
Ââåäåíèå
Òèïîâûå ðàñ÷åòû ïî ìàòåìàòèêå äëÿ ñòóäåíòîâ 2-ãî êóðñà (3-é ñåìåñòð) ñîäåð-
æàò 2 òèïîâûõ ðàñ÷åòà ïî òåìàì "Ðÿäû", è "Òåîðèÿ ôóíêöèé êîìïëåêñíîãî
ïåðåìåííîãî". Êàæäûé èç òèïîâûõ ðàñ÷åòîâ ñîäåðæèò 30 âàðèàíòîâ çàäàíèé
ïî 8 ðàçëè÷íûì òåìàì. Â òèïîâûõ ðàñ÷åòàõ ïåðåä çàäàíèÿìè ïîìåùåíû ìåòî-
äè÷åñêèå óêàçàíèÿ è ïðèìåðû âûïîëíåíèÿ ýòèõ çàäàíèé.

Â äàííûõ òèïîâûõ ðàñ÷åòàõ íàðÿäó ñ îáîçíà÷åíèåì ex äëÿ ïîêàçàòåëüíîé
ôóíêöèè ñ îñíîâàíèåì e ïðèìåíÿåòñÿ âòîðîå ñòàíäàðòíîå îáîçíà÷åíèå exp x â
ñëó÷àå ãðîìîçäêèõ ïîêàçàòåëåé, à òàêæå èñïîëüçóþòñÿ ãèïåðáîëè÷åñêèå ôóíê-
öèè:

sh x = (ex − e−x)/2, ch x = (ex + e−x)/2, th x = sh x/ch x

è îáðàòíûå ê íèì ôóíêöèè.

Òèïîâîé ðàñ÷åò "Ðÿäû"
Ìåòîäè÷åñêèå óêàçàíèÿ
Ñîäåðæàíèå ðàñ÷åòíûõ çàäàíèé

I. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâûõ ðÿäîâ.

II. Íàéòè îáëàñòü ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà.

III. Íàéòè òðè ïåðâûõ îòëè÷íûõ îò íóëÿ ÷ëåíà ðàçëîæåíèÿ ôóíêöèè â ðÿä
Ìàêëîðåíà.

IV. Ðàçëîæèòü ôóíêöèþ â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷êè x0, èñïîëüçóÿ
ðàçëîæåíèÿ Ìàêëîðåíà ýëåìåíòàðíûõ ôóíêöèé. Óêàçàòü îáëàñòü â êîòî-
ðîé ðàçëîæåíèå ñïðàâåäëèâî.

V. Âû÷èñëèòü èíòåãðàë ñ òî÷íîñòüþ äî 0, 001, èñïîëüçóÿ ðàçëîæåíèå â ñòå-
ïåííîé ðÿä.

VI. Íàéòè ðåøåíèå çàäà÷è Êîøè äëÿ äàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
â âèäå ðÿäà ïî ñòåïåíÿì x .

VII. Çàäàòü àíàëèòè÷åñêè ôóíêöèþ, ãðàôèê êîòîðîé èçîáðàæåí íà ðèñóíêå.
Ïîñòðîèòü äëÿ ýòîé ôóíêöèè 4 ðÿäà Ôóðüå: îáùèé òðèãîíîìåòðè÷åñêèé,
ïî ñèíóñàì, ïî êîñèíóñàì è â êîìïëåêñíîé ôîðìå. Èçîáðàçèòü ãðàôèêè
ñóìì ïîñòðîåííûõ ðÿäîâ.

VIII. Íàéòè ïðåîáðàçîâàíèå Ôóðüå.
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Îáðàçöû âûïîëíåíèÿ çàäàíèé
I. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâûõ ðÿäîâ.

à)
∞∑

n=1

(−1)n(2n4 − 1)

n6 + 5n + 6
.

Îáùèé ÷ëåí äàííîãî ðÿäà îáîçíà÷èì un =
(−1)n(2n4 − 1)

n6 + 5n + 6
.

Î÷åâèäíî, ÷òî |un| = 2n4 − 1

n6 + 5n + 6
<

2n4

n6
=

2

n2
. Ðÿä

∞∑
n=1

1

n2
ñõîäèòñÿ íà îñíî-

âàíèè èíòåãðàëüíîãî ïðèçíàêà Êîøè:
∞∫
1

1

x2
dx = 1, òî åñòü

∞∫
1

1

x2
dx ñõîäèòñÿ.

Ñëåäîâàòåëüíî, ðÿä
∞∑

n=1

1

n2
òîæå ñõîäèòñÿ, îòêóäà, èñïîëüçóÿ ñâîéñòâà ñõîäÿ-

ùèõñÿ ðÿäîâ, ïîëó÷àåì, ÷òî ñõîäèòñÿ ðÿä
∞∑

n=1

2

n2
.

Òîãäà íà îñíîâàíèè ïðèçíàêà ñðàâíåíèÿ çàêëþ÷àåì, ÷òî ðÿä èç ìîäóëåé
∞∑

n=1
|un| ñõîäèòñÿ, à ñëåäîâàòåëüíî, ïî îïðåäåëåíèþ àáñîëþòíîé ñõîäèìîñòè

èñõîäíûé ðÿä ñõîäèòñÿ àáñîëþòíî.
Îòâåò: ðÿä

∞∑
n=1

(−1)n(2n4 − 1)

n6 + 5n + 6
ñõîäèòñÿ àáñîëþòíî.

Çàìå÷àíèå. Èç àáñîëþòíîé ñõîäèìîñòè ñëåäóåò ñõîäèìîñòü èñõîäíîãî ðÿ-
äà (àáñîëþòíàÿ ñõîäèìîñòü - áîëåå ñèëüíîå ñâîéñòâî). Â ðàññìîòðåííîì ïðèìå-
ðå äëÿ äîêàçàòåëüñòâà àáñîëþòíîé ñõîäèìîñòè ìîæíî èñïîëüçîâàòü è ïðèçíàê
ñðàâíåíèÿ â ïðåäåëüíîé ôîðìå:

|un| = 2n4 − 1

n6 + 5n + 6
=

1

n2 ·
2− 1/n4

1 + 5/n5 + 6/n6 ⇒ lim
n→∞

|un|
1/n2 = 2,

ñëåäîâàòåëüíî, ðÿä
∞∑

n=1

2n4 − 1

n6 + 5n + 6
ñõîäèòñÿ, òàê êàê ñõîäèòñÿ ðÿä

∞∑
n=1

1

n2
.

á)
∞∑

n=1

(−1)n(n5 + n3 + 5)

n6 + n2 − 1
.

Ïóñòü (−1)n(n5 + n3 + 5)

n6 + n2 − 1
= un. Î÷åâèäíî, ÷òî

|un| = n5 + n3 + 5

n6 + n2 − 1
>

n5

n6 + n2 ≥
n5

2n6 =
1

2
· 1

n
.

Ðÿä
∞∑

n=1

1

n
- ãàðìîíè÷åñêèé. Îí ðàñõîäèòñÿ ïî èíòåãðàëüíîìó ïðèçíàêó Êî-

øè:
∞∫
1

1

x
dx = ln x |∞1 = ∞, çíà÷èò,

∞∫
1

1

x
dx ðàñõîäèòñÿ, ñëåäîâàòåëüíî,

∞∑
n=1

1

n
ðàñõîäèòñÿ. Èç ðàñõîäèìîñòè ãàðìîíè÷åñêîãî ðÿäà íà îñíîâàíèè ïðè-

çíàêà ñðàâíåíèÿ ñëåäóåò, ÷òî ðÿä èç ìîäóëåé
∞∑

n=1
|un| =

∞∑
n=1

n5 + n3 + 5

n6 + n2 − 1
òîæå

ðàñõîäèòñÿ.
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Â ïðåäåëüíîé ôîðìå ïðèçíàê ñðàâíåíèÿ çäåñü ïðèìåíÿåòñÿ òàê:

|u|n| = n5 + n3 + 5

n6 + n2 − 1
∼ 1

n
ïðè n →∞,

ñëåäîâàòåëüíî, ðÿä
∞∑

n=1
|un| ðàñõîäèòñÿ, òàê êàê ðàñõîäèòñÿ ðÿä

∞∑
n=1

1

n
.

Èç ðàñõîäèìîñòè ðÿäà
∞∑

n=1
|un| äåëàåì âûâîä: èñõîäíûé ðÿä àáñîëþòíî ðàñ-

õîäèòñÿ. Òåïåðü íóæíî âûÿñíèòü: ñõîäèòñÿ ëè îí? Ïðèìåíèì ïðèçíàê Ëåéáíè-
öà, êîòîðûé óòâåðæäàåò, ÷òî çíàêî÷åðåäóþùèéñÿ ðÿä ñõîäèòñÿ, åñëè ìîäóëü
åãî îáùåãî ÷ëåíà, ìîíîòîííî óáûâàÿ, ñòðåìèòñÿ ê íóëþ. Ââåäåì îáîçíà÷åíèÿ:

φ(x) =
x5 + x3 + 5

x6 + x2 − 1
, òîãäà φ(n) = |un|.

Âû÷èñëèì ïðîèçâîäíóþ ýòîé ôóíêöèè:

φ′(x) =
(5x4 + 3x2)(x6 + x2 − 1)− (6x5 + 2x)(x5 + x3 + 5)

(x6 + x2 − 1)2 =

=
−x10 − 3x6(x2 − 1)− 30x5 − 4x4 − 3x2 − 10x

(x6 + x2 − 1)2 .

Ëåãêî âèäåòü, ÷òî φ′(x) < 0 ïðè âñåõ x ≥ 1. Ñëåäîâàòåëüíî, ôóíêöèÿ
φ(x) ìîíîòîííî óáûâàåò íà ïðîìåæóòêå [1,∞), îòêóäà èìååì: |un| ìîíîòîííî
óáûâàåò. Òåïåðü äîñòàòî÷íî íàéòè ïðåäåë ýòîãî ìîäóëÿ

lim
n→∞ |un| = lim

n→∞
n5 + n3 + 5

n6 + n2 − 1
= 0.

Òàêèì îáðàçîì, ïîëó÷èëè, ÷òî íà îñíîâàíèè ïðèçíàêà Ëåéáíèöà äàííûé ðÿä
ñõîäèòñÿ.

Îòâåò: ðÿä
∞∑

n=1

(−1)n(n5 + n3 + 5)

n6 + n2 − 1
ñõîäèòñÿ, íî íå àáñîëþòíî (òàêèå ðÿäû

íàçûâàþòñÿ óñëîâíî ñõîäÿùèìèñÿ).
â)

∞∑
n=0

arctg
n + 1

2n
.

Îáîçíà÷èì arctg((n + 1)/2n) = un è, èñïîëüçóÿ ýêâèâàëåíòíîñòü
arctg x ∼ x ïðè x → 0 , âû÷èñëèì ïðåäåë îòíîøåíèÿ

lim
n→∞

un+1

un
= lim

n→∞
(n + 2)2n

2n+1(n + 1)
=

1

2
< 1.

Ñëåäîâàòåëüíî, èñõîäíûé ðÿä ñõîäèòñÿ íà îñíîâàíèè ïðèçíàêà Äàëàìáåðà â
ïðåäåëüíîé ôîðìå.
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Îòâåò: ðÿä
∞∑

n=0
arctgn+1

2n ñõîäèòñÿ.

ã)
∞∑

n=1
(−1)nln

2n3 + 3

5n3 + 7
.

Íàéäåì ïðåäåë îáùåãî ÷ëåíà ýòîãî ðÿäà ïðè n →∞:

|un| = ln
2n3 + 3

5n3 + 7
−→ ln

2

5
6= 0 ⇒ lim

n→∞un 6= 0.

Òàêèì îáðàçîì, ïîëó÷èëè, ÷òî äëÿ äàííîãî ðÿäà íå âûïîëíåí íåîáõîäèìûé
ïðèçíàê ñõîäèìîñòè, ñëåäîâàòåëüíî, ðÿä ðàñõîäèòñÿ.

Îòâåò: ðÿä
∞∑

n=1
(−1)nln

2n3 + 3

5n3 + 7
. ðàñõîäèòñÿ.

II. Íàéòè îáëàñòü ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà.
à)

∞∑
n=0

(−1)n+1

2n
(x + 5)n.

Ïóñòü un(x) =
(−1)n+1

2n
(x + 5)n. Òîãäà |un(x)| = |x + 5|n

2n
,

lim
n→∞

|un+1(x)|
|un(x)| = lim

n→∞
|x + 5|n+12n

2n+1|x + 5|n =
|x + 5|

2
= q(x).

Ïî ïðèçíàêó Äàëàìáåðà ðÿä
∞∑

n=0
|un(x)| ñõîäèòñÿ ïðè q(x) < 1, ðàñõîäèò-

ñÿ ïðè q(x) > 1, à ïðè q(x) = 1 òðåáóåòñÿ äîïîëíèòåëüíîå èññëåäîâàíèå.
Ñëåäîâàòåëüíî, ðÿä

∞∑
n=0

|un(x)| ñõîäèòñÿ ïðè |x + 5| < 2 è ðàñõîäèòñÿ ïðè

|x+5| > 2. Îòñþäà äåëàåì âûâîä, ÷òî èñõîäíûé ðÿä ïðè |x+5| < 2 ñõîäèòñÿ
àáñîëþòíî. Ïðè |x + 5| > 2 èñõîäíûé ðÿä ðàñõîäèòñÿ, òàê êàê íå âûïîëíåí
íåîáõîäèìûé ïðèçíàê ñõîäèìîñòè. Èíòåðâàë ñõîäèìîñòè (−7,−3).

Â òî÷êàõ x1 = −7 è x2 = −3, òî åñòü ïðè q(x) = 1, ïðîâåäåì èññëå-
äîâàíèå ñõîäèìîñòè âîçíèêàþùèõ ÷èñëîâûõ ðÿäîâ ïðè ïîìîùè êàêèõ-íèáóäü
äðóãèõ äîñòàòî÷íûõ ïðèçíàêîâ ñõîäèìîñòè:

un(x1) = (−1)2n+1 = −1, òî åñòü un(x1) 6→ 0 ïðè n →∞,

ñëåäîâàòåëüíî, ðÿä
∞∑

n=0
un(x1) ðàñõîäèòñÿ. Àíàëîãè÷íî ðàñõîäèòñÿ ðÿä

∞∑
n=0

un(x2) =
∞∑

n=0
(−1)n+1.

Çàìå÷àíèå. Ðàñõîäèìîñòü ýòèõ ðÿäîâ ìîæíî áûëî áû äîêàçàòü è ïî îïðå-
äåëåíèþ, ðàññìàòðèâàÿ èõ ÷àñòíûå ñóììû:

Sn(x1) = −n− 1 → −∞ ïðè n →∞ è
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Sn(x2) =





− 1, åñëè n ÷åòíîå,
0, åñëè n íå÷åòíîå,

òî åñòü Sn(x2) íå èìååò ïðåäåëà.
Îòâåò: â èíòåðâàëå (−7,−3) äàííûé ðÿä ñõîäèòñÿ àáñîëþòíî, âíå èí-

òåðâàëà � ðàñõîäèòñÿ.

