

= 0.

Âàðèàíò � 25.
∂2u

∂t2
= 25

∂2u

∂x2
; u(0, t) = u(4, t) = 0;

u(x, 0) = x(4− x);
∂u

∂t

∣∣∣∣
t=0

= 0.
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Ðåøåíèå òèïîâîãî âàðèàíòà êîíòðîëüíîé ðàáîòû � 1

Çàäàíèå 1
Ñòàëüíàÿ øàðîâàÿ îáîëî÷êà ñ âíóòðåííèì ðàäèóñîì r è âíåøíèì ðà-

äèóñîì R íàõîäèòñÿ â ñòàöèîíàðíîì òåïëîâîì ñîñòîÿíèè. Òåìïåðàòóðà íà
âíóòðåííåé å¼ ïîâåðõíîñòè ðàâíà T1, à íà âíåøíåé � T2. Ïðåäïîëàãàåòñÿ,
÷òî ïðîöåññ ïåðåäà÷è òåïëà ïîä÷èíÿåòñÿ çàêîíó Ôóðüå: êîëè÷åñòâî òåïëî-
òû∆Q, ïðîòåêàþùåå â åäèíèöó âðåìåíè ÷åðåç ïëîùàäêó∆σ â íàïðàâëåíèè
íîðìàëè n ðàâíî

∆Q = −K∆σ · ∂T
∂n

,

ãäå K = 0, 14 (êàë/(ãðàä·ñì·ñ))� êîýôôèöèåíò òåïëîïðîâîäíîñòè (äëÿ ñòà-
ëè), ∆σ� ïëîùàäü ó÷àñòêà ïîâåðõíîñòè.

Íàéäèòå çàâèñèìîñòü òåìïåðàòóðû îò ðàññòîÿíèÿ äî öåíòðà îáîëî÷êè è
îòâåòüòå íà ñëåäóþùèå âîïðîñû.

1. Êàêîâà òåìïåðàòóðà ñëîÿ, ðàâíîóäàë¼ííîãî îò âíóòðåííåé è âíåøíåé
ïîâåðõíîñòåé? (r = 6; R = 30; T2 = 20◦C; T1 = 300◦C).

2. Êàêîå êîëè÷åñòâî òåïëîòû îòäà¼ò øàð íàðóæó çà 1 c? (r = 6; R = 30;
T2 = 20◦C; T1 = 300◦C).

3. Êàêîâ âíåøíèé ðàäèóñ îáîëî÷êè, åñëè êîëè÷åñòâî òåïëîòû, îòäàâàå-
ìîå åþ â òå÷åíèå 1 ñ ðàâíî JQ? (r = 6; JQ = 5000 êàë/ñ; T2 = 20◦C;
T1 = 300◦C).

4. Êàêîâà òåìïåðàòóðà âíåøíåé ïîâåðõíîñòè îáîëî÷êè, åñëè êîëè÷åñòâî
òåïëîòû, îòäàâàåìîå åþ â òå÷åíèå 1 c ðàâíî JQ? (r = 6; R = 30;
T1 = 200◦C; JQ = 1000 êàë/ñ).

Âñå ðàçìåðû óêàçàíû â ñàíòèìåòðàõ.

Çàäàíèå 2.
3yy′ = x, M(1; 1).

Ðåøåíèå çàäàíèÿ 1

Îáîçíà÷èì çà ρ ðàññòîÿíèå îò òî÷êè øàðîâîé îáîëî÷êè äî öåíòðà øàðà.
Òðåáóåòñÿ íàéòè çàâèñèìîñòü T (ρ). Â ñòàöèîíàðíîì ñîñòîÿíèè ïîòîê òåïëà
JQ ÷åðåç ëþáîé ñôåðè÷åñêèé ñëîé îáîëî÷êè äîëæåí áûòü îäèíàêîâûì è
ñîâïàäàòü ñ êîëè÷åñòâîì òåïëà, êîòîðîå òåëî îòäà¼ò â îêðóæàþùóþ ñðåäó
(ñì. ðèñóíîê 1). Ó÷èòûâàÿ, ÷òî ïëîùàäü ñôåðû ðàäèóñà ρ ðàâíà 4πρ2, à
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Ðèñóíîê 1: Ñõåìà ê ðåøåíèþ çàäàíèÿ 1

íîðìàëüíîå íàïðàâëåíèå ê ê ñôåðå ñîâïàäàåò ñ ðàäèàëüíûì, ïîëó÷àåì èç
çàêîíà Ôóðüå (ñì. óñëîâèå):

−K · 4πρ2 · dT
dρ

= JQ = const.

Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ çàâèñèìîñòè òåìïåðàòóðû (T ) îò ðàññòî-
ÿíèÿ äî öåíòðà (ρ) íóæíî íàéòè ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

dT

dρ
= − JQ

4πK
· 1

ρ2
, (1)

óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì

T

∣∣∣∣
ρ=r

= T1, T

∣∣∣∣
ρ=R

= T2. (2)

Èíòåãðèðóÿ îáå ÷àñòè ðàâåíñòâà (1), ïîëó÷àåì

T =
JQ
4πK

· 1
ρ
+ C. (3)

Äëÿ íàõîæäåíèÿ íåèçâåñòíîé âåëè÷èíû ïîòîêà òåïëà (JQ) è çíà÷åíèÿ ïðî-
èçâîëüíîé ïîñòîÿííîé (C) âîñïîëüçóåìñÿ ãðàíè÷íûìè óñëîâèÿìè (2):

JQ
4πK

· 1
r
+ C = T1,

JQ
4πK

· 1
R

+ C = T2.

(4)
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Âû÷èòàÿ èç ïåðâîãî ðàâåíñòâà ñèñòåìû (4) âòîðîå, ïîëó÷àåì

JQ
4πK

(
1

r
− 1

R

)
= T1 − T2,

îòêóäà íàõîäèì

JQ =
4πK(T1 − T2)Rr

R− r
. (5)

Ïîäñòàâëÿÿ âûðàæåíèå (5) â ïåðâîå ðàâåíñòâî ñèñòåìû (4), íàõîäèì C:

C = T1 −
(T1 − T2)R

R− r
.

Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ JQ è C â ôîðìóëó (3), îêîí÷àòåëüíî ïî-
ëó÷àåì, ÷òî ðàñïðåäåëåíèå òåìïåðàòóðû ïî òåëó çàäà¼òñÿ ôîðìóëîé

T (ρ) =
(T1 − T2)Rr

ρ(R− r)
+ T1 −

(T1 − T2)R

R− r

èëè

T (ρ) = T1 +
(T1 − T2)Rr

R− r

(
1

ρ
− 1

r

)
. (6)

Ãðàôèê çàâèñèìîñòè òåìïåðàòóðû îò ðàññòîÿíèÿ îò öåíòðà ïðèâåä¼í íà
ðèñóíêå 2. Òåïåðü ìû ìîæåì äàòü îòâåòû íà âñå âîïðîñû çàäàíèÿ.

1) Ñëîé ðàâíîóäàë¼ííûé îò âíåøíåé è âíóòðåííåé ïîâåðõíîñòåé ñîîò-

âåòñòâóåò, î÷åâèäíî, çíà÷åíèþ ρ =
R + r

2
. Ïîäñòàâëÿÿ ýòî çíà÷åíèå â ôîð-

ìóëó (6), íàõîäèì

T

(
R + r

2

)
= T1 +

(T1 − T2)Rr

R− r

(
2

R + r
− 1

r

)
=

= T1 +
(T1 − T2)Rr(r −R)

(R− r)(R + r)r
= T1 −

(T1 − T2)R

R + r
.

Ïîäñòàâëÿÿ â ýòó ôîðìóëó äàííûå äëÿ ïåðâîãî ïóíêòà, ïîëó÷àåì:

T (18) = 300− 280 · 30
30 + 6

=
400

6
≈ 66, 667◦C.

2) Êîëè÷åñòâî òåïëîòû, îòäàâàåìîå òåëîì â îêðóæàþùóþ ñðåäó, â ñòàöè-
îíàðíîì ñîñòîÿíèè ñîâïàäàåò ñ ïîòîêîì ÷åðåç ïðîèçâîëüíóþ ñôåðè÷åñêóþ
ïîâåðõíîñòü è âûðàæàåòñÿ ôîðìóëîé (5). Ïîäñòàâëÿÿ äàííûå äëÿ âòîðîãî
ïóíêòà, ïîëó÷àåì:

JQ =
(300− 20) · 30 · 6 · 4π · 0, 14

30− 6
≈ 3695 êàë/c.
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Ðèñóíîê 2: Ãðàôèê çàâèñèìîñòè òåìïåðàòóðû îò ðàññòîÿíèÿ (ê çàäàíèþ 1)

3) Èç ôîðìóëû (5) íåòðóäíî âûðàçèòü âíåøíèé ðàäèóñ îáîëî÷êè ÷åðåç
îñòàëüíûå ïàðàìåòðû:

(R− r)JQ = 4π(T1 − T2)KRr ⇔ JQR− JQr + 4πK(T2 − T1)Rr = 0,

îòêóäà

R =
JQr

JQ + 4πK(T2 − T1)r
.

Ïîäñòàâëÿÿ äàííûå äëÿ òðåòüåãî ïóíêòà, íàõîäèì

R =
5000 · 6

5000 + 4π · 0, 14(20− 300) · 6
≈ 14, 7 ñì.

4) Èç ôîðìóëû (5) âûðàçèì çíà÷åíèå T2 ÷åðåç îñòàëüíûå ïàðàìåòðû:

4πK(T1 − T2)Rr = JQ · (R− r) ⇔ T2 = T1 −
(R− r)JQ
4πKRr

.

Ïîäñòàâëÿÿ äàííûå äëÿ ïóíêòà 4, íàõîäèì

T2 = 200− (30− 6) · 1000
4π · 0, 14 · 30 · 6

≈ 124◦C.
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Ðåøåíèå çàäàíèÿ 2

Ïðåîáðàçóåì äèôôåðåíöèàëüíîå óðàâíåíèå ê ñòàíäàðòíîìó âèäó

y′ =
x

3y
. (7)

Îòìåòèì ñðàçó, ÷òî óñëîâèÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðå-
øåíèÿ çàäà÷è Êîøè íàðóøàþòñÿ â òî÷êàõ îñè Ox (y = 0).

1) Íåîáõîäèìûì óñëîâèåì ýêñòðåìóìà ÿâëÿåòñÿ ðàâåíñòâî y′ = 0, èç
óðàâíåíèÿ (7) çàêëþ÷àåì, ÷òî ýêñòðåìóì ìîæåò äîñòèãàòüñÿ òîëüêî â òî÷-
êàõ ëèíèè

x = 0,

ò. å. â òî÷êàõ îñè Oy. Òàêèì îáðàçîì, ëèíèåé ýêñòðåìóìîâ ÿâëÿåòñÿ îñü
Oy.

2) Íåîáõîäèìûì óñëîâèåì ïåðåãèáà ÿâëÿåòñÿ ðàâåíñòâî y′′ = 0. Äèôôå-
ðåíöèðóÿ ïî x îáå ÷àñòè ðàâåíñòâà (7), ïîëó÷àåì

y′′ =
1

3
· y − xy′

y2

èëè, ñ ó÷¼òîì ôîðìóëû (7),

y′′ =
1

3
·
y − x · x

3y

y2
=

3y2 − x2

9y3
.

Âòîðàÿ ïðîèçâîäíàÿ îáðàùàåòñÿ â íîëü, åñëè

3y2 − x2 = 0 ⇔ y = ± x√
3
.

Òàêèì îáðàçîì, ëèíèÿìè âîçìîæíûõ ïåðåãèáîâ ÿâëÿåòñÿ ïàðà ïðÿìûõ, ïå-
ðåñåêàþùèõñÿ â íà÷àëå êîîðäèíàò. Íèæå áóäåò ïîêàçàíî, ÷òî äàííûå ëèíèè
ÿâëÿþòñÿ íå ëèíèÿìè ïåðåãèáîâ, à àñèìïòîòàìè èíòåãðàëüíûõ êðèâûõ.

3) Òàíãåíñ óãëà íàêëîíà êàñàòåëüíîé ê èíòåãðàëüíîé êðèâîé (k) ðàâåí
çíà÷åíèþ y′ â òî÷êå êàñàíèÿ. Ïîëàãàÿ y′ = k, èç ôîðìóëû (7) ïîëó÷àåì
óðàâíåíèÿ èçîêëèí

y =
x

3k
.