á)
∞∑

n=0

3n

(n + 1)(2− x)n
. Îáîçíà÷èì:

un(x) =
3n

(n + 1)(2− x)n
, |un(x)| = 3n

(n + 1)|2− x|n , òîãäà

lim
n→∞

|un+1(x)|
|un(x)| = lim

n→∞
(n + 1)3n+1|x− 2|n
(n + 2)3n|x− 2|n+1 =

3

|x− 2| = q(x).

Ïðèìåíèâ ïðèçíàê Äàëàìáåðà, âèäèì, ÷òî óñëîâèå ñõîäèìîñòè q(x) < 1
ýêâèâàëåíòíî íåðàâåíñòâó |x − 2| > 3, ìíîæåñòâîì ðåøåíèé êîòîðîãî ÿâëÿ-
åòñÿ îáúåäèíåíèå èíòåðâàëîâ (−∞,−1) ∪ (5,∞). Â îòêðûòîì èíòåðâàëå
(−1, 5) âåëè÷èíà q(x) > 1 è, ñëåäîâàòåëüíî, íå âûïîëíåí íåîáõîäèìûé ïðè-
çíàê ñõîäèìîñòè � èñõîäíûé ðÿä ðàñõîäèòñÿ.

Âåëè÷èíà q(x) = 1 ïðè x1 = −1 è x2 = 5, â ýòèõ òî÷êàõ òðåáóåòñÿ
ïðîâåñòè äîïîëíèòåëüíîå èññëåäîâàíèå. Ïðè x1 = −1

ðÿä
∞∑

n=0
un(−1) =

∞∑
n=0

1

n + 1
- ðàñõîäèòñÿ (ãàðìîíè÷åñêèé ðÿä). Ïðè x2 = 5

ðÿä
∞∑

n=0
un(5) =

∞∑
n=0

(−1)n

n + 1
- ñõîäèòñÿ ïî ïðèçíàêó Ëåéáíèöà, íî íå àáñîëþòíî,

òàê êàê ðÿä èç ìîäóëåé ÿâëÿåòñÿ ãàðìîíè÷åñêèì.
Îòâåò: èñõîäíûé ðÿä ñõîäèòñÿ íà ìíîæåñòâå (−∞,−1) ∪ [5,∞), ïðè

ýòîì â òî÷êå x = 5 ðÿä ÿâëÿåòñÿ óñëîâíî ñõîäÿùèìñÿ, â îñòàëüíûõ òî÷êàõ
ñõîäèòñÿ àáñîëþòíî.

III. Íàéòè òðè ïåðâûõ îòëè÷íûõ îò íóëÿ ÷ëåíà ðàçëîæåíèÿ ôóíêöèè â ðÿä
Ìàêëîðåíà.

à) f(x) = tg x.
Ðÿä Ìàêëîðåíà èìååò âèä f(x) =

∞∑
n=0

f (n)(0)

n!
, ãäå f (n)(0) - çíà÷åíèå n-

îé ïðîèçâîäíîé â íóëå (f (0)(0) = f(x)). Äëÿ çàäàííîé ôóíêöèè èìååì:
f(0) = tg 0 = 0. Òåïåðü íàéäåì ïîñëåäîâàòåëüíî ñòîëüêî ïðîèçâîäíûõ,
ñêîëüêî ïîòðåáóåòñÿ, ÷òîáû òðè èç íèõ áûëè îòëè÷íû îò íóëÿ â òî÷êå x = 0.

f ′(x) = 1/ cos2 x, f ′(0) = 1;

f ′′(x) = 2 cos−3 x · sin x, f ′′(0) = 0;

f ′′′(x) = 2 cos−2 x + 6 cos−4 x · sin2 x, f ′′′(0) = 2;
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f IV (x) = 16 cos−3 x · sin x + 24 cos−5 x · sin3 x, f IV (0) = 0;

fV (x) = 8 cos−2 x · (2 + 15 tg4 x + 15 tg2 x), fV (0) = 16.

Îòâåò: tg x = x + x3/3 + 2x5/15 + ...

á) f(x) = arctg (sinx).
Äëÿ ýòîé ôóíêöèè èìååì:

f(0) = 0; f ′(x) =
cos x

1 + sin2 x
, f ′(0) = 1;

f ′′(x) =
− sin x(1 + sin2 x)− cos x · 2 sin x cos x

(1 + sin2 x)2 =

= sin x · sin2 x− 3

(sin2 x + 1)2 , f ′′(0) = 0;

îáîçíà÷èì: sin2 x− 3

(sin2 x + 1)2 = φ(x),
7− sin2 x

(sin2 x + 1)3 = ψ(x),

f ′′′(x) = cos x · φ(x) + sin x · sin 2xψ(x), f ′′′(0) = −3;

f IV (x) = ψ(x)(− sin x ·+2 cos x · sin 2x +

+ sin x · cos 2x) + sin x · sin 2x · ψ′(x), f IV (0) = 0;

fV (x) = − cos x · φ(x) + 6 cos x · cos 2x · ψ(x) +

+ sin x · [ψ′′(x) · sin 2x + 2ψ′(x)(3 cos2 x + 2 cos 2x)−
−3 sin 2x · ψ(x)], fV (0) = 3 + 42 = 45.

Îòâåò: arctg (sinx) = x− x3/2 + 3x5/8 + ...

IV. Ðàçëîæèòü ôóíêöèþ â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷êè x0, èñïîëüçóÿ
èçâåñòíûå ðàçëîæåíèÿ Ìàêëîðåíà. Óêàçàòü îáëàñòü, â êîòîðîé ðàçëîæåíèå
ñïðàâåäëèâî.

à) f(x) = e3−x + 5x, x0 = 2.
Îáîçíà÷èì x− x0 = x− 2 = −t, òîãäà x = −t + 2 è

e3−x + 5x = e1+t − 5t + 10 = e(1 + t +
t2

2
+ ... +

tn

n!
+ ...)− 5t + 10 =

= e+10+(e−5)t+e
∞∑

n=2

tn

n!
= e+10+(5−e)(x−2)+e

∞∑

n=2

(−1)n(x− 2)n

n!
.

Ðàçëîæåíèå ïîëó÷åíî. Òåïåðü âûÿñíèì, â êàêîé îáëàñòè îíî ñïðàâåäëèâî.
Íàì èçâåñòíî, ÷òî ôóíêöèÿ et ïðåäñòàâèìà ñâîèì ðÿäîì Ìàêëîðåíà ïðè t ∈
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(−∞, +∞). Òàê êàê x = −t + 2, òî îòñþäà ñëåäóåò, ÷òî îáëàñòü, â êîòîðîé
ïîëó÷åííîå ðàçëîæåíèå ñïðàâåäëèâî, � âñÿ âåùåñòâåííàÿ îñü.

Îòâåò: e3−x +5x = e+10+(5−e)(x−2)+e
∞∑

n=2

(−1)n(x− 2)n

n!
ïðè x ∈ (−∞, +∞).

á) f(x) = (x2 + 2x− 3)−1, x0 = 0.
Çíàìåíàòåëü äàííîé äðîáíî-ðàöèîíàëüíîé ôóíêöèè èìååò ïðîñòûå âåùå-

ñòâåííûå êîðíè, èç ÷åãî ñëåäóåò, ÷òî ñóùåñòâóåò åäèíñòâåííîå ïðåäñòàâëåíèå
ýòîé ôóíêöèè â âèäå ñóììû ïðîñòåéøèõ äðîáåé:

f(x) =
1

x2 + 2x− 3
=

1

4
· 1

x− 1
− 1

4
· 1

x + 3
=

= −1

4
[(1− x)−1 + (3 + x)−1] = −1

4
[(1− x)−1 +

1

3

(
1 +

x

3

)−1
].

Êàæäîå èç ñëàãàåìûõ (1−x)−1 è (1+x/3)−1 â ïîñëåäíåé êâàäðàòíîé ñêîáêå
ïðåäñòàâèì ðÿäîì Ìàêëîðåíà äëÿ (1+ t)µ , ãäå µ = −1, t = −x â ïåðâîì
ñëàãàåìîì è t = x/3 � âî âòîðîì. Òîãäà ïîëó÷èì ñëåäóþùèå ïðåäñòàâëåíèÿ:

(1− x)−1 =
∞∑

n=0
xn,

1

3

(
1 +

x

3

)−1
=

∞∑

n=0

(−1)n

3

(
x

3

)n

.

Ïåðâîå ðàçëîæåíèå ñïðàâåäëèâî íà èíòåðâàëå (−1, 1) âòîðîå � íà (−3, 3)
(òå æå ðàçëîæåíèÿ â ðÿä ïðîñòåéøèõ äðîáåé (1−x)−1 è (1+x/3)−1 ìîæíî
ïîëó÷èòü, èñïîëüçóÿ ôîðìóëó äëÿ ñóììû áåñêîíå÷íî óáûâàþùåé ïðîãðåññèè).
Ñëîæèâ ïî÷ëåííî äâà ðÿäà è óìíîæèâ íà −1/4, ïîëó÷èì ñëåäóþùåå ðàçëî-
æåíèå:

f(x) = −
∞∑

n=0

xn

4


1 +

(−1)n

3n+1


 =

∞∑

n=0

(−1)n+1 − 3n+1

4 · 3n+1 xn,

êîòîðîå ñïðàâåäëèâî íà èíòåðâàëå (−1, 1).
Îòâåò: f(x) =

∞∑
n=0

(−1)n+1−3n+1

4·3n+1 xn ïðè x ∈ (−1, 1).

â) f(x) = ln(−x2 + 2x + 3), x0 = 2.
Ñäåëàåì çàìåíó ïåðåìåííûõ x − 2 = t; òîãäà, èñïîëüçóÿ ñòàíäàðòíîå

ðàçëîæåíèå Ìàêëîðåíà äëÿ ôóíêöèè f(x) = ln t =

=
∞∑

n=1

(−1)n−1xn

n
, áóäåì èìåòü:

f(x) = ln [−(t + 2)2 + 2(t + 2) + 3] = ln [−(t2 + 2t− 3)] =
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= ln [3(1− t)(1 +
t

3
)] = ln 3 + ln (1− t) + ln (1 +

t

3
) =

= ln 3 +
∞∑

n=1

tn

n
+

∞∑

n=1

(−1)n−1tn

n3n
.

Îáëàñòü ïðåäñòàâèìîñòè ôóíêöèè ln (1 − t) ðÿäîì
∞∑

n=1
tn/n åñòü ïîëóîò-

êðûòûé èíòåðâàë J1 = [−1, 1), à ôóíêöèè ln (1 + t/3) ðÿäîì
∞∑

n=1

(−1)n−1tn

n3n

� èíòåðâàë J2 = (−3, 3]. Îáà ðàçëîæåíèÿ ñïðàâåäëèâû â èíòåðâàëå J1, òî
åñòü ïðè −1 ≤ t < 1. Ïîñëåäíåå íåðàâåíñòâî, ó÷èòûâàÿ, ÷òî t = x − 2,
ýêâèâàëåíòíî íåðàâåíñòâó −1 ≤ x− 2 < 1 èëè 1 ≤ x < 3.

Ñêëàäûâàÿ ýòè ðÿäû ïî÷ëåííî è ïåðåõîäÿ ê ïåðåìåííîé x, ïîëó÷èì ðàç-
ëîæåíèå (îòâåò)

ln (−x2 + 2x + 3) = ln 3 +
∞∑

n=1

3n + (−1)n−1

n3n
(x− 2)2,

êîòîðîå ñïðàâåäëèâî â èíòåðâàëå [1, 3).

V. Âû÷èñëèòü èíòåãðàë
1∫
0

e−x2

dx ñ òî÷íîñòüþ äî 0, 001. Èñïîëüçóÿ ñòàí-

äàðòíûé ðÿä Ìàêëîðåíà äëÿ ôóíêöèè f(t) = et =
∞∑

n=0

tn

n!
, áóäåì èìåòü:

e−x2

=
∞∑

n=0

(−1)nx2n

n!
.

Èíòåãðèðóÿ ýòîò ðÿä ïî÷ëåííî, ïîëó÷èì

∫ t

0
e−x2

dx =
∞∑

n=0

(−1)n

n!

x2n+1

2n + 1

∣∣∣∣∣∣

1

0
=

∞∑

n=0

(−1)n

n!(2n + 1)
.

Ïîëó÷åííûé ðÿä ÿâëÿåòñÿ çíàêî÷åðåäóþùèìñÿ. Îòñþäà, íà îñíîâàíèè ïðè-
çíàêà Ëåéáíèöà, ñëåäóåò, ÷òî àáñîëþòíàÿ âåëè÷èíà ïîãðåøíîñòè, âîçíèêàþùåé
ïðè çàìåíå ñóììû ðÿäà n -îé ÷àñòè÷íîé ñóììîé, íå ïðåâîñõîäèò ìîäóëÿ ïåð-
âîãî îòáðîøåííîãî ÷ëåíà. Âû÷èñëÿÿ ïîñëåäîâàòåëüíî ñëàãàåìûå ïîëó÷åííîãî
÷èñëîâîãî ðÿäà âèäèì, ÷òî ìîäóëü ïÿòîãî ÷ëåíà

|a5| =
∣∣∣∣∣∣

(−1)5

5!(2 · 5 + 1)

∣∣∣∣∣∣ =
1

120 · 11
< 0, 001.
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Ñëåäîâàòåëüíî, â êà÷åñòâå íóæíîãî íàì ïðèáëèæåíèÿ äîñòàòî÷íî âçÿòü

S4 = 1− 1

3
+

1

10
− 1

42
+

1

216
' 0, 747.

Îòâåò:
1∫
0
e−x2

dx ' 0, 747.

VI. Íàéòè ðåøåíèå çàäà÷è Êîøè äëÿ äàííîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ â âèäå ðÿäà ïî ñòåïåíÿì x :





y′′ − xy = 0,
y(0) = 1,
y′(0) = 0.

Ïåðâûé ñïîñîá ðåøåíèÿ.
Ìîæíî ðåøåíèå ýòîé çàäà÷è ñðàçó èñêàòü â âèäå ðÿäà Ìàêëîðåíà

y =
∞∑

n=0

y(n)(0)

n!
xn, ãäå y(0) = 1, y′(0) = 0,

à îñòàëüíûå çíà÷åíèÿ ïðîèçâîäíûõ â íóëå y(n)(0), n ≥ 2 ïîñëåäîâàòåëüíî
íàõîäèòü èç óðàâíåíèÿ:

y′′ = xy ⇒ y′′(0) = 0,
y′′′ = y + xy′ ⇒ y′′′(0) = y(0) = 1,
yIV = 2y′ + xy′′ ⇒ yIV (0) = 2y′(0) = 0,

. . . . . . . . . . . . . . . .

y(n+3) = (n + 1)y(n) + xy(n+1) ⇒ y(n+1)(0) = (n + 1)y(n)(0).