Èçîêëèíàìè ÿâëÿþòñÿ ïðÿìûå, ïðîõîäÿùèå ÷åðåç íà÷àëî êîîðäèíàò (ñì.
ðèñóíîê 3). Âûïèøåì óðàâíåíèÿ íåêîòîðûõ èçîêëèí
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Ðèñóíîê 3: Èçîêëèíû äèôôåðåíöèàëüíîãî óðàâíåíèÿ (ê çàäàíèþ 2)

k = 1 ↔ y =
x

3
, k =

1

3
↔ y = x, k =

1

9
↔ y = 3x,

k = −1 ↔ y = −x

3
, k = −1

3
↔ y = −x, k = −1

9
↔ y = −3x.

Ïî íàéäåíûì èçîêëèíàì ïîñòðîèì ïîëå íàïðàâëåíèé. Îòìåòèì øòðè-
õàìè íà êàæäîé èç èçîêëèí íàïðàâëåíèå, â êîòîðîì èíòåãðàëüíûå êðèâûå
ïåðåñåêàþò äàííóþ èçîêëèíó. Çíà÷åíèå óãëîâîãî êîýôôèöèåíòà k ðàâíî
òàíãåíñó óãëà ìåæäó êàñàòåëüíîé ê èíòåãðàëüíîé êðèâîé è îñüþ Ox (ñì.
ðèñóíîê 4). Çíà÷åíèå k = 0 îçíà÷àåò, ÷òî èçîêëèíà ïåðåñåêàåòñÿ â ãîðè-

Ðèñóíîê 4: Èçîáðàæåíèå íàêëîíà èíòåãðàëüíûõ êðèâûõ (ê çàäàíèþ 2)
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çîíòàëüíîì íàïðàâëåíèè. Îñü Ox (y = 0) ñîîòâåòñòâóåò çíà÷åíèþ k = ∞,
ýòî îçíà÷àåò, ÷òî îñü Ox èíòåãðàëüíûìè êðèâûìè ïåðåñåêàåòñÿ â âåðòè-

êàëüíîì íàïðàâëåíèè. Âàæíî çàìåòèòü, ÷òî ëèíèè y = ± x√
3
â ðàññìàòðè-

âàåìîì ñëó÷àå ÿâëÿþòñÿ òàêæå èçîêëèíàìè, ñîîòâåòñòâóþùèìè íàêëîíó
k = ± 1√

3
. Ïîñêîëüêó íàïðàâëåíèå èíòåãðàëüíîé êðèâîé ñîâïàäàåò ñ íà-

ïðàâëåíèåì ñàìîé èçîêëèíû, ëèíèè y = ± x√
3
ÿâëÿþòñÿ èíòåãðàëüíûìè

êðèâûìè äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ïîëå íàïðàâëåíèé äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1) ïðèâåäåíî íà
ðèñóíêå 5.

Ðèñóíîê 5: Ïîëå íàïðàâëåíèé äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (ê çàäàíèþ 2)

4) Îòìåòèì íà ÷åðòåæå òî÷êó M0(1; 1) è íà÷åðòèì ïðîõîäÿùóþ ÷åðåç
íåå êðèâóþ, êîòîðàÿ ïåðåñåêàò èçîêëèíû â îòìå÷åííîì íà íèõ íàïðàâëåíèè
(ñì. ðèñóíîê 6).

5) Ïåðåïèøåì èñõîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå â ñèììåòðè÷íîé
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Ðèñóíîê 6: Ãðàôèê ðåøåíèÿ çàäà÷è Êîøè (ê çàäàíèþ 2)

ôîðìå è óìíîæèì îáå åãî ÷àñòè íà
2

3
:

3yy′ = x ⇔ 3ydy = xdx ⇔ 2ydy =
2xdx

3
.

Èíòåãðèðóÿ îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà, ïîëó÷àåì∫
2ydy =

1

3

∫
2xdx ⇔ y2 + C =

x2

3
.

Òàêèì îáðàçîì, îáùèé èíòåãðàë äèôôåðåíöèàëüíîãî óðàâíåíèÿ èìååò âèä

x2

3
− y2 = C. (8)

Çàìåòèì, ÷òî èíòåãðàëüíûå êðèâûå ïðåäñòàâëÿþò ñîáîé ñåìåéñòâî ãèïåð-

áîë ñ àñìèïòîòàìè y = ± x√
3
, êîòîðûå ñàìè òàêæå ÿâëÿþòñÿ èíòåãðàëüíû-

ìè êðèâûìè (ïðè C = 0).

33



Äëÿ íàõîæäåíèÿ çíà÷åíèÿ ïðîèçâîëüíîé ïîñòîÿííîé ïîäñòàâèì â ðàâåí-
ñòâî (8) çíà÷åíèÿ x = 1 è y = 1. Ïîëó÷èì

C =
1

3
− 1 = −2

3
.

Ïîäñòàâèâ â ðàâåíñòâî (8) íàéäåííîå çíà÷åíèå C è âûðàçèâ èç íåãî y, ïî-
ëó÷èì ôîðìóëó, çàäàþùóþ ðåøåíèå çàäà÷è Êîøè:

y =

√
x2 + 2

3
.

Îòìåòèì õîðîøåå ñîîòâåòñòâèå èíòåãðàëüíîé êðèâîé, èçîáðàæ¼ííîé íà ðè-
ñóíêå 6, ãðàôèêó òî÷íîãî ðåøåíèÿ çàäà÷è Êîøè.
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Ðåøåíèå òèïîâîãî âàðèàíòà êîíòðîëüíîé ðàáîòû � 2

Çàäàíèå 1

y′′ = xy′ + y2, y(0) = 1, y′(0) = 0 (äåâÿòü ÷ëåíîâ).

Çàäàíèå 2

(1− x2)y′′ + (x2 − 4x− 1)y′ + 2(x− 1)y = 0, y(0) = 1, y′(0) = 0.

Ðåøåíèå çàäàíèÿ 1

Ó÷ò¼ì, ÷òî åñëè ðåøåíèå çàäà÷è Êîøè ðàñêëàäûâàåòñÿ â ñòåïåííîé ðÿä,
òî ýòîò ðÿä äîëæåí ñîâïàäàòü ñ ðÿäîì Òåéëîðà (Ìàêëîðåíà):

y =
∞∑
k=0

y′(0)xk

k!
= y(0) + y′(0)x+

y′′(0)x2

2!
+

y′′′(0)x3

3!
+ ...