Ïåðâîå ðàâåíñòâî ïîëó÷èëè, âûðàçèâ y′′ èç äàííîãî â çàäà÷å óðàâíåíèÿ, äëÿ
ïîëó÷åíèÿ âòîðîãî ïðîäèôôåðåíöèðîâàëè óðàâíåíèå, äëÿ ïîëó÷åíèÿ òðåòüå-
ãî ïðîäèôôåðåíöèðîâàëè óðàâíåíèå âòîðîé ðàç è òàê äàëåå. Òàêèì îáðàçîì,
ïîëó÷èëè ðåêóððåíòíóþ ôîðìóëó, âûðàæàþùóþ çíà÷åíèå (n + 3)-åé ïðîèç-
âîäíîé â íóëå ÷åðåç çíà÷åíèå n−îé (òî åñòü íà 3 ïîðÿäêà íèæå) ïðîèçâîäíîé.
Ïîñêîëüêó y′(0) = y′′(0) = 0, òî çíà÷åíèÿ âñåõ ïðîèçâîäíûõ ïîðÿäêà 1+3m
è 2 + 3m, m = 0, 1, 2..., â íóëå ðàâíû íóëþ. Îòëè÷íû îò íóëÿ ïðè x = 0

òîëüêî ïðîèçâîäíûå, ïîðÿäîê êîòîðûõ êðàòåí òðåì:

yV I(0) = 4 · y′′′(0) = 4 · 1, yIX(0) = 7 · yV I(0) = 7 · 4 · 1, . . .
y(3m)(0) = 1 · 4 · . . . · [1 + 3(m− 1)], m = 1, 2, . . .
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Îòâåò: y(x) = 1 +
∞∑

m=1

1 · 4 · . . . · (1 + 3(m− 1))

(3m)!
x3m.

Âòîðîé ñïîñîá ðåøåíèÿ.
Èùåì ðåøåíèå çàäà÷è Êîøè â âèäå ñòåïåííîãî ðÿäà y(x) =

∞∑
n=0

anx
n, ãäå

a0 = y(0) = 1, a1 = y′(0) = 0 (ýòè äâà çíà÷åíèÿ ïîëó÷åíû èç íà÷àëüíûõ
óñëîâèé).

Ñ÷èòàåì, ÷òî ðÿä
∞∑

n=0
anx

n ñõîäèòñÿ â îêðåñòíîñòè íóëÿ è, ñëåäîâàòåëü-
íî, åãî â ñèëó ñâîéñòâ ñòåïåííîãî ðÿäà ìîæíî ïî÷ëåííî äèôôåðåíöèðîâàòü â
îáëàñòè ñõîäèìîñòè. Íàéäåì y′ è y′′:

y′ =
∞∑

n=1
nanx

(n−1), y′′ =
∞∑

n=2
n(n− 1)anx

n−2.

Ïîäñòàâèì ýòè âûðàæåíèÿ â èñõîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå:
∞∑

n=2
n(n− 1)anx

n−2 −
∞∑

n=0
anx

n+1 = 0.

Ñëîæèì ýòè ðÿäû (òî åñòü ïðèâåäåì ïîäîáíûå ÷ëåíû). Äëÿ ýòîãî ìîæíî,
íàïðèìåð, ïðåîáðàçîâàòü ïåðâûé èç ñêëàäûâàåìûõ ðÿäîâ: ñíà÷àëà çàìåíèì
n - èíäåêñ ñóììèðîâàíèÿ - íà m, çàòåì ïîëîæèì m − 2 = n + 1, òîãäà
m = n + 3, m− 1 = n + 2 , îòêóäà

∞∑

m=2
m(m− 1)amxm−2 = 2a2 +

∞∑

n=0
(n + 3)(n + 2)an+3x

n+1.

Ïîñëå ýòîãî ïðîèçâåäåì ñëîæåíèå ðÿäîâ è ïîëó÷èì òîæäåñòâî

2a2 +
∞∑

n=0
[(n + 3)(n + 2)an+3 − an]x

n+1 ≡ 0.

Òàê êàê ìû ïðåäïîëàãàåì, ÷òî â íåêîòîðîé îêðåñòíîñòè íóëÿ ýòî òîæäåñòâî
ñïðàâåäëèâî è åãî ëåâàÿ ÷àñòü ÿâëÿåòñÿ ñòåïåííûì ðÿäîì, òî ýòîò ðÿä, â ñè-
ëó åäèíñòâåííîñòè ïðåäñòàâëåíèÿ ôóíêöèè ñòåïåííûì ðÿäîì, ÿâëÿåòñÿ ðÿäîì
Ìàêëîðåíà ôóíêöèè g(x) ≡ 0. Ñëåäîâàòåëüíî, âñå êîýôôèöèåíòû ýòîãî ðÿäà
ðàâíû íóëþ, òàê êàê îíè èìåþò âèä cn+1 = (n + 3)(n + 2)an+3 − an =
g(n)(0)/n! = 0, n > 0, c0 = 2a2 = g(0) = 0. Ïîëó÷èëè a2 = 0 è
ðåêóððåíòíîå ñîîòíîøåíèå an+3 =

an

(n + 3)(n + 2)
.

Èç ðåêóððåíòíîãî ñîîòíîøåíèÿ è ðàâåíñòâ a1 = 0 è a2 = 0 ñëåäóåò, ÷òî
âñå êîýôôèöèåíòû a3m+1 = a3m+2 = 0 ïðè m = 0, 1, 2, ... Êîýôôèöèåíòû
æå ñ íîìåðàìè, êðàòíûìè òðåì, îòëè÷íû îò íóëÿ è ðàâíû

a3m =
a3(m−1)

3m(3m− 1)
=

a0

3m(3m− 1)(3m− 3)(3m− 4) . . . 3 · 2 =
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=
1 · 4 · . . . · (1 + 3(m− 1))

(3m)!
· a0,

ãäå a0 = 1.
Îòâåò: y(x) = 1 +

∞∑
m=1

1 · 4 · . . . · (1 + 3(m− 1))

(3m)!
·x3m.

VII. Çàäàòü àíàëèòè÷åñêè ôóíêöèþ, ãðàôèê êîòîðîé èçîáðàæåí íà ðèñóí-
êå. Ïîñòðîèòü äëÿ ýòîé ôóíêöèè 4 ðÿäà Ôóðüå: îáùèé òðèãîíîìåòðè÷åñêèé,
ïî ñèíóñàì, ïî êîñèíóñàì è â êîìïëåêñíîé ôîðìå. Èçîáðàçèòü ãðàôèêè ñóìì
ïîñòðîåííûõ ðÿäîâ.

Äàíî:

-

6
0 1 2 3 t

−1

f(t)

�
��

Ðåøåíèå:
1. Çàäàäèì ôóíêöèþ, ãðàôèê êîòîðîé èçîáðàæåí íà ðèñóíêå, àíàëèòè÷å-

ñêè. Ïðåæäå âñåãî çàìåòèì, ÷òî îïðåäåëåíà îíà òîëüêî íà îòðåçêå [0, 3] .
Âèäèì, ÷òî íà ïðîìåæóòêå [0, 2] ôóíêöèÿ ïîñòîÿííà è âñå çíà÷åíèÿ åå ðàâ-
íû −1 , òî åñòü f(t) = −1 ïðè t ∈ [0, 2] . Íà èíòåðâàëå [2, 3]
ãðàôèê ôóíêöèè åñòü îòðåçîê ïðÿìîé L , ïðîõîäÿùåé ÷åðåç òî÷êè (2,−1)
è (3, 0). Óðàâíåíèå ïðÿìîé íà ïëîñêîñòè, ïðîõîäÿùåé ÷åðåç òî÷êè (x1, y1)

è (x2, y2) èìååò âèä y − y1

y2 − y1

=
x− x1

x2 − x1

. Ïîäñòàâèâ â ýòî óðàâíåíèå âåëè÷èíû
x = t, x1 = 2, y1 = −1, x2 = 3, y2 = 0 ïîëó÷èì óðàâíåíèå y = t− 3
ïðÿìîé L â êîîðäèíàòàõ t, y.

Îêîí÷àòåëüíî, àíàëèòè÷åñêîå çàäàíèå äàííîé ôóíêöèè áóäåò èìåòü ñëåäó-
þùèé âèä:

f(t) =

{−1, 0 ≤ t ≤ 2,

t− 3, 2 ≤ t ≤ 3.

2. Ïîñòðîèì îáùèé òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå:
a0

2
+

∞∑

n=1
an cos nωt + bn sin nωt,

ãäå ω = 2π/T, T � äëèíà ïðîìåæóòêà [a, b], íà êîòîðîì çàäàíà èñõîäíàÿ,
èíòåãðèðóåìàÿ íà íåì, ôóíêöèÿ f(t), à òàêæå ïåðèîä ñóììû ðÿäà Ôóðüå.
Êîýôôèöèåíòû an, bn âû÷èñëÿþòñÿ ïî ôóíêöèè f(t) ñëåäóþùèì îáðàçîì:

an =
2

T

∫ b

a
f(t) cos nωt dt, n = 0, 1, 2, . . .
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bn =
2

T

∫ b

a
f(t) sin nωt dt, n = 1, 2, 3, . . .

Òàê êàê ôóíêöèÿ çàäàíà íà èíòåðâàëå [ 0, 3 ], òî a = 0, b = 3,
T = b− a = 3. Âû÷èñëèì êîýôôèöèåíòû an, n ≥ 0; bn, n > 0.

a0 =
2

3

(∫ 2

0
(−1)dt +

∫ 3

2
(t− 3)dt

)
=

2

3


−2 +


t2

2
−3t)

∣∣∣∣∣∣

3

2


 = −5

3
.

an =
2

3

(
−

∫ 2

0
cos

2πnt

3
dt +

∫ 3

2
(t− 3) cos

2πnt

3
dt

)
=

=
2

3

(
− 3

2πn
sin

2πnt

3
dt

∣∣∣∣∣
2

0
+

3

2πn
(t− 3) sin

2πnt

3

∣∣∣∣∣
3

2
+

+
9

(2πn)2 cos
2πnt

3

∣∣∣∣∣
3

2


 = − 3

2π2n2

(
1− cos

4πn

3

)
.

bn =
2

3

(
−

∫ 2

0
sin

2πnt

3
dt +

∫ 3

2
(t− 3) sin

2πnt

3
dt

)
=

=
2

3

(
3

2πn
cos

2πnt

3
dt

∣∣∣∣∣
2

0
− 3

2πn
(t− 3) cos

2πnt

3

∣∣∣∣∣
3

2
+

+
9

(2πn)2 sin
2πnt

3

∣∣∣∣∣
3

2


 = − 1

πn
− 3

2π2n2 sin
4πn

3
.

Çàòåì, èñïîëüçóÿ, íàïðèìåð, òåîðåìó Äèðèõëå î ïîòî÷å÷íîé ñõîäèìîñòè ðÿäà
Ôóðüå, âèäèì, ÷òî ïîñòðîåííûé íàìè ðÿä Ôóðüå ñõîäèòñÿ ê ïåðèîäè÷åñêîìó
(ñ ïåðèîäîì T = 3) ïðîäîëæåíèþ èñõîäíîé ôóíêöèè ïðè âñåõ t 6= 3n, è
S(3n) = −1/2 ïðè n = 0,±1,±2..., ãäå ÷åðåç S(t) îáîçíà÷åíà ñóììà
ðÿäà Ôóðüå. Ãðàôèê ôóíêöèè S(t) èìååò ñëåäóþùèé âèä:

-

6

−6 −5 −4 2−3 −2 −1 1 2 3 4 5 6
t

−1

S(t)

· ····
�
��

�
��

�
��

�
��

Îòâåò: f(t) = −5

6
+

∞∑
n=1

3

2π2n2
(1 − cos

4πn

3

)
cos

2πnt

3
−

( 1

πn
+

+
3

2π2n2
sin

4πn

3

)
sin

2πnt

3
, t 6= 3n; S(3n) = −1

2
, ïðè n = 0,±1,±2 . . .

3. Ïîñòðîèì ðÿä Ôóðüå ïî ñèíóñàì.
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Ðÿä Ôóðüå ïî ñèíóñàì â îáùåì ñëó÷àå ñóùåñòâóåò òîëüêî äëÿ íå÷åòíîé
ôóíêöèè. Äëÿ òîãî ÷òîáû ïîñòðîèòü ðÿä ïî ñèíóñàì äëÿ íàøåé ôóíêöèè, ïðî-
äîëæèì åå íå÷åòíûì îáðàçîì íà ïðîìåæóòîê [−3, 0 ]. Çàòåì, ñ÷èòàÿ, ÷òî
T = 6, âîñïîëüçóåìñÿ ñòàíäàðòíûì âèäîì ðÿäà Ôóðüå äëÿ íå÷åòíîé ôóíê-
öèè:

f(t) .=
∞∑

n=1
b̃n sin nωt, ãäå b̃n =

4

T

∫ T/2

0
f(t) sin nωtdt, n = 1, 2...

Âû÷èñëèì êîýôôèöèåíòû b̃n :

b̃n =
2

3


−

∫ 2

0
sin

πnt

3
dt +

3∫

2

(t− 3) sin
πnt

3
dt


 =

=
2

3

[
3

πn
cos

πnt

3

∣∣∣∣∣
2

0
− 3

πn
(t− 3) cos

πnt

3

∣∣∣∣∣
3

2
+

+
9

(πn)2 sin
πnt

3

∣∣∣∣∣
3

2


 = − 2

πn
− 3

4π2n2 sin
2πn

3
.

Ïðèìåíèâ òåîðåìó Äèðèõëå, âèäèì, ÷òî f(t) = S(t) ïðè t 6= 6k, è
S(6k) = 0 ïðè k = 0,±1,±2, ... Òàêèì îáðàçîì, ãðàôèê ñóììû ýòîãî
ðÿäà èìååò âèä:

-

6

−6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6
t

−1

1

S(t)

···
�
�
�
�
��

�
�
�
�
��

Îòâåò: f(t) = − ∞∑
n=1

( 2

πn
+

3

4π2n2
sin

2πn

3

)
sin

πnt

3
ïðè t 6= 6k, è

S(6k) = 0 k = 0,±1,±2, ...

4. Ïîñòðîèì ðÿä Ôóðüå ïî êîñèíóñàì.
Àíàëîãè÷íî, ðÿä Ôóðüå ïî êîñèíóñàì ñóùåñòâóåò òîëüêî äëÿ ÷åòíîé ôóíê-

öèè. Äëÿ òîãî ÷òîáû ïîñòðîèòü ðÿä ïî êîñèíóñàì äëÿ íàøåé ôóíêöèè, ïðîäîë-
æèì åå ÷åòíûì îáðàçîì íà ïðîìåæóòîê [−3, 0 ]. Çàòåì, êàê è â ïðåäûäóùåì
ñëó÷àå, ñ÷èòàÿ, ÷òî T = 6, âîñïîëüçóåìñÿ ñòàíäàðòíûì âèäîì ðÿäà Ôóðüå
äëÿ ÷åòíîé ôóíêöèè:

f(t) .=
ã0

2
+

∞∑

n=1
ãn cos nωt, ãn =

4

T

∫ T/2

0
f(t) cos nωtdt, n = 0, 1, 2...
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Âû÷èñëèì êîýôôèöèåíòû ãn :

ã0 =
2

3

[
−

∫ 2

0
dt +

∫ 3

2
(t− 3)dt

]
= −5

3
,

ãn =
2

3


−

∫ 2

0
cos

πnt

3
dt +

3∫

2

(t− 3) cos
πnt

3
dt


 =

=
6

π2n2

[
(−1)n − cos

2πn

3

]

Ïðèìåíèâ òåîðåìó Äèðèõëå, âèäèì, ÷òî f(t) = S(t) ïðè âñåõ âåùåñòâåííûõ
çíà÷åíèÿõ àðãóìåíòà t. Òàêèì îáðàçîì, ãðàôèê ñóììû ýòîãî ðÿäà èìååò âèä:

-

6

0

1 2 3 4 5

t

−1

f(t)13.