Ïåðâûå äâà ÷ëåíà ðÿäà ìîæíî âûïèñàòü ñðàçó, èñïîëüçóÿ íà÷àëüíûå óñëî-
âèÿ çàäà÷è Êîøè. Òðåòèé ÷ëåí ðÿäà íàõîäèòñÿ íåïîñðåäñòâåííî èç óðàâíå-
íèÿ. Ïîäñòàâëÿÿ â óðàâíåíèå çíà÷åíèå x = 0, ñ ó÷¼òîì íà÷àëüíûõ óñëîâèé
ïîëó÷àåì

y′′(0) = 0 · y′(0) + (y(0))2 = 0 + 1 = 1.

Òàêèì îáðàçîì, ñðàçó ìîæåì çàïèñàòü:

y = y(0) + y′(0)x+
y′′(0)x2

2!
+ ... = 1 + 0 · x+

x2

2
+ ...

×òîáû íàéòè îñòàëüíûå ÷ëåíû ðÿäà, íàéä¼ì ïðîèçâîäíûå y äî âîñüìîãî
ïîðÿäêà âêëþ÷èòåëüíî. Äëÿ ýòîãî ïîñëåäîâàòåëüíî áóäåì äèôôåðåíöèðî-
âàòü îáå ÷àñòè èñõîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

y′′′ = xy′′ + y′ + 2yy′;

y(IV ) = xy′′′ + y′′ + y′′ + 2(y′y′ + yy′′) = xy′′′ + 2y′′ + 2
(
(y′)2 + yy′′

)
;

y(V ) = xy(IV ) + y′′′ + 2y′′′ + 2 (2y′y′′ + y′y′′ + yy′′′) =

= xy(IV ) + 3y′′′ + 2 (3y′y′′ + yy′′′) ;

y(V I) = xy(V ) + y(IV ) + 3y(IV ) + 2
(
3y′′y′′ + 3y′y′′′ + y′y′′′ + yy(IV )

)
=

= xy(V ) + 4y(IV ) + 2
(
3(y′′)2 + 4y′y′′′ + yy(IV )

)
;
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y(V II) = xy(V I)+y(V )+4y(V )+2
(
6y′′y′′′ + 4y′′y′′′ + 4y′y(IV ) + y′y(IV ) + yy(V )

)
=

= xy(V I) + 5y(V ) + 2
(
10y′′y′′′ + 5y′y(IV ) + yy(V )

)
;

y(V III) = xy(V II) + y(V I) + 5y(V I) + 2
(
10(y′′′)2 + 10y′′y(IV ) + 5y′′y(IV )+

+5y′y(V ) + y′y(V ) + yy(V I)
)
=

= xy(V II) + 6y(V I) + 2
(
10(y′′′)2 + 15y′′y(IV ) + 6y′y(V ) + yy(V I)

)
.

Ïîñëåäîâàòåëüíî ïîäñòàâëÿÿ çíà÷åíèå x = 0 â êàæäîå èç âûðàæåíèé, ïî-
ëó÷åííûõ âûøå, íàõîäèì:

y′′′(0) = 0 + 0 + 0 = 0;

y(IV )(0) = 0 + 2 + 2(1 + 0) = 4;

y(V )(0) = 0;

y(V I)(0) = 0 + 4 · 4 + 2(3 + 0 + 4) = 30;

y(V II)(0) = 0;

y(V III)(0) = 0 + 6 · 30 + 2(0 + 15 · 4 + 0 + 30) = 360.

Òåïåðü ìîæíî âûïèñàòü âñå òðåáóåìûå ÷ëåíû ðàçëîæåíèÿ â ðÿä:

y = 1 +
x2

2
+

4x4

24
+

30x6

720
+

360x8

40320
+ ...

Îêîí÷àòåëüíî ïîëó÷àåì:

y = 1 +
x2

2
+

x4

6
+

x6

24
+

x8

112
+ ...

Ðåøåíèå çàäàíèÿ 2

Ðåøåíèå çàäà÷è Êîøè áóäåì èñêàòü â âèäå ñòåïåííîãî ðÿäà ñ öåíòðîì â
òî÷êå x0 = 0:

y =
∞∑
k=0

akx
k = a0 + a1x+ a2x

2 + a3x
3 + a4x

4 + a5x
5 + ... (9)

Ó÷èòûâàÿ, ÷òî âíóòðè èíòåðâàëà ñõîäèìîñòè ñòåïåííûå ðÿäû äîïóñêàþò
ïî÷ëåííîå äèôôåðåíöèðîâàíèå, ïîëó÷èì

y′ =
∞∑
k=1

kakx
k−1 = a1 + 2a2x+ 3a3x

2 + 4a4x
3 + ... =

∞∑
n=0

(n+ 1)an+1x
n,
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y′′ =
∞∑
k=2

k(k−1)akx
k−2 = 2a2+3·2a3x+4·3a4x2+... =

∞∑
n=0

(n+2)(n+1)an+2x
n.

Ïîäñòàâèì âûðàæåíèÿ äëÿ y, y′ è y′′ â èñõîäíîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå:

y′′ − x2y′′ + x2y′ − 4xy′ − y′ + 2xy − 2y = 0,

∞∑
n=0

(n+ 2)(n+ 1)an+2x
n − x2

∞∑
k=2

k(k − 1)akx
k−2 + x2

∞∑
k=1

kakx
k−1−

−4x
∞∑
k=1

kakx
k−1 −

∞∑
n=0

(n+ 1)an+1x
n + 2x

∞∑
k=0

akx
k − 2

∞∑
k=0

akx
k = 0.

Ïðåîáðàçóåì ïîëó÷åííîå ðàâåíñòâî:

∞∑
n=0

(n+ 2)(n+ 1)an+2x
n −

∞∑
k=2

k(k − 1)akx
k +

∞∑
k=1

kakx
k+1−

−4
∞∑
k=1

kakx
k −

∞∑
n=0

(n+ 1)an+1x
n + 2

∞∑
k=0

akx
k+1 − 2

∞∑
k=0

akx
k = 0.

Ïåðåîáîçíà÷èì èíäåêñ ñóììèðîâàíèÿ òàê, ÷òîáû ïîä âñåìè çíàêàìè ñóììû
â îáùåì ÷ëåíå ðÿäà îêàçàëàñü îäèíàêîâàÿ ñòåïåíü x:

∞∑
k=1

kakx
k+1 = a1x

2 + 2a2x
3 + 3a3x

4 + ... =
∞∑
n=2

(n− 1)an−1x
n,

∞∑
k=0

akx
k+1 = a0x+ a1x

2 + a2x
3 + a3x

4 + ... =
∞∑
n=1

an−1x
n.