HHHHHHH��
��
��
�

Îòâåò: f(t) = −5

6
+

∞∑
n=1

6

π2n2
[(−1)n − cos

2πn

3

]
cos

πnt

3
ïðè âñåõ

âåùåñòâåííûõ t.

5. Ïîñòðîèì ðÿä Ôóðüå â êîìïëåêñíîé ôîðìå.
Ðÿä Ôóðüå äëÿ ôóíêöèè f(t) â êîìïëåêñíîé ôîðìå èìååò âèä:

f(t) .=
∞∑

n=−∞
cn eiωnt, ãäå cn = T−1

∫ b

a
f(t) e−iωntdt, ω = 2π/T.

Â íàøåì ïðèìåðå, ñ÷èòàÿ, êàê è ðàíåå, ÷òî a = 0, b = 3, T = 3,
ω = 2π/3, íàõîäèì êîýôôèöèåíòû cn, n = 0,±1,±2, . . .

c0 = 3−1
∫ 3

0
f(t)dt = a0/2 = −5/6,

cn = 3−1


−

∫ 2

0
e−iωntdt +

3∫

2

(t− 3)e−iωntdt


 =

= 3−1
{
− 3i

2πn
e−iωnt

∣∣∣∣∣
2

0
+

3i

2πn

[
(t− 3)e−iωnt −

− 3i

2πn
e−iωnt

]∣∣∣3
2

}
=

i

2πn
+

3

4π2n2

(
1− e−2ωni

)
=

=
3

4π2n2

(
1− cos

4πn

3

)
+

i

2πn

(
1 +

3

2πn
sin

4πn

3

)
.
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Îòìåòèì, ÷òî êîýôôèöèåíòû cn ñâÿçàíû ñ êîýôôèöèåíòàìè an, bn îáùåãî
ðÿäà Ôóðüå ñëåäóþùèì îáðàçîì:

ñn =





2−1(an − ibn), n ≤ 0,
2−1(an + ibn), n < 0.

Çàòåì, êàê è ðàíåå, èñïîëüçóÿ òåîðåìó Äèðèõëå î ïîòî÷å÷íîé ñõîäèìîñòè
ðÿäà Ôóðüå, âèäèì, ÷òî ïîñòðîåííûé íàìè ðÿä Ôóðüå â êîìïëåêñíîé ôîðìå
ñõîäèòñÿ ê ïåðèîäè÷åñêîìó, ïåðèîäà T = 3, ïðîäîëæåíèþ èñõîäíîé ôóíêöèè
ïðè âñåõ t 6= 3n, è S(3n) = −1/2 ïðè n = 0,±1,±2 . . . Ãðàôèê ñóììû
ýòîãî ðÿäà Ôóðüå èìååò ñëåäóþùèé âèä (ïîâåäåíèå ðÿäà Ôóðüå è åãî ãðàôèê
â ýòîì ñëó÷àå ñîâïàäàþò ñ ïîâåäåíèåì è ãðàôèêîì ðÿäà Ôóðüå äëÿ ñëó÷àÿ
îáùåãî òðèãîíîìåòðè÷åñêîãî ðÿäà Ôóðüå):

-

6

−6 −5 −4 2−3 −2 −1 1 2 3 4 5 6
t

−1

S(t)

· ····
�
��

�
��

�
��

�
��

Îòâåò: f(t) =
∞∑

n=−∞

[
3

4π2n2

(
1− cos

4πn

3

)
+

+
i

2πn

(
1 +

3

2πn
sin

4πn

3

)]
ei2πnt/3 ïðè t 6= 3n

è S(3n) = −1/2, n = 0,±1,±2, . . .

VIII. Íàéòè ïðåîáðàçîâàíèå Ôóðüå F (ω) äëÿ çàäàííîé ôóíêöèè f(t). Èñ-
ïîëüçóÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, íàéòè ñîîòâåòñòâóþùèé íåñîáñòâåí-
íûé èíòåãðàë.

à) f(t) = e−3|t|.
Ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå â êîìïëåêñíîé ôîðìå äëÿ ôóíêöèè f(t)

èìååò âèä:
F (ω) = (2π)−1/2

∫ ∞
−∞ f(t) · e−iωtdt.

Â íàøåì ñëó÷àå íàõîäèì:

F (ω) = (2π)−1/2
∫ ∞
−∞ e−3|t|e−iωtdt =
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= (2π)−1/2
(∫ 0

−∞ e(3−iω)tdt +
∫ ∞
0

e−(3+iω)tdt
)

=

=
1√
2π

(
1

3− iω
+

1

3 + iω

)
=

√√√√2

π

3

9 + ω2 .

Çàòåì ðàññìîòðèì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå. Îíî ïðåäñòàâëÿåò èç ñåáÿ
âûðàæåíèå èñõîäíîé ôóíêöèÿ f(t) ÷åðåç íàéäåííîå íàìè ïðÿìîå ïðåîáðàçî-
âàíèå Ôóðüå F (ω):

f(t) = (2π)−1/2
∫ ∞
−∞ F (ω) · eiωtdω,

ïîäñòàâëÿÿ â ýòó ôîðìóëó íàéäåííîå âûðàæåíèå äëÿ F (ω) è èñõîäíóþ ôóíê-
öèþ f(t), ïîëó÷àåì çíà÷åíèå íåñîáñòâåííîãî èíòåãðàëà:

∫ ∞
−∞

eiωt

9 + ω2dω =
π

3
e−3|t|.

Â ñèëó òåîðåìû î ïîòî÷å÷íîé ñõîäèìîñòè èíòåãðàëà Ôóðüå, ïîëó÷åííîå ðà-
âåíñòâî ñïðàâåäëèâî ïðè âñåõ t.

á) f(t) =





1, t ∈ [−1, 1],
0, t /∈ [−1, 1].

Â ýòîì ñëó÷àå ïðåîáðàçîâàíèå Ôóðüå èìååò âèä:

F (ω) =
1√
2π

∫ 1

−1
e−iωtdt =

1√
2π

e−iωt

−iω
| 1−1 =

=
1√
2π

eiω − e−iω

iω
=

√√√√2

π

sin ω

ω
.

Ñíîâà, èñïîëüçóÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå è òåîðåìó î ïîòî÷å÷íîé
ñõîäèìîñòè èíòåãðàëà Ôóðüå, áóäåì èìåòü:

∫ ∞
−∞

sin ω

ω
eiωtdω =





π, t ∈ (−1, 1),
π/2, t = ±1,

0, t /∈ [−1, 1].

Â ýòîé ôîðìóëå π/2 � çíà÷åíèå èíòåãðàëà Ôóðüå â òî÷êàõ ðàçðûâà ïåðâîãî
ðîäà ôóíêöèè f(t).
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Ðàñ÷åòíûå çàäàíèÿ

I. Èññëåäîâàòü ñõîäèìîñòü ÷èñëîâûõ ðÿäîâ.

1. a)
∞∑

n=1

(2n + 1)!

n! 2n
; b)

∞∑
n=1

(−1)nn

3n + n2 ;

c)
∞∑

n=1

1

n + 1
tg

1√
n

; d)
∞∑

n=1

1

(n + 1) ln (n + 1)
.

2. a)
∞∑

n=1

2n + 3n+1

5n
; b)

∞∑
n=1

(−1)n−1(n +
√

n)

(n + 1) (n + 3)
;

c)
∞∑

n=1

2n+1(n3 + 1)

(2n + 1)!
; d)

∞∑
n=1

(1 +
1

n
) cos(1 +

1

n2 ).

3. a)
∞∑

n=1

(2n + 2)!

n! (n + 1) 2n
; b)

∞∑
n=1

(−1)n sin
3n

n2 − 2n + 2
;

c) ∞∑
n=1

arcctg
1

n2 + 3
; d) ∞∑

n=1

5

(n + 3) ln3(n + 3)
.

4. a)
∞∑

n=1

(3n + 1)!

n!
√

n2 + 1
; b)

∞∑
n=1

arctg (1/(n + 1))√
n + 3

;

c)
∞∑

n=1
n2 sin

1

n2 + 1
; d)

∞∑
n=1

(−1)n(3n +
√

n)

4n + 1
.

5. a) ∞∑
n=1

sin(3/n)

1/n
; b) ∞∑

n=1

4n +
√

n2 + 1

2n2+n
;

c)
∞∑

n=1

(−1)n(2n + 1)

n (n + 1)
; d)

∞∑
n=1

n!

(2n)! 5n
.

6. a)
∞∑

n=1

3n3

+ 5

n3 + 6
; b)

∞∑
n=5

2 · 5 · ... · (3n− 1)

4n+2 (n− 5)!
;

c)
∞∑

n=1
arccos

4

n2 + 1
; d)

∞∑
n=3

(−1)n

(n− 1) ln (n− 1)
.

7. a)
∞∑

n=1
sin2(

π

2
+

1

n2 ); b)
∞∑

n=1

1 · 3 · ... · (2n− 1)

3n (n + 1)!
;

c)
∞∑

n=1

(−1)n

en + e−n
; d)

∞∑
n=4

7

(n− 2) ln3/2(n− 2)
.
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8. a)
∞∑

n=1

(n!)2

(3n + 1) (2n)!
; b)

∞∑
n=1

(−1)n 2n

n4 + n
;

c)
∞∑

n=1

(−1)n−1 n3

n4 + 2n + 1
; d)

∞∑
n=1

arctg (
1− n2

n + 1
).

9. a)
∞∑

n=1

n2 + 5

3n + n3 ; b)
∞∑

n=1

1 · 4 · ... · (3n− 2)

7 · 9 · ... · (2n + 5)
;

c)
∞∑

n=2

(−1)n ln n

n
; d)

∞∑
n=1

arcctg (n2 + 2).

10. a)
∞∑

n=1

(3n + 2)!

10n n2 ; b)
∞∑

n=1
(−1)ncos

2n + 3

3n + 1
;

c)
∞∑

n=1

3n + n2

5n + n
; d)

∞∑
n=5

ln (1 +
1

n
√

n− 4
).

11. a)
∞∑

n=3

(−1)n

√
3n− 7

; b)
∞∑

n=1
ln

3n + 2

3n
;

c)
∞∑

n=1

(2n)! 3
√

n

5n + 1
; d)

∞∑
n=1

5n2−1

6n + n6 .

12. a)
∞∑

n=1

sin 3n

3n + n
; b)

∞∑
n=1

(
√

n2 + n− n);

c)
∞∑

n=1

(n!)2

2n2 ; d)
∞∑

n=1
ln(1 +

2

n
+

1

n2 ).

13. a)
∞∑

n=1

(−1)n

n + n ln n
; b)

∞∑
n=1

ln
2n + 5

n + 3
;

c) ∞∑
n=1

10n 2 n!

(2n)!
; d) ∞∑

n=1

3n + 4n2

5n3 .

14. a) ∞∑
n=1

(−1)n cos
5

2n
; b) ∞∑

n=1
(−1)n 2n + 9

n2 + 9n + 20
;

c)
∞∑

n=1

5n

(2n)! n2 ; d)
∞∑

n=1
ln3/2(1 +

4

n
+

3

n2 + 1
).

15. a) ∞∑
n=1

n + n
√

n

n3 + n2 − 1
; b) ∞∑

n=1
(−1)n arcsin

3n− 2

6n + 1
;

c)
∞∑

n=1

2n√
2n + 3

; d)
∞∑

n=1

(2n2 − n + 1)!

3n2+1 .

20



16. a)
∞∑

n=1

5n + n3

(3n)!
; b)

∞∑
n=0

cos nπ√
n + 1

;

c)
∞∑

n=1

arctg 2n

3n + 5
; d)

∞∑
n=1

√
n + 1(1− cos

1

n
).

17. a)
∞∑

n=1

1

n2 + sin 4n
; b)

∞∑
n=1

(−1)n n + 3

ln (n + 4)
;

c) ∞∑
n=1

n2 + 4n4

en2+1 ; d) ∞∑
n=1

3 · 7 · ... · (4n− 1)

5n (n + 3)!
.

18. a) ∞∑
n=1

ln
3n− 1

5n + 2
; b) ∞∑

n=1
(−1)narcsin

3√
n + 1

;

c)
∞∑

n=1

4n
√

n2 + 5

(2n− 1)!
; d)

∞∑
n=1

3n2+n − 2n

76n+2 .

19. a) ∞∑
n=0

n! (2n + 1)!

(3n)!
; b) ∞∑

n=1
(−1)n ln (1 + n) sin

1

n
;

c)
∞∑

n=1

4n + cos n

5n + n2 ; d)
∞∑

n=1

ln (1 + n/(n2 + 1))

n + 1
.

20. a)
∞∑

n=1
ctg

5√
n

; b)
∞∑

n=1

1 · 4 · ... · (3n− 2)

2n+1 n!
;

c)
∞∑

n=7

(−1)n

n ln n lnln n
; d)

∞∑
n=1

ln(1 +
1

3n2 + 2n
) · 5n.

21. a)
∞∑

n=1
n e−n+1; b)

∞∑
n=1

n (−1)2n+1

n2 + 2
;

c)
∞∑

n=1
(1− cos

1√
n

); d)
∞∑

n=1

3 · 5 · ... · (2n + 1)

2 · 5 · ... · (3n− 1)
.

22. a) ∞∑
n=3

(−1)n ln
2n− 5

2n + 3
; b) ∞∑

n=1

(n + 3)! (2n + 3)!

(3n− 2)!
;

c)
∞∑

n=1

n + 1

3n + tg 2(1/n)
; d)

∞∑
n=1

sin
2n + 1

n3 + 2n
.

23. a)
∞∑

n=1
arccos ln

2n

2n + 1
; b)

∞∑
n=1

4 · 8 · ... · 4n

3 · 8 · ... · (5n− 2)
;

c)
∞∑

n=1

3n + 4n+2

2n2+1 ; d)
∞∑

n=1
(−1)n [(1 + 1/n)10 − 1].
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24. a)
∞∑

n=1

3n (2n− 1)!

(3n− 1)!
; b)

∞∑
n=1

2n n!

3n2 + n3 ;

c)
∞∑

n=1

(−1)n n

(n + 1)
√

n + 1
; d)

∞∑
n=1

arctg

(
1 +

n

n2 + 1

)
.

25. a) ∞∑
n=1

6n (n2 − 1)

(2n + 1)!
; b) ∞∑

n=1
2sin (1/n);

c)
∞∑

n=3

(−1)n

4
√

n3 + n + 1
; d)

∞∑
n=1

2n + 5n

3n + 6n+2 .

26. a)
∞∑

n=1
(−1)n ln

2n + 3

2n + 1
; b)

∞∑
n=1

2n2

(3n)!
;

c)
∞∑

n=1
arctg

n

3n + n2 ; d)
∞∑

n=1

(−1)n

n ln3/4n
.

27. a)
∞∑

n=1

1

n
tg

1√
n

; b)
∞∑

n=1
(−1)n cos

π

6n
;

c) ∞∑
n=0

5n (n + 1)!

(2n)!
; d) ∞∑

n=1

n3 + 2n

7n + n2 + 1
.

28. a)
∞∑

n=1

1

n
cos

1√
n

; b)
∞∑

n=1
(−1)n ln

n2 + 3

n2 + 1
;

c)
∞∑

n=1

4n + n
√

n

5n − 1
; d)

∞∑
n=1

(2n2 + 1)!

4n2+n
.

29. a)
∞∑

n=2

1

n− 1
arctg

1
3
√

n− 1
; b)

∞∑
n=1

(−1)n−1

ln (1 + n)
;

c)
∞∑

n=2

6n + ln n

2n2 ; d)
∞∑

n=1

(3n− 1)!

3n (n + 3)!
.

30. a)
∞∑

n=1
sin

3
√

n√
n5 + 2

; b)
∞∑

n=1

3n2

(n + 2)! 4n
;

c)
∞∑

n=1
(−1)n

(
n + 2

n + 4

)5
; d)

∞∑
n=1

2n2

+ n3

3n+7 .
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II. Íàéòè îáëàñòü ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà.

1.
∞∑

n=1

(−1)n−1 (x + 1)2n+1

n + 2
√

n
. 2.

∞∑
n=0

√
5n2 + 3

2n
(x + 5)2n.

3.
∞∑

n=0

n3 + 1

3n (x− 2)n
. 4.

∞∑
n=1

(n + 1)5 x2n

3n n3 .

5. ∞∑
n=0

(x− 2)n

4n + n2 . 6. ∞∑
n=0

(x + 1)n2

3n2

.

7. ∞∑
n=0

(−1)n (2x− 3)n

32n
. 8. ∞∑

n=1

(−1)n−1 (3x− 2)2n

2n +
√

n
.

9. ∞∑
n=0

(2x + 5)n tg
1

3n
. 10. ∞∑

n=0

3

(x− 5)2n+1 (2n + 7)
.

11. ∞∑
n=0

2n + 3

(n + 1)5 x2n
. 12. ∞∑

n=0

(3x + 2)2n

(2n + 1) 5n
.

13. ∞∑
n=1

1

n ln(n + 2) (x− 3)2n
. 14. ∞∑

n=0

n2 (2x− 3)n

(n4 + 1)2 .

15. ∞∑
n=0

3n2 + 4n

2n (x− 1)n
. 16. ∞∑

n=1

2n

n (x + 3)2n
.

17. ∞∑
n=0

n2 + 1

5n (2x + 3)n
. 18. ∞∑

n=0

3n + n

(x + 1)2n
.

19.
∞∑

n=1

(x− 7)2n−1

(2n2 − 4n) 5n
. 20.

∞∑
n=1

3n

(5n− 8)3 (x− 2)3n
.

21.
∞∑

n=0

(2x− 5)n

(n + 4) ln (n + 4)
. 22.

∞∑
n=0

(3n− 2) (x− 3)2n

(n + 1)2 2n+1 .

23.
∞∑

n=1

1

9n (x− 1)2n n
. 24.

∞∑
n=1

(3x− 1)2n

n 9n
.

25.
∞∑

n=1

1

2n n2 (x + 2)n
. 26.

∞∑
n=1

n5

(x− 1)4n
.

27.
∞∑

n=1

4n (2x + 1)2n

n
. 28.

∞∑
n=1

(3x− 1)2n+1

5n
.

29. ∞∑
n=0

4n2 + 1

(3n + 7) (x + 3)n
. 30. ∞∑

n=1

(x + 5)2n−1

4n (2n + 3)
.
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III. Íàéòè òðè ïåðâûõ îòëè÷íûõ îò íóëÿ ÷ëåíà ðàçëîæåíèÿ ôóíêöèè â ðÿä
Ìàêëîðåíà.

1. f(x) = ln(5 + e−2x). 2. f(x) = arcctg(2 + 3x)−1.
3. f(x) = exp (arctg 3x). 4. f(x) = exp (x2 + 4x + 7).
5. f(x) = exp (5− x)−1. 6. f(x) = (1 + ctg(x + 1))−1.
7. f(x) = x sin(1 + 2x). 8. f(x) = 1 + x arctg(x + 1).
9. f(x) = ln cos 3x. 10. f(x) = exp (arcsin 3x).

11. f(x) = (cos 3x)−1. 12. f(x) = ln (1− sin x)−1.
13. f(x) = ex cos−1 2x. 14. f(x) = exp (1 + sin

x

2
).

15. f(x) = arctg e−3x. 16. f(x) = exp (1 + sin x).
17. f(x) = exp (tg 3x). 18. f(x) =

√
3 + 5x− x2.

19. f(x) = x ctg(3− x). 20. f(x) =
√

1 + arctg 2x.
21. f(x) = ln2(1− 5x). 22. f(x) = ln cos(1− 3x).
23. f(x) =

√
e2x + 3. 24. f(x) = ln(3− sin 2x).

25. f(x) = x tg(x + 1). 26. f(x) = arctg(1− 2x).
27. f(x) = 3

√
1 + cos x. 28. f(x) = arctg(2 + e−x).

29. f(x) = sin3(1 + x). 30. f(x) = 3
√

2 + 3x + x3.

IV. Ïîñòðîèòü ðÿä Òåéëîðà äàííîé ôóíêöèè â îêðåñòíîñòè òî÷êè x0, èñ-
ïîëüçóÿ ñòàíäàðòíûå ðàçëîæåíèÿ Ìàêëîðåíà îñíîâíûõ ýëåìåíòàðíûõ ôóíê-
öèé. Óêàçàòü îáëàñòü â êîòîðîé ðàçëîæåíèå ñïðàâåäëèâî.

1. a) f(x) = sin 3x, x0 = π;

b) f(x) = xe3+x, x0 = 1.

2. a) f(x) = e2+3x, x0 = 2;

b) f(x) = 6 sin x3 + x2(6− x4), x0 = 0.

3. a) f(x) = ln(6 + 3x), x0 = −1;

b) f(x) = 2− 3(x5 − x) + 3 cos x2, x0 = 0.

4. a) f(x) = 5(2− x)−1/3, x0 = 1;

b) f(x) = x2 cos(x + 1), x0 = −1.

5. a) f(x) = cos(x/4), x0 = π;

b) f(x) = x2(1 + x)−2, x0 = 0.
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6. a) f(x) = 23(x+1), x0 = −2;

b) f(x) = x(x + 2)−1, x0 = 1.

7. a) f(x) = ex2−4x, x0 = 2;

b) f(x) = 1 + x2 − ln(2− x), x0 = 1.

8. a) f(x) = (4− 3x)−1, x0 = −1;

b) f(x) = (x + 2)(ex2 − 1), x0 = 0.

9. a) f(x) = (5− 2x)1/3, x0 = 2;

b) f(x) = x sin(x + 1), x0 = −1.

10. a) f(x) = (x2 − 3x + 2)−1, x0 = 0;

b) f(x) = xe2x, x0 = 1.

11. a) f(x) = ln(2− 5x), x0 = −3;

b) f(x) = sh2x, x0 = 1.

12. a) f(x) = (7 + 3x)−1/4, x0 = −1;

b) f(x) = ch3x, x0 = 2.

13. a) f(x) = ex2−6x+7, x0 = 3;

b) f(x) = x(x2 − 2x + 5)−1, x0 = 1.

14. a) f(x) = (5 + x2)−1/2, x0 = 0;

b) f(x) = x2ex, x0 = 1.

15. a) f(x) = (2x− 5)−1, x0 = −3;

b) f(x) = x + 2 + xex, x0 = 1.

16. a) f(x) = cos(πx/3), x0 = −3/2;

b) f(x) = xln(1 + 3x), x0 = 1.

17. a) f(x) = e−3(x2+5), x0 = 0;

b) f(x) = x(x + 3)−1, x0 = 1.

18. a) f(x) = x3cos23x, x0 = 0;

b) f(x) = (x + 1)(x− 2)−1, x0 = 1.

19. a) f(x) = ex + x + 3, x0 = 2;

b) f(x) = (1 + x)ln(3 + x), x0 = −2.

20. a) f(x) = x2 + 3 + 1/x, x0 = 1;

b) f(x) = ch2x, x0 = −1.
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21. a) f(x) = ln(x2 + 6x + 5), x0 = 0;

b) f(x) = xe1−x, x0 = 1.

22. a) f(x) = e2−x + 3x, x0 = 4;

b) f(x) = (7− 2x)(x2 − x− 2)−1, x0 = 0.

23. a) f(x) = x2 + cos 2x, x0 = −π;

b) f(x) = xln(4 + 3x), x0 = −1.

24. a) f(x) = (x2 + x)−1, x0 = −2;

b) f(x) = (2x + 3)(ex2 − 1), x0 = 0.

25. a) f(x) = x2e−6x, x0 = 0;

b) f(x) = x3 + ln(2− x), x0 = 1.

26. a) f(x) = x2 cos(x3 + π/4), x0 = 0;

b) f(x) = (x2 − 3x + 2)−1, x0 = −3.

27. a) f(x) = (2 + 7x5)−1/2, x0 = 0;

b) f(x) = shx, x0 = 2.

28. a) f(x) = (4x)1/3, x0 = −1;

b) f(x) = x2 + sin(1− x), x0 = 1.

29. a) f(x) = sin(x2 + π/4), x0 = 0;

b) f(x) = xln(3 + x), x0 = −1.

30. a) f(x) = (2x + 3)−2/3, x0 = −2;

b) f(x) = chx, x0 = 1.

V. Âû÷èñëèòü èíòåãðàë ñ òî÷íîñòüþ äî 0,001.

1.
0,1∫
0

ln(1 + 2x)

x
dx. 2.

0,4∫
0

1− e−x/2

x
dx.

3.
1,5∫
0

1 4
√

81 + x4dx. 4.
0,2∫
0

cos(25x2)dx.

5.
0,4∫
0

sin(5x/2)2dx. 6.
0,3∫
0

e−2x2

dx.
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7.
2∫
0

1
3
√

64 + x3
dx. 8.

0,4∫
0

ln(1 + x/2)

x
dx.

9.
0,1∫
0

e−6x2

dx. 10.
0,1∫
0

sin(100x2)dx.

11.
0,2∫
0

1− e−x

x
dx. 12.

1∫
0

1
4
√

16 + x4
dx.

13.
0,5∫
0

cos(4x2)dx. 14.
0,2∫
0

sin(25x2)dx.

15.
0,2∫
0

e−3x2

dx. 16.
1,5∫
0

1
3
√

27 + x3
dx.

17.
1∫
0

ln(1 + x/5)

x
dx. 18.

0,1∫
0

1− e−2x

x
dx.

19.
0,5∫
0

1
4
√

1 + x4
dx. 20.

1∫
0
cos x2dx.

21.
2,5∫
0

1
3
√

125 + x3
dx. 22.

0,4∫
0

e−3x2/4dx.

23.
0,5∫
0

sin(4x2)dx. 24.
0,1∫
0

cos(100x2)dx.

25.
2∫
0

1
4
√

256 + x4
dx. 26.

0,5∫
0

1
3
√

1 + x3
dx.

27.
2,5∫
0

1
4
√

625 + x4
dx. 28.

1∫
0

1
3
√

8 + x3
dx.

29.
0,5∫
0

e−3x2/25dx. 30.
1∫
0
sin x2dx.

VI. Íàéòè ðåøåíèå çàäà÷è Êîøè â âèäå ðÿäà.

1. 2y′′ + xy′ + 10y = x− x2; y(0) = 1/30, y′(0) = 0.
2. y′′ + 2xy′ + 4y = 1 + x + x2; y(0) = 3/16, y′(0) = 0.
3. 5y′′ − 2xy′ − 2y = −2x2; y(0) = 1, y′(0) = 0.
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4. 2y′′ − xy′ + 2y = 1; y(0) = −1, y′(0) = −12.
5. 2y′′ + xy′ + 10y = 11x; y(0) = 2, y′(0) = 1.
6. 2y′′ − xy′ + 2y = x− 4x2; y(0) = −1, y′(0) = 1.
7. 3y′′ − xy′ + 2y = 1 + 2x2; y(0) = 5, y′(0) = 0.
8. 3y′′ − xy′ + 3y = 1; y(0) = 0, y′(0) = 1.
9. 4y′′ − 2xy′ − 4y = 3x3; y(0) = 0, y′(0) = 2.
10. 3y′′ + 2xy′ + 4y = 1; y(0) = 1, y′(0) = 0.
11. 4y′′ − 3xy′ + 3y = 1; y(0) = 0, y′(0) = 0.
12. 4y′′ − 3xy′ − 3y = 2x + 2x3; y(0) = 0, y′(0) = 3.
13. 3y′′ − 4xy′ + 4y = 3x2; y(0) = 0, y′(0) = 1/2.
14. 5y′′ + 2xy′ − 4y = 0; y(0) = 1, y′(0) = 1.
15. 5y′′ + 2xy′ − 4y = −7x; y(0) = 1, y′(0) = 1.
16. 4y′′ + 3xy′ − 6y = −x; y(0) = 2, y′(0) = 0.
17. 2xy′′ + (x− 1)y′ + y = 1 + 5x; y(0) = 2, y′(0) = 1.
18. 2xy′′ + (x− 1)y′ + y = 6x2; y(0) = 1, y′(0) = 1.
19. 2xy′′ + (x + 2)y′ + y = 2x + 1; y(0) = −1, y′(0) = 1.
20. 2xy′′ + (x + 4)y′ + y = x + 1; y(0) = 0, y′(0) = 1/4.
21. xy′′ + (x + 1)y′ + y = 10x; y(0) = 2, y′(0) = −2.
22. xy′′ − (x− 1)y′ − y = x + 1; y(0) = −1, y′(0) = 0.
23. xy′′ + (2x2 + 1)y′ + 2xy = 2; y(0) = 0, y′(0) = 2.
24. 2xy′′ + (2x + 1)y′ + y = x; y(0) = 1, y′(0) = −1.
25. xy′′ + (x + 2)y′ + 2y = −1; y(0) = 0, y′(0) = −1/2.
26. xy′′ + (x2 + 1)y′ + 2xy = 10x; y(0) = 0, y′(0) = 0.
27. xy′′ + (x2 + 1)y′ + 2xy = 1; y(0) = 0, y′(0) = 1.
28. 2y′′ + 2xy′ + 4y = 3x; y(0) = 1, y′(0) = 1/2.
29. y′′ − 2xy′ − 4y = 8x2; y(0) = −1/2, y′(0) = 1.
30. xy′′ + (1− x)y′ − y = 1 + x; y(0) = −1, y′(0) = 0.
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VII. Äëÿ çàäàííîé ãðàôè÷åñêè ôóíêöèè f(x) ïîñòðîèòü 4 ðÿäà Ôóðüå è èõ
ãðàôèêè.