Ñëàãàåìûå, ñîäåðæàùèå íóëåâóþ è ïåðâóþ ñòåïåíü x âûïèøåì îòäåëüíî,
à îñòàëüíûå çàïèøåì ïîä îáùèì çíàêîì ñóììèðîâàíèÿ:

2a2 + 6a3x− 4a1x− a1 − 2a2x+ 2a0x− 2a0 − 2a1x+

+
∞∑
n=2

((n+ 2)(n+ 1)an+2 − n(n− 1)an + (n− 1)an−1 − 4nan−

−(n+ 1)an+1 + 2an−1 − 2an)x
n = 0.

Óïðîùàÿ äàííîå ðàâåíñòâî, ïîëó÷èì:

2a2 − a1 − 2a0 + (6a3 − 2a2 − 6a1 + 2a0) x+
∞∑
n=2

((n+ 2)(n+ 1)an+2−
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−(n+ 1)an+1 − (n2 + 3n+ 2)an + (n+ 1)an−1

)
xn = 0.

Ïîëó÷åííîå ðàâåíñòâî ïîêàçûâàåò, ÷òî ñóììà ñòåïåííîãî ðÿäà ðàâíà íóëþ.
Â ñèëó åäèíñòâåííîñòè ðàçëîæåíèÿ ôóíêöèè â ñòåïåííîé ðÿä çàêëþ÷àåì,
÷òî êîýôôèöèåíòû ïðè âñåõ ñòåïåíÿõ äîëæíû áûòü íóëåâûå. Ïðèðàâíèâàÿ
êîýôôèöèåíòû íóëþ, ïîëó÷àåì áåñêîíå÷íóþ ñèñòåìó óðàâíåíèé:

2a2 − a1 − 2a0 = 0,

6a3 − 2a2 − 6a1 + 2a0 = 0,

è ïðè n > 2

(n+ 2)(n+ 1)an+2 − (n+ 1)an+1 − (n+ 2)(n+ 1)an + (n+ 1)an−1 = 0.

Èç íà÷àëüíûõ óñëîâèé çàäà÷è Êîøè ïîëó÷àåì,

a0 = 1, a1 = 0.

Îñòàëüíûå êîýôôèöèåíòû ëåãêî íàõîäÿòñÿ èç âûïèñàííîé âûøå ñèñòåìû
óðàâíåíèé, ïîñêîëüêó êîýôôèöèåíòû ñ á�îëüøèìè íîìåðàìè âûðàæàþòñÿ
÷åðåç íàéäåííûå ðàíåå êîýôôèöèåíòû ñ ìåíüøèìè íîìåðàìè:

a2 =
1

2
(a1 + 2a0) ,

a3 =
1

3
(a2 + 3a1 − a0) ,

an+2 =
an+1

n+ 2
+ an −

an−1

n+ 2
(n > 2). (10)

Ôîðìóëà (10) ïðåäñòàâëÿåò ñîáîé èñêîìîå ðåêóððåíòíîå ñîîòíîøåíèå, ïîç-
âîëÿþùåå íàéòè ëþáîå ÷èñëî ÷ëåíîâ ðÿäà. Ïî óñëîâèþ çàäà÷è íàäî íàéòè
âñå êîýôôèöèåíòû äî a8 âêëþ÷èòåëüíî. Íàõîäèì:

a0 = 1,

a1 = 0,

a2 =
1

2
(a1 + 2a0) =

1

2
(0 + 2) = 1,

a3 =
1

3
(a2 + 3a1 − a0) =

1

3
(1 + 0− 1) = 0.

Äàëåå ïî ôîðìóëå (10):

n = 2 : a4 =
a3
4
+ a2 −

a1
4

= 0 + 1− 0 = 1,
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n = 3 : a5 =
a4
5
+ a3 −

a2
5

=
1

5
+ 0− 1

5
= 0,

n = 4 : a6 =
a5
6
+ a4 −

a3
6

= 0 + 1− 0 = 1,

n = 5 : a7 =
a6
7
+ a5 −

a4
7

=
1

7
+ 0− 1

7
= 0,

n = 6 : a8 =
a7
8
+ a6 −

a5
8

= 0 + 1− 0 = 1.

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è Êîøè çàïèñûâàåòñÿ ñòåïåííûì ðÿäîì

y = 1 + x2 + x4 + x6 + x8 + ...

Ïðèìå÷àíèå. Â ïîëó÷åííîì ðÿäå íåòðóäíî óçíàòü ãåîìåòðè÷åñêóþ ïðî-
ãðåññèþ:

y =
1

1− x2
.

Ïðÿìîé ïîäñòàíîâêîé ìîæíî óáåäèòüñÿ, ÷òî äàííàÿ ôóíêöèÿ ÿâëÿåòñÿ òî÷-
íûì ðåøåíèåì çàäà÷è.
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Ðåøåíèå òèïîâîãî âàðèàíòà êîíòðîëüíîé ðàáîòû � 3



∂2u

∂t2
= 9

∂2u

∂t2
, 0 6 x 6 4;

u(x, 0) = f(x) =


x

2
, 0 6 x 6 2,

4− x

2
, 2 < x 6 4;

∂u

∂t

∣∣∣∣
t=0

= x(4− x);

u(0, t) = u(4, t) = 0.

Ðåøåíèå

Çàäà÷à ñîîòâåòñòâóåò ñâîáîäíûì êîëåáàíèÿì çàêðåïë¼ííîé íà êîíöàõ
ñòðóíû ïðè çàäàííûõ íà÷àëüíîé ôîðìå è íà÷àëüíîé ñêîðîñòè äâèæåíèÿ.
Òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ

∂2u

∂t2
= 9

∂2u

∂x2
x ∈ [0; 4], (11)

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u(x, 0) = f(x), (12)

∂u

∂t

∣∣∣∣
t=0

= x, (13)

è ãðàíè÷íûì óñëîâèÿì

u(0, t) = u(l, t) = 0. (14)

Êëþ÷åâàÿ èäåÿ ìåòîäà Ôóðüå çàêëþ÷àåòñÿ â òîì, ÷òîáû èñêàòü íåòðèâè-
àëüíûå (ò. å. îòëè÷íûå îò òîæäåñòâåííîãî íóëÿ) ðåøåíèÿ óðàâíåíèÿ (11),
óäîâëåòâîðÿþùèå ãðàíè÷íûì óñëîâèÿì (14), â âèäå ïðîèçâåäåíèÿ ôóíê-
öèé, êàæäàÿ èç êîòîðûõ çàâèñèò òîëüêî îò îäíîé ïåðåìåííîé:

u(x, t) = X(x) · T (t). (15)

Èç ðàâåíñòâà (15), î÷åâèäíî, ñëåäóåò

∂u

∂t
= X(x)T ′(t);

∂2u

∂t2
= X(x)T ′′(t);

∂u

∂x
= X ′(x)T (t);

∂2u

∂x2
= X ′′(x)T (t).
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Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ âòîðûõ ïðîèçâîäíûõ â èñõîäíîå óðàâíåíèå (11),
ïîëó÷èì

T ′′(t)X(x) = 9X ′′(x)T (t).

Ðàçäåëèâ îáå ÷àñòè ðàâåíñòâà íà 9T (t)X(x), ïîëó÷èì

T ′′(t)

9T (t)
=

X ′′(x)

X(x)
. (16)

Ëåâàÿ ÷àñòü ðàâåíñòâà (16) çàâèñèò òîëüêî îò t è íå çàâèñèò îò x. Ïðàâàÿ
÷àñòü ðàâåíñòâà çàâèñèò òîëüêî îò x è íå çàâèñèò îò t. Ìîæíî çàêëþ÷èòü,
÷òî ðàâåíñòâî âîçìîæíî òîëüêî â òîì ñëó÷àå, åñëè îáå åãî ÷àñòè â äåéñòâè-
òåëüíîñòè íå çàâèñÿò íè îò t, íè îò x, ò.å. ÿâëÿþòñÿ êîíñòàíòîé.

Îáîçíà÷àÿ ýòó êîíñòàíòó µ, ìû ìîæåì çàïèñàòü

T ′′(t)

9T (t)
=

X ′′(x)

X(x)
= µ =⇒


T ′′(t)

9T (t)
= µ,

X ′′(x)

X(x)
= µ.

Òàêèì îáðàçîì, äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ñâî-
äèòñÿ ê îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì, ïî êàæäîé èç ïå-
ðåìåííûõ â îòäåëüíîñòè:{

T ′′(t) = 9µT (t),
X ′′(x) = µX(x).

(17)

Ðàññìîòðèì, â êàêîì ñëó÷àå ðåøåíèå èñõîäíîãî óðàâíåíèÿ, ïðåäñòàâ-
ëåííîå â âèäå (15) áóäåò óäîâëåòâîðÿòü ãðàíè÷íûì óñëîâèÿì. Ïîäñòàâëÿÿ
â ðàâåíñòâî (15) çíà÷åíèÿ x = 0 è x = 4, ñ ó÷¼òîì ãðàíè÷íûõ óñëîâèé (14),
ïîëó÷àåì ðàâåíñòâà

X(0) · T (t) = X(4) · T (t) = 0, (18)

êîòîðûå äîëæíû âûïîëíÿòüñÿ â ëþáîé ìîìåíò âðåìåíè t. Ïîëó÷àåì

X(0) = 0, X(4) = 0, (19)

ïîñêîëüêó ïðè íåâûïîëíåíèè õîòÿ áû îäíîãî èç ýòèõ ðàâåíñòâ èç (18) ñëå-
äóåò, ÷òî ôóíêöèÿ T (t), à ñëåäîâàòåëüíî è u(x, t), òîæäåñòâåííî ðàâíà íó-
ëþ, ÷òî íåäîïóñòèìî ñ òî÷êè çðåíèÿ âûïîëíåíèÿ íåîäíîðîäíûõ íà÷àëüíûõ
óñëîâèé (12) è (13).

Íàéä¼ì ðåøåíèå âòîðîãî óðàâíåíèÿ ñèñòåìû (17):

X ′′(x)− µX(x) = 0. (20)
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Äàííîå óðàâíåíèå ÿâëÿåòñÿ ëèíåéíûì îäíîðîäíûì äèôôåðåíöèàëüíûì
óðàâíåíèåì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Íàñ èíòåðåñóþò íåòðèâèàëü-
íûå ðåøåíèÿ ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþùèå óñëîâèÿì (19). Íà äèô-
ôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà íàëîæåíî äâà äîïîëíèòåëüíûõ
óñëîâèÿ � çàäàíû çíà÷åíèÿ ðåøåíèÿ â äâóõ ôèêñèðîâàííûõ òî÷êàõ. Òàêàÿ
çàäà÷à äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé íàçûâàåòñÿ êðàåâîé . Â îòëè÷èå
îò çàäà÷è Êîøè, êîòîðàÿ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé äàííîãî òè-
ïà âñåãäà èìååò åäèíñòâåííîå ðåøåíèå, êðàåâàÿ çàäà÷à ìîæåò âîîáùå íå
èìåòü ðåøåíèé, à ìîæåò èìåòü áåñêîíå÷íî ìíîãî ðåøåíèé.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ (20) èìååò âèä

p2 − µ = 0. (21)

Âèä îáùåãî ðåøåíèÿ óðàâíåíèÿ (20) çàâèñèò îò çíàêà ÷èñëà µ. Ðàçáåð¼ì
âîçìîæíûå ñëó÷àè.

Ñëó÷àé 1. µ > 0.
Îáîçíà÷èì µ = λ2 ̸= 0. Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (21) ðàâ-

íû

p1,2 = ±λ,

îáùåå ðåøåíèå óðàâíåíèÿ (20) èìååò, ñëåäîâàòåëüíî, âèä

X(x) = C1e
−λx + C2e

λx.

Ó÷ò¼ì êðàåâûå óñëîâèÿ (19):{
C1 + C2 = 0,
C1e

−4λ + C2e
4λ = 0.

Ëåãêî óáåäèòüñÿ, ÷òî äàííàÿ ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå C1 =
C2 = 0. Òàêèì îáðàçîì, â ýòîì ñëó÷àå ãðàíè÷íûì óñëîâèÿì ìîæåò óäîâëå-
òâîðÿòü òîëüêî òðèâèàëüíîå ðåøåíèå.

Ñëó÷àé 2. µ = 0.
Óðàâíåíèå (20) èìååò â ýòîì ñëó÷àå âèäX ′′(x) = 0. Åãî îáùèì ðåøåíèåì

ÿâëÿåòñÿ ïðîèçâîëüíûé ìíîãî÷ëåí ïåðâîé ñòåïåíè:

X(x) = C1x+ C2.