-

6

0 1 2

t

1
1.

0, 5

f(t)
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�
��

-

6

0 1 2 3 4

t

1
2.

f(t)

@
@
@@

-

6

0

1 2 3 4 5

t

−1

f(t)

3.

��
��
��
�

-

6

0 1 2 3 4
t

1

2
4. f(t)

A
A
A
A
AA

-

6

0 1 2 3 4

t

1
5.

f(t)

��
��
��
�

-

6

0 π/2 π
t

1
6. f(t)

f(t) = cos t
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-

6

0

1 2 3 4

t

−1

1
f(t)

7.

��
��
��
�

-

6

0 π/2 π
t

1
8. f(t)

f(t) = 1− cos t

-

6

0

π/2 π t

−1

9.
f(t)

f(t) = − sin t

-

6

0 π/2 π
t

2
10.

f(t)

f(t) = 2 sin t

-

6

0 π/2 π
t

1
11.

f(t)
f(t) = sin t
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1 2 3 4 5

t
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1
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19.
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620.

0 1 2 3 t
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e−1

f(t) = et−1

-

6

0 1 2 3 4 t

1
21.

f(t)

f(t) = sin(πt/4)

-

6
0 2π t

−1

22.
f(t)

f(t) = − sin (t/4)
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6

0

1
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1

−1
2

f(t)25.
Z
Z
Z
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Z
ZZ

-

6

0 2π
t

1
26. f(t)

f(t) = 1− cos (t/4)

-

6

0 2ππ
t

1
27. f(t)

f(t) = 1− cos (t/2)

-

6

0 2ππ
t

1
28. f(t)

f(t) = cos (t/2)

-

6

0 2ππ
t

√
2

2

29. f(t)

f(t) = sin (t/4)

-

630.

0 1 2 3 t

f(t)

e−1

1

f(t) = et−1
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VIII. Íàéòè ïðåîáðàçîâàíèå Ôóðüå.

1. f(x) =

{
et, t ∈ [−1, 1],
0, t /∈ [−1, 1].

2. f(x) =

{
cos 2t− 1, t ∈ [−π, π],
0, t /∈ [−π, π].

3. f(x) =

{
t, t ∈ [0, 1],
0, t /∈ [0, 1].

4. f(x) =

{
sin 2t, t ∈ [0, π],
0, t /∈ [0, π].

5. f(x) =

{
et, t ∈ (−∞, 0],
e−t, t ∈ (0, +∞).

6. f(x) =

{
sin 2t, t ∈ [−π, π],
0, t /∈ [−π, π].

7. f(x) =

{
0, t ∈ (−∞, 0],
e−t, t ∈ (0, +∞).

8. f(x) =

{
e−2t, t ∈ [−π, 0],
0, t /∈ [−π, 0].

9. f(x) =

{
et, t ∈ (−∞, 0],
e−t sin t, t ∈ (0, +∞).

10. f(x) =

{
cos 2t− 1, t ∈ [−π, 0],
0, t /∈ [−π, 0].

11. f(x) =

{
2e2(π−t), t ∈ [0, π],
0, t /∈ [0, π].

12. f(x) =

{
0, t ∈ (−∞, 0),
e−t, t ∈ [0, +∞).

13. f(x) =

{
2e2(t+1), t ∈ [−2, 0],
0, t /∈ [−2, 0].

14. f(x) =

{
e−t, t ∈ [−π, π],
0, t /∈ [−π, π].

15. f(x) =

{
cos t, t ∈ [−π, π],
0, t /∈ [−π, π].

16. f(x) =

{
et + e−t, t ∈ [−1, 1],
0, t /∈ [−1, 1].

17. f(x) =

{
3et+1, t ∈ [−2, 0],
0, t /∈ [−2, 0].

18. f(x) =

{
et sin t, t ∈ (−∞, 0],
e−t, t ∈ (0, +∞).

19. f(x) =

{
sin t, t ∈ [−π, π],
0, t /∈ [−π, π].

20. f(x) =

{
−eπ−t sin t, t ∈ [−π, 0],
0, t /∈ [−π, 0].

21. f(x) =

{
et cos t, t ∈ (−∞, 0],
e−2t, t ∈ [(0, +∞).

22. f(x) =

{
sin t− 1, t ∈ [−π, π],
0, t /∈ [−π, π].

23. f(x) =

{
e−t sin t, t ∈ [0, π],
0, t /∈ [0, π].

24. f(x) =

{
e−|t| sin t, t ∈ [−π, π],
0, t /∈ [−π, π].

25. f(x) =

{
et − e−t, t ∈ [−1, 1],
0, t /∈ [−1, 1].

26. f(x) =

{
2e−(t+1), t ∈ [−2, 0],
0, t /∈ [−2, 0].

27. f(x) =

{
e−t/2, t ∈ [0, +∞),
0, t /∈ [0, +∞).
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28. f(x) =

{
e2t, t ∈ (−∞, 0],
0, t ∈ (0, +∞).

29. f(x) =

{
et/2, t ∈ (−∞, 0],
e−t cos t, t ∈ (0, +∞).

30. f(x) =

{
e|t|, t ∈ [−1, 1],
0, t /∈ [−1, 1].
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Òèïîâîé ðàñ÷åò "Òåîðèÿ ôóíêöèé êîìïëåêñíîãî
ïåðåìåííîãî"

Ìåòîäè÷åñêèå óêàçàíèÿ

Ñîäåðæàíèå ðàñ÷åòíûõ çàäàíèé

I. Èçîáðàçèòü îáëàñòü êîìïëåêñíîé ïëîñêîñòè, çàäàííóþ íåðàâåíñòâàìè.

II. Íàéòè âñå çíà÷åíèÿ óêàçàííîé ôóíêöèè êîìïëåêñíîãî ïåðåìåííîãî â óêà-
çàííîé òî÷êå.

III. Íàéòè àíàëèòè÷åñêóþ ôóíêöèþ ïî èçâåñòíîé äåéñòâèòåëüíîé èëè ìíè-
ìîé ÷àñòè.

IV. Âû÷èñëèòü èíòåãðàë îò ôóíêöèè êîìïëåêñíîãî ïåðåìåííîãî ïî çàäàííîé
êðèâîé.

V. Ðàçëîæèòü ôóíêöèþ f(z) â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷êè z0 è óêà-
çàòü îáëàñòü, â êîòîðîé ïîëó÷åííûé ðÿä ïðåäñòàâëÿåò äàííóþ ôóíêöèþ.

VI. Ðàçëîæèòü ôóíêöèþ f(z) â ðÿä Ëîðàíà â óêàçàííîì êîëüöå.

VII. Âû÷èñëèòü èíòåãðàë îò ôóíêöèè êîìïëåêñíîãî ïåðåìåííîãî ñ ïîìîùüþ
âû÷åòîâ.

VIII. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë îò ôóíêöèè âåùåñòâåííîãî ïåðåìåí-
íîãî ñ ïîìîùüþ âû÷åòîâ.

Îáðàçöû âûïîëíåíèÿ çàäàíèé

I. Èçîáðàçèòü íà êîìïëåêñíîé ïëîñêîñòè ìíîæåñòâî D , çàäàííîå íåðàâåíñòâà-
ìè:

à) D = {z : |z − i| ≤ 2, |z + 1, 5− i| > 1 }.

Íåðàâåíñòâî |z − i| ≤ 2 çàäàåò íà êîìïëåêñíîé ïëîñêîñòè çàìêíóòûé
êðóã D1 ðàäèóñà 2 ñ öåíòðîì â òî÷êå z1 = i ; íåðàâåíñòâî |z + 1, 5 − i| > 1
çàäàåò âíåøíîñòü êðóãà D2 ðàäèóñà 1 ñ öåíòðîì â òî÷êå z2 = −1, 5 + i .

Ìíîæåñòâî D ÿâëÿåòñÿ ïåðåñå÷åíèåì ìíîæåñòâ D1 è D2 . Ìíîæåñòâà
D1 , D2 è D èçîáðàæåíû íà ðèñ. a). Ìíîæåñòâî D çàøòðèõîâàíî.
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-

6

ÃLx

1

3

−1, 5

ÃLy

ÃLD2ÃLD1

á) D = {z : |z| > 2− Re z, 0 ≤ arg z ≤ π/4}
Îáîçíà÷èì z = x + iy , òîãäà íåðàâåíñòâî |z| > 2 − Re z â êîîðäè-

íàòàõ x, y ïðèìåò âèä
√

x2 + y2 > 2 − x . Åñëè x > 2 , òî íåðàâåíñòâî
|z| > 2 − Re z ñïðàâåäëèâî ïðè ëþáîì âåùåñòâåííîì çíà÷åíèè y ; åñëè æå
x ≤ 2 , òî èç íåðàâåíñòâà

√
x2 + y2 > 2−x ñëåäóåò, ÷òî x2+y2 > (2−x)2 .

Îòñþäà èìååì, ÷òî ïðè x ≤ 2 âûïîëíåíî íåðàâåíñòâî y2 > 4(1−x) . Òî÷êè,
êîîðäèíàòû êîòîðûõ óäîâëåòâîðÿþò ýòîìó íåðàâåíñòâó, ëåæàò ïðàâåå ïàðàáî-
ëû y2 = 4(1−x) . Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî D1 � ìíîæåñòâî òî÷åê
êîìïëåêñíîé ïëîñêîñòè, óäîâëåòâîðÿþùèõ íåðàâåíñòâó |z| > 2 − Re z , ëå-
æèò ïðàâåå ïàðàáîëû y2 = 4(1− x) . Íåðàâåíñòâî 0 ≤ arg z ≤ π/4 çàäàåò
ìíîæåñòâî D2 , ïðåäñòàâëÿþùåå ñîáîé çàìûêàíèå âíóòðåííîñòè óãëà, ñòîðî-
íàìè êîòîðîãî ÿâëÿþòñÿ ëó÷è ϕ = 0 ϕ = π/4 . Ìíîæåñòâî D ÿâëÿåòñÿ
ïåðåñå÷åíèåì ìíîæåñòâ D1 è D2, ñì. ðèñ. 2:

-

6

ÃL0

ÃLϕ =
π

4

ÃLϕ = 0ÃL1

ÃL2

ÃLx

ÃLy

¡
¡

¡
¡

¡
¡

¡

II. Íàéòè âñå çíà÷åíèÿ ôóíêöèè â óêàçàííîé òî÷êå.
à). Âû÷èñëèòü th(ln 3 + π i/4).
Ïî îïðåäåëåíèþ ôóíêöèè ãèïåðáîëè÷åñêèé òàíãåíñ èìååì

th z =
sh z

ch z
=

ez − e−z

ez + e−z
.

Êàê è ðàíåå, áóäåì äëÿ óäîáñòâà èñïîëüçîâàòü îáîçíà÷åíèå exp(z) âìåñòî ez,

â ñëó÷àå ãðîìîçäêèõ ïîêàçàòåëåé. Èñïîëüçóÿ îïðåäåëåíèå, íàéäåì çíà÷åíèå
ôóíêöèè th z â çàäàííîé òî÷êå (çàìåòèì, ÷òî ôóíêöèÿ th z îäíîçíà÷íà è
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èìååò ïåðèîä π i):

th(ln 3 +
π i

4
) =

exp(ln 3 +
π i

4
)− exp(−ln 3− π i

4
)

exp(ln 3 +
π i

4
) + exp(−ln 3− π i

4
)

=

=
3(cos

π

4
+ i sin

π

4
)− 3−1(cos

π

4
− i sin

π

4
)

3(cos
π

4
+ i sin

π

4
) + 3−1(cos

π

4
− i sin

π

4
)

=
4 + 5i

5 + 4i
=

40

41
+

9 i

41
.

á). Âû÷èñëèòü 6.
Ôóíêöèÿ w = z ïî îïðåäåëåíèþ ÿâëÿåòñÿ îáðàòíîé äëÿ ïåðèîäè÷åñêîé

ôóíêöèè z = sin w. Ïðè ýòîì ôóíêöèÿ z = sin w íå ÿâëÿåòñÿ îãðàíè-
÷åííîé, êàê â ñëó÷àå âåùåñòâåííîãî àðãóìåíòà. Îòñþäà, ôóíêöèÿ w = z
îïðåäåëåíà äëÿ âñåõ z ∈ C è ìíîãîçíà÷íà.

Âûâåäåì îáùóþ ôîðìóëó äëÿ íàõîæäåíèÿ çíà÷åíèé z. Èñïîëüçóÿ ðàâåí-
ñòâî z = sin w = (eiw − e−iw)/2i, ïîëó÷èì êâàäðàòíîå óðàâíåíèå îòíîñè-
òåëüíî eiw:

e2iw − 2izeiw − 1 = 0.

Ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä:

eiw = iz +
√

1− z2,

ãäå ôóíêöèÿ êîìïëåêñíîãî ïåðåìåííîãî
√

z ìíîãîçíà÷íà (äâóçíà÷íà), ëþáîìó
çíà÷åíèþ àðãóìåíòà ñîîòâåòñòâóþò 2 çíà÷åíèÿ ôóíêöèè.

Ëîãàðèôìèðóÿ ïîëó÷åííîå âûðàæåíèå, äåëÿ çàòåì íà i è ó÷èòûâàÿ,
÷òî 1/i = −i , ïîëó÷èì:

w = z = −i Ln (iz +
√

1− z2).

Ïðèìåíÿÿ òåïåðü ïîëó÷åííóþ ôîðìóëó, íàõîäèì:

6 = −i Ln (6i +
√−35) = −i Ln [i (6±

√
35)] =

= −i [ln |i (6±
√

35)|+ i (arg(i (6±
√

35)) +

+ 2kπ)] = (π/2 + 2kπ)− i ln (6±
√

35),

ãäå k = 0,±1,±2, . . . Çàìåòèì, ÷òî 6 ± √
35 > 0, ñëåäîâàòåëüíî,

arg(i(6±√35)) = π/2.
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â). Âû÷èñëèòü
(

1 + i

2

)−i

.

Äàííîå âûðàæåíèå ÿâëÿåòñÿ çíà÷åíèåì ìíîãîçíà÷íîé ñòåïåííîé ôóíêöèè
w(z) = z−i â òî÷êå z = (1 + i)/2. Ïî îïðåäåëåíèþ èìååì:

z−i = e−i z = exp[−i ( ln |z|+ i (arg z + 2πk) ) ],

ãäå k = 0,±1,±2, ... Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî arg z ∈
(−π, π]. Âû÷èñëèì −i ((1 + i)/2):

−i
1 + i

2
= −i (ln

√
2

2
+

8k + 1

4
πi) =

π

4
+ 2kπ +

i ln 2

2
,

îòêóäà ïîëó÷èì:

(
1 + i

2
)
−i

= exp (
π

4
+ 2πk +

iln 2

2
) =

= exp(π/4 + 2πk)( cos((ln 2)/2) + i sin((ln 2)/2) ), k = 0,±1,±2, ...