Ïîäñòàâëÿÿ çíà÷åíèå x = 0 èç (19) ïîëó÷àåì

0 = X(0) = 0 + C2 =⇒ C2 = 0 =⇒ X(x) = C1x.
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Ïîäñòàâëÿÿ x = 4, ïîëó÷àåì

0 = X(4) = 4C1 =⇒ C1 = 0.

Òàêèì îáðàçîì, è â ýòîì ñëó÷àå êðàåâûì óñëîâèÿì (19) óäîâëåòâîðÿåò òîëü-
êî òðèâèàëüíîå ðåøåíèå.

Ñëó÷àé 3. µ < 0.
Îáîçíà÷èì µ = −λ2 ̸= 0. Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (21)

ðàâíû

p1,2 = ±λi,

îáùåå ðåøåíèå óðàâíåíèÿ (20) èìååò, ñëåäîâàòåëüíî, âèä

X(x) = C1 cosλx+ C2 sinλx.

Ïîäñòàâëÿåì x = 0:

0 = X(0) = C1 + 0 =⇒ C1 = 0,

è ðåøåíèå äîëæíî èìåòü âèä X = C2 sinλx. Ïîäñòàâëÿåì çíà÷åíèå x = 4:

0 = X(4) = C2 sin 4λ.

Ïîñêîëüêó C1 è C2 íå äîëæíû îäíîâðåìåííî îáðàùàòüñÿ â íîëü, ïîëó÷àåì

sin 4λ = 0,

îòêóäà ñëåäóåò, ÷òî

4λk = πk, k ∈ N.

Â ðåçóëüòàòå ïîëó÷àåì, ÷òî óðàâíåíèå (20) ìîæåò èìåòü íåòðèâèàëüíûå
ðåøåíèÿ, óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì (19), òîëüêî ïðè çíà÷åíèÿõ
µ ðàâíûõ

µk = −
(
πk

4

)2

, k = 1, 2, 3, . . . (22)

Ðåøåíèÿ, ñîîòâåòñòâóþùèå êîíêðåòíîìó çíà÷åíèþ k, îáîçíà÷èì

Xk(x) = Ck sin
πkx

4
, (23)

ïîñòîÿííàÿ Ck ìîæåò áûòü ïðîèçâîëüíîé.
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Ïåðåéä¼ì òåïåðü ê ðàññìîòðåíèþ ïåðâîãî óðàâíåíèÿ ñèñòåìû (17), ó÷è-
òûâàÿ, ÷òî âîçìîæíûå çíà÷åíèÿ µ çàäàþòñÿ ôîðìóëîé (22):

T ′′(t) + 9

(
πk

4

)2

T (t) = 0.

Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå è íàéä¼ì åãî êîðíè

p2 +

(
3πk

l

)2

= 0 =⇒ p1,2 =
3πk

l
i.

Îáùåå ðåøåíèå èìååò âèä

Tk(t) = Ak cos
3πk

4
t+Bk sin

3πk

4
t, k = 1, 2, 3, . . . (24)

Ïîäñòàâëÿÿ âûðàæåíèÿ (23) è (24) â ôîðìóëó (15), íàéä¼ì ðåøåíèÿ
óðàâíåíèÿ (11), óäîâëåòâîðÿþùèå ãðàíè÷íûì óñëîâèÿì (14):

uk(x, t) =

(
ak cos

3πkt

4
+ bk sin

3πkt

4

)
sin

πkx

4
, (25)

ãäå ak = AkCk, bk = BkCk.
Ðåøåíèÿ uk(x, t) íàçûâàþòñÿ ñîáñòâåííûìè ôóíêöèÿìè çàäà÷è, à

ñîîòâåòñòâóþùèå èì êîëåáàíèÿ � ñîáñòâåííûìè êîëåáàíèÿìè.
Äëÿ ïîñòðîåíèÿ ðåøåíèÿ óðàâíåíèÿ, óäîâëåòâîðÿþùåãî òàêæå è íà÷àëü-

íûì óñëîâèÿì, âîçüì¼ì ñóììó âñåõ ðåøåíèé (25), êîòîðàÿ â ñèëó ëèíåéíî-
ñòè è îäíîðîäíîñòè óðàâíåíèÿ (11) òîæå áóäåò ÿâëÿòüñÿ åãî ðåøåíèåì:

u(x, t) =
∞∑
k=1

uk(x, t) =
∞∑
k=1

(
ak cos

3πkt

4
+ bk sin

3πkt

4

)
sin

πkx

4
. (26)

Â ãðàíè÷íûõ òî÷êàõ ñòðóíû x = 0 è x = 4 ôóíêöèÿ u, îáðàùàåòñÿ â íîëü,
ïîñêîëüêó â íîëü îáðàùàåòñÿ êàæäîå ñëàãàåìîå ñóììû. Îñòà¼òñÿ ïîäîáðàòü
êîýôôèöèåíòû ak è bk òàêèì îáðàçîì, ÷òîáû ôóíêöèÿ u(x, t), çàäàâàåìàÿ
ôîðìóëîé (26), óäîâëåòâîðÿëà íà÷àëüíûì óñëîâèÿì.

Ïîäñòàâëÿÿ â ðàâåíñòâî (26) çíà÷åíèå t = 0, ïîëó÷àåì èç óñëîâèÿ (12)

u(x, 0) = f(x) =
∞∑
k=1

ak sin
πkx

4
.

Ïîëó÷åííîå ðàâåíñòâî îçíà÷àåò, ÷òî ÷èñëà ak ÿâëÿþòñÿ êîýôôèöèåíòàìè
ðàçëîæåíèÿ ôóíêöèè f â ðÿä ïî ñèíóñàì. Ïî èçâåñòíîé ôîðìóëå äëÿ êî-
ýôôèöèåíòîâ òðèãîíîìåòðè÷åñêîãî ðÿäà Ôóðüå èìååì

ak =
2

4

4∫
0

f(x) sin
πkx

4
dx. (27)
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Òåïåðü ïðîäèôôåðåíöèðóåì îáå ÷àñòè ðàâåíñòâà (26) ïî ïåðåìåííîé t:

∂u

∂t
=

∞∑
k=1

(
−ak ·

3πk

4
sin

3πkt

4
+ bk ·

3πk

4
cos

3πkt

4

)
sin

πkx

4
.

Ïîäñòàâëÿÿ çíà÷åíèå t = 0, ïîëó÷àåì èç óñëîâèÿ (13)

∂u

∂t

∣∣∣∣
t=0

= x(4− x) =
∞∑
k=1

bk ·
3πk

4
sin

πkx

4
.

Çàìåòèâ, ÷òî ÷èñëà bk ·
3πk

4
ÿâëÿþòñÿ êîýôôèöèåíòàìè ðàçëîæåíèÿ ôóíê-

öèè x(4− x) â ðÿä ïî ñèíóñàì, çäåñü òàêæå ìîæíî èñïîëüçîâàòü ôîðìóëó
äëÿ êîýôôèöèåíòîâ ðÿäà Ôóðüå:

bk ·
3πk

4
=

2

4

4∫
0

x(4− x) sin
πkx

4
dx,

îòêóäà îêîí÷àòåëüíî ïîëó÷àåì

bk =
2

3πk

4∫
0

x(4− x) sin
πkx

4
dx. (28)

Èòàê, ðåøåíèå ðàçáèðàåìîé çàäà÷è çàäà¼òñÿ ôîðìóëîé (26), ãäå êîýô-
ôèöèåíòû ak è bk îïðåäåëÿþñòñÿ ïî ôîðìóëàì (27) è (28) ñîîòâåòñòâåííî.
Íàéä¼ì ýòè êîýôôèöèåíòû, âû÷èñëèâ ñîîòâåòñòâóþùèå èíòåãðàëû.

ak =
1

2

4∫
0

f(x) sin
πkx

l
dx =

=
1

2

1

2

2∫
0

x sin
πkx

4
dx+

1

2

4∫
2

(4− x) sin
πkx

4
dx

 . (29)

Ñäåëàåì âî âòîðîì ñëàãàåìîì çàìåíó y = 4− x:

4∫
2

(4−x) sin
πkx

4
dx =

0∫
2

y sin

(
πk − πky

4

)
(−dy) = (−1)k−1

2∫
0

y sin
πky

4
dy.

Òàêèì îáðàçîì, ïðè íå÷¼òíûõ k âòîðîå ñëàãàåìîå â ôîðìóëå (29) ñîâïàäàåò
ñ ïåðâûì, à ïðè ÷¼òíûõ � îòëè÷àåòñÿ îò íåãî çíàêîì. Çàêëþ÷àåì, ÷òî

a2n = 0,
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a2n−1 =
1

2

2∫
0

x sin
π(2n− 1)x

4
dx.

Âû÷èñëèì èíòåãðàë, ïðèìåíèâ èíòåãðèðîâàíèå ïî ÷àñòÿì:

u = x du = dx

dv = sin
π(2n− 1)x

4
dx v = − 4

π(2n− 1)
cos

π(2n− 1)x

4
,

a2n−1 =
1

2

− 4x

π(2n− 1)
cos

π(2n− 1)x

4

∣∣∣∣2
0

+
4

π(2n− 1)

2∫
0

cos
π(2n− 1)x

4
dx

 ,

a2n−1 = − 4

π(2n− 1)
cos

π(2n− 1)

2
+

8

π2(2n− 1)2
sin

π(2n− 1)x

4

∣∣∣∣2
0

=

= 0 +
8

π2(2n− 1)2
sin

π(2n− 1)

2
= (−1)n−1 · 8

π2(2n− 1)2
.

Èíòåãðàë â ôîðìóëå (28) òàêæå íàõîäèòñÿ ïî ÷àñòÿì:

u = 4x− x2 du = (4− 2x)dx

dv = sin
πkx

4
dx v = − 4

πk
cos

πkx

4
,

bk =
2

3πk

−4x(4− x)

πk
cos

πkx

4

∣∣∣∣4
0

+
4

πk

4∫
0

(4− 2x) cos
πkx

4
dx

 =

= 0 +
16

3π2k2

4∫
0

(2− x) cos
πkx

4
dx.

Ïîâòîðíî èíòåãðèðóåì ïî ÷àñòÿì:

u = 2− x du = −dx

dv = cos
πkx

4
dx v =

4

πk
sin

πkx

4
,

bk =
64

3π3k3

(2− x) sin
πkx

4

∣∣∣∣4
0

+

4∫
0

sin
πkx

4
dx

 =

= − 256

3π4k4
cos

πkx

4

∣∣∣∣4
0

=
256(1− cos πk)

3π4k4
=

256(1− (−1)k)

3π4k4
.
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Äëÿ êîýôôèöèåíòîâ ñ ÷¼òíûìè íîìåðàìè èìååì

b2n = 0,

à äëÿ ñ êîýôôèöèåíòîâ ñ íå÷¼òíûìè íîìåðàìè

b2n−1 =
512

3π4(2n− 1)4
.

Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ êîýôôèöèåíòîâ â ôîðìóëó (26), ïîëó-
÷àåì îêîí÷àòåëüíûé ðåçóëüòàò:

u(x, t) =
∞∑
n=1

(
(−1)n−1 · 8 cos 3π(2n−1)t

4

π2(2n− 1)2
+

512 sin 3π(2n−1)t
4

3π4(2n− 1)4

)
sin

π(2n− 1)x

4
.

Äèôôåðåíöèðóÿ ïî t, ïîëó÷èì âûðàæåíèå äëÿ ñêîðîñòè:

v(x, t) =
∞∑
n=1

(
(−1)n · 6 cos 3π(2n−1)t

4

π(2n− 1)
+

128 sin 3π(2n−1)t
4

π3(2n− 1)3

)
sin

π(2n− 1)x

4
.

Âûïèøåì òðè ïåðâûå ñëàãàåìûå ðÿäà:

u(x, t) =

(
8 cos 3πt

4

π2
+

512 sin 3πt
4

3π4

)
sin

πx

4
+

+

(−8 cos 9πt
4

9π2
+

512 sin 9πt
4

243π4

)
sin

3πx

4
+

(
8 cos 15πt

4

25π2
+

512 sin 15πt
4

1875π4

)
sin

5πx

4
+. . .

Ãðàôèêè çàâèñèìîñòè u(x, 0) äëÿ 2 è 50 ïåðâûõ ñëàãàåìûõ ðÿäà ïðèâå-
äåíû íà ðèñóíêå 7.

Ãðàôèêè çàâèñèìîñòè u(x, 0.9) äëÿ 2 è 50 ïåðâûõ ñëàãàåìûõ ðÿäà ïðè-
âåäåíû íà ðèñóíêå 8.
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Ðèñóíîê 7: Ãðàôèê u(x, 0) äëÿ 2 è 50 ñëàãàåìûõ ðÿäà
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Ðèñóíîê 8: Ãðàôèê u(x, 0.9) äëÿ 2 è 50 ñëàãàåìûõ ðÿäà
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