III. Âîññòàíîâèòü àíàëèòè÷åñêóþ ôóíêöèþ ïî èçâåñòíîé äåéñòâèòåëüíîé èëè
ìíèìîé ÷àñòè.

a). Íàéòè àíàëèòè÷åñêóþ ôóíêöèþ f(z), åñëè èçâåñòíà åå äåéñòâèòåëü-
íàÿ ÷àñòü Re f(z) = u(x, y) = e−y cos x + x è çàäàíî çíà÷åíèå èñêîìîé
ôóíêöèè â íóëå: f(0) = 1.

Äëÿ òîãî, ÷òîáû ôóíêöèÿ u(x, y) ÿâëÿëàñü âåùåñòâåííîé ÷àñòüþ àíàëè-
òè÷åñêîé â îäíîñâÿçíîé îáëàñòè D ôóíêöèè f(z), íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû â îáëàñòè D ôóíêöèÿ u(x, y) ÿâëÿëàñü ãàðìîíè÷åñêîé, òî åñòü óäî-
âëåòâîðÿëà óðàâíåíèþ Ëàïëàñà

∂2u

∂x2 +
∂2u

∂y2 = 0

â îáëàñòè D. Â òîì ñëó÷àå, åñëè ãàðìîíè÷åñêàÿ ôóíêöèÿ u(x, y) çàäàíà â
îäíîñâÿçíîé îáëàñòè D, ìîæíî ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî íàéòè
àíàëèòè÷åñêóþ ôóíêöèþ f(z) = u + iv, òî åñòü âîññòàíîâèòü àíàëèòè÷å-
ñêóþ ôóíêöèþ ïî çàäàííîé åå äåéñòâèòåëüíîé (èëè ìíèìîé) ÷àñòè. Ïðè ýòîì
ñîïðÿæåííàÿ ñ u(x, y) ãàðìîíè÷åñêàÿ ôóíêöèÿ v(x, y) íàõîäèòñÿ ïðè ïî-
ìîùè êðèâîëèíåéíîãî èíòåãðàëà:

v(x, y) =
∫ (x,y)

(x0,y0)
−∂u

∂y
dx +

∂u

∂x
dy + C, (1)
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ãäå (x0, y0) ∈ D è (x, y) ∈ D (èíòåãðàë íå çàâèñèò îò êðèâîé, ñîåäèíÿ-
þùåé òî÷êè (x0, y0) è (x, y), à çàâèñèò ëèøü îò òî÷êè (x, y), åñëè òî÷êà
(x0, y0) ôèêñèðîâàíà).

Åñëè îáëàñòü D íå îäíîñâÿçíà, òî íàéäåííàÿ ôóíêöèÿ v(x, y) , à ñëåäî-
âàòåëüíî, è f(z) = u + iv ìîãóò îêàçàòüñÿ íåîäíîçíà÷íûìè.

Ñíà÷àëà ïðîâåðèì, ÷òî çàäàííàÿ ôóíêöèÿ óäîâëåòâîðÿåò óðàâíåíèþ Ëà-
ïëàñà. Äåéñòâèòåëüíî, èìååì:

∂u
∂x = −e−y sin x + 1,

∂2u

∂x2 = −e−y cos x,

∂u

∂y
= −e−y cos x,

∂2u

∂y2 = e−y cos x.

Ñëåäîâàòåëüíî, äëÿ íàøåé ôóíêöèè óðàâíåíèå Ëàïëàñà âûïîëíåíî ïðè
âñåõ x è y; òî åñòü îíà ÿâëÿåòñÿ ãàðìîíè÷åñêîé íà âñåé ïëîñêîñòè.

Òåïåðü íàéäåì ñîïðÿæåííóþ ïî îòíîøåíèþ ê u(x, y) (òî åñòü ñâÿçàí-
íóþ ñ íåé óñëîâèÿìè Êîøè-Ðèìàíà) ãàðìîíè÷åñêóþ ôóíêöèþ v(x, y), òîãäà
f(z) = u + iv è áóäåò èñêîìîé àíàëèòè÷åñêîé ôóíêöèåé. Äëÿ íàõîæäåíèÿ
v(x, y), ìîæíî âîñïîëüçîâàòüñÿ ôîðìóëîé (1) èëè íåïîñðåäñòâåííî óñëîâè-
ÿìè Êîøè-Ðèìàíà. Â ýòîì ïðèìåðå ïîêàæåì êàê äëÿ íàõîæäåíèÿ v(x, y)
èñïîëüçîâàòü óñëîâèÿ Êîøè-Ðèìàíà.

Ïî îäíîìó èç óñëîâèé Êîøè-Ðèìàíà âûïîëíåíî:

∂u

∂y
=

∂u

∂x
= −e−y sin x + 1.

Ôèêñèðóåì x = x0, ïðè ýòîì äëÿ îïðåäåëåíèÿ ôóíêöèè v(x, y) âîçíèêàåò
îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå

dv

dy
(x0, y) = −e−y sin x0 + 1.

Èíòåãðèðóÿ, íàõîäèì

v(x0, y) =
∫

(−e−y sin x0 + 1) dy = e−y sin x0 + y + c(x0),

çàòåì, âàðüèðóÿ êîíñòàíòó x0, ïîëó÷èì

v(x, y) = e−y sin x + y + c(x).

Îñòàëîñü îïðåäåëèòü ôóíêöèþ c(x). Èç v′x = −u′y � âòîðîãî óñëîâèÿ Êîøè-
Ðèìàíà, íàõîäèì

e−y cos x + c′(x) = e−y cos x =⇒ c′(x) = 0 =⇒ c(x) = const.
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Òàêèì îáðàçîì,

f(z) = (e−y cos x + x) + i (e−y sin x + y + c) =

= e−y(cos x + i sin x) + (x + i y) + i c = eiz + z + i c.

Èñïîëüçóÿ óñëîâèå f(0) = 1, ïîëó÷èì ei 0 +0+ i c = 1, îòêóäà ñëåäóåò,
÷òî c = 0. Îêîí÷àòåëüíî ïîëó÷àåì

Îòâåò: f(z) = ei z + z.

á). Âîññòàíîâèòü àíàëèòè÷åñêóþ ôóíêöèþ f(z) ïî èçâåñòíîé åå ìíèìîé
÷àñòè v(x, y) = 3 + x2 − y2 − y

2(x2 + y2)
.

Ïðîâåðèì ñíà÷àëà, ÷òî äàííàÿ ôóíêöèÿ óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà
â îáëàñòè îïðåäåëåíèÿ, òî åñòü ïðè |z| > 0. Èìååì:

∂v

∂x
= 2x +

xy

(x2 + y2)2 ,
∂2v

∂x2 = 2 +
y3 − 3x2y

(x2 + y2)3 ;

∂v

∂y
= −2y − x2 − y2

2(x2 + y2)2 ,
∂2v

∂y2 = −2 +
3x2y − y3

(x2 + y2)3 .

Ñëåäîâàòåëüíî,
∂2u

∂x2 +
∂2u

∂y2 = 0 è ôóíêöèÿ v(x, y) ÿâëÿåòñÿ ãàðìîíè÷å-

ñêîé ïðè |z| > 0. Äëÿ íàõîæäåíèÿ u(x, y) âîñïîëüçóåìñÿ êðèâîëèíåéíûì
èíòåãðàëîì. Â ýòîì ñëó÷àå áóäåì èìåòü:

u(x, y) =
∫ (x,y)

(x0,y0)

∂v

∂y
dx− ∂v

∂x
dy + c.

Âûáåðåì â êà÷åñòâå ôèêñèðîâàííîé íà÷àëüíîé òî÷êè òî÷êó (x0, y0) = (1, 0),
â êà÷åñòâå êðèâîé L, ñîåäèíÿþùåé ýòó òî÷êó ñ òî÷êîé (x, y), âûáåðåì ëîìà-
íóþ, ñîñòîÿùóþ èç äâóõ îòðåçêîâ, ïàðàëëåëüíûõ îñÿì êîîðäèíàò: ñ íà÷àëîì â
òî÷êå (1, 0), êîíöîì â òî÷êå (x, 0) è ñ íà÷àëîì â òî÷êå (x, 0), êîíöîì â òî÷-
êå (x, y). Òîãäà, ïåðåîáîçíà÷àÿ ïåðåìåííûå èíòåãðèðîâàíèÿ: x = t, y = s,
áóäåì èìåòü

u(x, y) =
x∫

1


−2 · 0− t2 − 0

2(t2 + 0)2


 dt−

y∫

0

(2x +
xs

(x2 + s2)2


 ds =

=
1

2t

∣∣∣∣∣
x

1
− 2xs|y0 −

x

2

y∫

0

d(x2 + s2)

(x2 + s2)2 =
1

2x
− 1

2
− 2xy+
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+
x

2

(
1

x2 + y2−
1

x2

)
+ c =

x

2(x2 + y2)
− 2xy + c,

îòêóäà

f(z) =
x

2(x2 + y2)
− 2xy + c + i


3 + x2 − y2 − y

2(x2 + y2)


 .

Òåïåðü, äëÿ òîãî, ÷òîáû ïîëó÷èòü âûðàæåíèå ôóíêöèè â çàâèñèìîñòè îò z,
äîñòàòî÷íî â íàéäåííîì âûðàæåíèè ïîëîæèòü x = z, y = 0. Îêîí÷àòåëüíî
èìååì

Îòâåò: f(z) =
1

2z
+ i (3 + z2) + c.

Çàìå÷àíèå. Â ýòîì ïðèìåðå ìû ïîëó÷èëè â ðåçóëüòàòå îäíîçíà÷íóþ
ôóíêöèþ f(z), õîòÿ îáëàñòü D = {z : z ∈ C, |z| > 0}, â êîòîðîé
çàäàííàÿ ôóíêöèÿ v(x, y) ÿâëÿåòñÿ ãàðìîíè÷åñêîé, íå áûëà îäíîñâÿçíîé.

IV. Âû÷èñëèòü èíòåãðàë îò çàäàííîé ôóíêöèè f(z) ïî çàäàííîé êðèâîé C.
à). Âû÷èñëèòü

∫
C

zIm z2dz, ãäå C � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè
z1 = 1 è z2 = 2 + i.

Ïóñòü êðèâàÿ C çàäàíà óðàâíåíèåì z(t) = x(t) + iy(t), ãäå t ∈ [α, β] .
Èíòåãðàë ïî êðèâîé C îò ôóíêöèè êîìïëåêñíîãî ïåðåìåííîãî f(z) ìîæíî
âûðàçèòü ÷åðåç êðèâîëèíåéíûé èíòåãðàë, à äëÿ åãî âû÷èñëåíèÿ èñïîëüçîâàòü
îäíî èç âûðàæåíèé:

∫

C
f(z) dz =

∫ β

α
f(z(t))z′(t)dt =

∫ β

α
f(x(t), y(t))(dx(t) + i dy(t)).

Â íàøåì ñëó÷àå êðèâóþ C � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè z1 =
1 = (1, 0) è z2 = 2 + i = (2, 1), ìîæíî çàäàòü ÿâíûì óðàâíåíèåì â
êîîðäèíàòàõ (x, y) : y = x − 1, 1 ≤ x ≤ 2. Â ñëó÷àå ÿâíîãî çàäàíèÿ
èìååì x(t) = x, y(t) = y(x), dz = (1 + i y′(x))dx, îòêóäà
∫

C
zIm z2dz =

∫ 2

1
(x + i (x− 1))Im (x + i (x− 1))2(1 + i (x− 1)′)dx =

=
∫ 2

1
(x(1 + i)− i))(2x(x− 1))(1 + i)dx = 2(1 + i)

∫ 2

1
((1+

+i)x3 − (1 + 2i)x2 + ix)dx = 5/3 + 4i.

Îòâåò:
∫
C zIm z2dz = 5/3 + 4i.

á). Âû÷èñëèòü èíòåãðàë
∫
C

z dz, ãäå C � îêðóæíîñòü |z| = 2 è 1 = 0,

êîíòóð îáõîäèòñÿ â ïîëîæèòåëüíîì íàïðàâëåíèè.
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Äàííàÿ ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ ìíîãîçíà÷íîé. Â ýòîì ñëó÷àå
âûäåëÿþò îäíîçíà÷íóþ âåòâü ôóíêöèè çàäàíèåì çíà÷åíèÿ ôóíêöèè â íåêîòî-
ðîé òî÷êå. Ïðè ýòîì, åñëè êðèâàÿ èíòåãðèðîâàíèÿ çàìêíóòà (çàìêíóòûé êîí-
òóð), òî íà÷àëüíîé òî÷êîé ïóòè èíòåãðèðîâàíèÿ ñ÷èòàåòñÿ òà òî÷êà, â êîòî-
ðîé çàäàíî çíà÷åíèå ïîäûíòåãðàëüíîé ôóíêöèè (ðåçóëüòàòû èíòåãðèðîâàíèÿ
ìíîãîçíà÷íîé ôóíêöèè ïî çàìêíóòîìó êîíòóðó ïðè ðàçíûõ íà÷àëüíûõ òî÷-
êàõ ìîãóò îêàçàòüñÿ ðàçëè÷íûìè, òàê êàê ïðè ýòîì ìîæåò îêàçàòüñÿ, ÷òî ìû
èíòåãðèðóåì ðàçëè÷íûå íåïðåðûâíûå âåòâè çàäàííîé ôóíêöèè). Èìååì

z = ln z + i 2πk, ãäå k = 0,±1,±2, ...,

ãäå ln z = ln |z|+ i arg z, à ϕ = arg z � çíà÷åíèå àðãóìåíòà èç ïðîèçâîëü-
íîãî ôèêñèðîâàííîãî ïðîìåæóòêà äëèíû 2π. Êîíêðåòíûé âûáîð ýòîãî ïðî-
ìåæóòêà îïðåäåëÿåò ðàçáèåíèå ìíîãîçíà÷íîé ôóíêöèè íà îäíîçíà÷íûå âåòâè
èç êîòîðûõ îíà "ñêëååíà". Ôóíêöèÿ ln z = ln |z|+i arg z, arg z ∈ (−π, π)
íàçûâàåòñÿ ãëàâíûì çíà÷åíèåì (ãëàâíîé âåòâüþ) ëîãàðèôìà. Òàê êàê â óñëî-
âèè çàäàíî çíà÷åíèå 1 = 0 è óêàçàíî, ÷òî êîíòóð îáõîäèòñÿ â ïîëîæèòåëüíîì
íàïðàâëåíèè, òî èíòåãðèðîâàòü íóæíî ôóíêöèþ ln z = ln |z|+ i ϕ � íåïðå-
ðûâíóþ âåòâü ëîãàðèôìè÷åñêîé ôóíêöèè, ñîîòâåòñòâóþùóþ âîçðîñòàíèþ àð-
ãóìåíòà ϕ â ïðåäåëàõ îò 0 äî 2π.

Óðàâíåíèå îêðóæíîñòè C : |z| = 2 çàäàåòñÿ çàâèñèìîñòüþ z îò ïîëÿð-
íîãî óãëà ϕ è èìååò âèä z = 2 ei ϕ, îòêóäà

dz = 2 i ei ϕdϕ, ln z = ln 2 + i ϕ, ãäå 0 ≤ ϕ < 2π.

Òîãäà ∫

C
ln z dz =

∫ 2π

0
(ln 2 + i ϕ)2 i ei ϕdϕ =

= 2 i
(−i ei ϕln 2 + ϕei ϕ + i ei ϕ

)∣∣∣2π

0 = 4πi.

Îòâåò:
∫
C

z dz = 4πi.

â) Âû÷èñëèòü èíòåãðàë
∫
C

(x−a) dz, ãäå C � îêðóæíîñòü |z−a| = a,

êîíòóð îáõîäèòñÿ â îòðèöàòåëüíîì íàïðàâëåíèè.
Çàäàäèì îêðóæíîñòü óðàâíåíèåì z − a = a ei ϕ, ïðè÷åì ϕ ïðîáåãàåò

çíà÷åíèÿ îò π äî −π (â äàííîì ñëó÷àå íóæíî èíòåãðèðîâàòü îäíîçíà÷-
íóþ ôóíêöèþ, ïîýòîìó âûáîð íà÷àëüíîé òî÷êè è ïðîìåæóòêà äëèíû 2π, â
êîòîðîì èçìåíÿåòñÿ ϕ = arg(z − a), íå âëèÿåò íà ðåçóëüòàò). Ïðè ýòîì
dz = aieiϕdϕ = ai(cos ϕ + i sin ϕ)dϕ, x− a = Re(z − a) = a cos ϕ.

Òàêèì îáðàçîì, ìåíÿÿ çíàê â ñâÿçè ñ íàïðàâëåíèåì îáõîäà, èìååì
∫

C
(x− a)dz = −a2i

∫ π

−π
(cos2 ϕ + i cos ϕ sin ϕ)dϕ = −a2πi.
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Îòâåò:
∫
C

(x− a) dz = −a2 π i.

V. Ðàçëîæèòü ôóíêöèþ f(z) â ðÿä Òåéëîðà â îêðåñòíîñòè óêàçàííîé òî÷êè
z = z0 . Íàéòè îáëàñòü ïðåäñòàâèìîñòè ôóíêöèè ïîëó÷åííûì ðÿäîì.

à). f(z) = ln (3+2z) (îäíîçíà÷íàÿ ãëàâíàÿ âåòâü ëîãàðèôìà), z0 = 1.
Ââåäåì íîâóþ ïåðåìåííóþ v = z − 1. Òîãäà

ln (3 + 2z) = ln (3 + 2(v + 1)) = ln 5 + ln

(
1 +

2v

5

)
.

Òåïåðü, ïîëîæèâ w = 2v/5 = 2(z − 1)/5, âîñïîëüçóåìñÿ ñòàíäàðòíûì
ðàçëîæåíèåì ëîãàðèôìè÷åñêîé ôóíêöèè

ln (1 + w) =
∞∑

n=1
(−1)n−1w

n

n
ïðè |w| < 1,

îòêóäà ïîëó÷àåì

ln (3 + 2z) = ln 5 +
∞∑

n=1

(−1)n−1

n

(
2

5

)n

(z − 1)n.

Ýòîò ðÿä ñõîäèòñÿ àáñîëþòíî ïðè |w| = 2|z− 1|/5 < 1 èëè ïðè |z− 1| <
5/2, òî åñòü â êðóãå ñ öåíòðîì â òî÷êå z0 = 1, ðàäèóñà R = 5/2.

á). f(z) = (z2 − π z + π2) sin 3z, z0 = π/2.
Ââåäåì íîâóþ ïåðåìåííóþ v = z − π/2. Òîãäà

(z2−πz+π2) sin 3z =




(
v +

π

2

)2
− π

(
v +

π

2

)
+ π2


 sin 3

(
v +

π

2

)
=

= − (
v2 + 3π2/4

)
cos 3v. Èñïîëüçóåì ñòàíäàðòíîå ðàçëîæåíèå cos w =

∞∑
n=0

((−1)nw2n/(2n)!), |w| < ∞, îòêóäà, ïîëàãàÿ w = 3v,
ïîëó÷èì ïðè âñåõ v

f(z) = −
(
v2 +

3

4
π2

) ∞∑

n=0

(−1)n 32n v2n

(2n)!
=

=
∞∑

n=0

(−1)n+1 32n

(2n)!
v2n+2 +

3

4
π2

∞∑

n=0

(−1)n+1 32n

(2n)!
v2n.

Çàìåíèì â ïåðâîé èç ñóìì ïåðåìåííóþ ñóììèðîâàíèÿ:
n + 1 = k, k = 1,2, . . . è ïðåîáðàçóåì ýòó ñóììó ê âèäó

∞∑

n=0

(−1)n+1 32n

(2n)!
v2n+2 =

(−1)k 32k−2

(2k − 2)! �
v2k.
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Âî âòîðîé ñóììå âûäåëèì ïåðâîå ñëàãàåìîå è, àíàëîãè÷íî, çàìåíèì ïåðåìåí-
íóþ ñóììèðîâàíèÿ: n = k , ïîëó÷èì

3

4
π2

∞∑

0

(−1)n+1 32n

(2n)!
v2n = −3

4
π2 − 3

4
π2�(−1)k 32k(2k)! v2k.

Òàêèì îáðàçîì, ïðè âñåõ v = z − 1 ñïðàâåäëèâî ðàçëîæåíèå

f(z) =
(−1)k 32k−2

(2k − 2)! �
v2k − 3

4
π2 − 3

4
π2 (−1)k 32k

(2k)! �
v2k =

= −3

4
π2 + (�− 1)k

(
32k−2

(2k − 2)!
− π2

4
· 32k+1

(2k)!

)
(z − 1)2k = −3

4
π2+

+
1

4
(�− 1)k 32k−2(16k2 − 8k − 27 π2)

(2k)!
(z − 1)2k ïðè |z| < ∞.

â). f(z) = (1− z)−2, z0 = 0.

Çàìåòèì, ÷òî 1

(1− z)2
=

d

dz

(
1

1− z

)
. Îòñþäà, ó÷èòûâàÿ, ÷òî 1

1− z
=

∞∑
n=0

zn ïðè |z| < 1, è äèôôåpåíöèpóÿ ïî÷ëåííî ñòåïåííîé pÿä
∞∑

n=0
zn âíóòpè

êpóãà ñõîäèìîñòè |z| < 1, ïîëó÷èì èñêîìîå pàçëîæåíèå 1

(1− z)2
=

∞∑
n=1

n zn−1,

ñïpàâåäëèâîå ïpè |z| < 1.

ã). f(z) =
2z − 1

z2 − z − 2
, z0 = 1.

Ââåäåì ïåðåìåííóþ v = z − 1. Òîãäà f(z(v)) =
2 v + 1

v2 + v − 2
.

Ðàçëîæèì ïîëó÷åííîå âûðàæåíèå íà ïðîñòåéøèå

2 v + 1

v2 + v − 2
=

1

v + 2
+

1

v − 1
.

Âîñïîëüçóåìñÿ ñòàíäàðòíûì ðàçëîæåíèåì ñòåïåííîé ôóíêöèè (1 + w)−1 =
∞∑

n=0
(−1)nwn, ñïðàâåäëèâûì ïðè |w| < 1, îòêóäà, ïîëàãàÿ w = v/2 è w = −v,

íàõîäèì

1

v + 2
=

1

2
· 1

1 + v/2
=

1

2

∞∑

n=0

(−1)n
(

v

2

)n

=
∞∑

n=0

(−1)n vn

2n+1
, |v| < 2;

1

v − 1
= − 1

1− v
= −

∞∑

n=0

vn, |v| < 1.
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Âîçâðàùàÿñü ê ïåðåìåííîé z, ïîëó÷àåì, ÷òî äëÿ èñõîäíîé ôóíêöèè èìååò
ìåñòî ðàçëîæåíèå

f(z) =
∞∑

n=0

(−1)n (z − 1)n

2n+1
−

∞∑

n=0

(z − 1)n =
∞∑

n=0

(
(−1)n

2n+1
− 1

)
(z − 1)n,

ñïðàâåäëèâîå ïðè |v| = |z − 1| < 1, òî åñòü âíóòðè êðóãà ðàäèóñà R = 1 ñ
öåíòðîì â òî÷êå z0 = 1.

VI. Ðàçëîæèòü óêàçàííóþ ôóíêöèþ â ðÿä Ëîðàíà â óêàçàííîé îáëàñòè.
à). Ðàçëîæèòü ôóíêöèþ f(z) = (2− z− z2)−1 â ðÿä Ëîðàíà ïî ñòåïåíÿì z

â êàæäîé èç îáëàñòåé àíàëèòè÷íîñòè ýòîé ôóíêöèè.
Äëÿ íàõîæäåíèÿ îáëàñòåé àíàëèòè÷íîñòè ðàçëîæèì çíàìåíàòåëü íà ìíî-

æèòåëè, èìååì: f(z)=
1

(1− z)(z + 2)
. Ñëåäîâàòåëüíî, ôóíêöèÿ f(z) àíàëèòè÷-

íà â îáëàñòÿõ: D1 = {z : |z| < 1}, D2 = {z : 1 < |z| < 2}, D3 = {z :
|z| > 2}. Äëÿ òîãî, ÷òîáû ðàçëîæèòü ôóíêöèþ f(z) â ðÿä Ëîðàíà â êàæ-
äîé èç ýòèõ îáëàñòåé, ïðåäñòàâèì f(z) â âèäå ñóììû ïðîñòåéøèõ äðîáåé:
f(z) =

1

3

(
1

1− z
+

1

z + 2

)
. Òåïåðü íàéäåì äëÿ êàæäîé èç ïðîñòåéøèõ äðî-

áåé âñå âîçìîæíûå èõ ðàçëîæåíèÿ ïî ñòåïåíÿì z. Òàê êàê ó îáåèõ äðîáåé
èìååòñÿ òîëüêî îäíà îñîáàÿ òî÷êà, òî äëÿ ëþáîé èç íèõ òàêèõ ðàçëîæåíèé
ðîâíî äâà (ïðèâîäèì èõ áåç êîýôôèöèåíòà 1/3 ). Äëÿ ïîëó÷åíèÿ ðàçëîæåíèé
èñïîëüçóåì ôîðìóëó ñóììû áåñêîíå÷íîé óáûâàþùåé ãåîìåòðè÷åñêîé ïðîãðåñ-
ñèè: a0 + a0 · q + a0 · q2 + . . . =

a0

1− q
, |q| < 1.

Ïðè |z| < 1 èìååì 1

1− z
=

∞∑

n=0

zn, a0 = 1, q = z. (0.1)

Åñëè æå |z| > 1 (òî åñòü âî âíåøíîñòè åäèíè÷íîãî êðóãà), òî

1

1− z
= − 1

z(1− 1/z)
=

∞∑

n=0

(
−1

z

) (
1

z

)n

= −
∞∑

n=0

1

zn+1
, (0.2)

â ýòîì ñëó÷àå a0 = −1/z, q = 1/z, à èç |q| = 1/|z| < 1 ñëåäóåò, ÷òî |z| > 1.
Àíàëîãè÷íî, åñëè |z| < 2, òî

1

z + 2
=

1

2(1 + z/2)
=

∞∑

n=0

(−1)n zn

2n+1
, a0 =

1

2
, q = −z

2
, (0.3)

à ïðè |z| > 2 (âî âíåøíîñòè êðóãà ðàäèóñà 2)

1

z + 2
=

1

z(1 + 2/z)
=

∞∑

n=0

(−1)n 2n

zn+1
, a0 =

1

z
, q = −2

z
. (0.4)

Ïîñëåäíèé ðÿä ñõîäèòñÿ ïðè |q| = 2/|z| < 1, òî åñòü ïðè |z| > 2.
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Ñëåäîâàòåëüíî, â êðóãå D1 ñïðàâåäëèâû ðàçëîæåíèÿ (0.1) è (0.3); â êîëüöå
D2 ñïðàâåäëèâû ðàçëîæåíèÿ (0.2) è (0.3); íàêîíåö, â îáëàñòè D3 � âíåøíîñòè
êðóãà ðàäèóñà 2 � ðàçëîæåíèÿ (0.2) è (0.4).

Òàêèì îáðàçîì, â êðóãå D1 èìååì

f(z) =
1

3

∞∑

n=0

zn +
1

3

∞∑

n=0

(−1)n zn

2n+1
=

1

3

∞∑

n=0

[
(−1)n

2n+1
+ 1

]
zn;

â êîëüöå D2 èìååì

f(z) = −1

3

∞∑

n=0

1

zn+1
+

1

3

∞∑

n=0

(−1)n zn

2n+1
=

1

3

∞∑

n=0

(−1)nzn

2n+1
− 1

3

∞∑

n=1

1

zn
;

âî âíåøíîñòè êðóãà ðàäèóñà 2 � îáëàñòè D3 � èìååì

f(z) = −1

3

∞∑

n=0

1

zn+1
+

1

3

∞∑

n=0

(−1)n 2n

zn+1
=

1

3

∞∑

n=0

[(−1)n2n − 1]
1

zn+1
=

=
1

3

∞∑

n=1

(−1)n−12n−1 − 1

zn
.

á) Ðàçëîæèòü â ðÿä Ëîðàíà ôóíêöèþ f(z) =
exp (2z + 3)

z − 1
â êîëüöå 0 <

|z − 1| < ∞.

Ïîñêîëüêó ôóíêöèÿ f(z) =
exp (2z + 3)

z − 1
ðåãóëÿðíà â êîëüöå 0 <

|z−1| < ∞, â ýòîì êîëüöå ñóùåñòâóåò åäèíñòâåííîå åå ïðåäñòàâëåíèå ðÿ-
äîì âèäà

∞∑
−∞

cn (z−1)n, êîòîðûé íàçûâàåòñÿ ðÿäîì Ëîðàíà ôóíêöèè f(z)

â êîëüöå 0 < |z − 1| < ∞. Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ ýòîãî ðÿäà âîñ-
ïîëüçóåìñÿ ñòàíäàðòíûì ðàçëîæåíèåì ew =

∞∑
n=0

wn

n!
, ñïðàâåäëèâûì ïðè âñåõ

w (|w| < ∞). Ïðè w = 2(z − 1) áóäåì èìåòü:

exp(2z + 3) = e5 exp(2(z − 1)) = e5
∞∑

n=0

2n (z − 1)n

n!
, |z − 1| < ∞.

Ñëåäîâàòåëüíî, â êîëüöå 0 < |z − 1| < ∞ ñïðàâåäëèâî ðàçëîæåíèå

f(z) =
exp(2z + 3)

(z − 1)
=

e5

z − 1
+ e5

∞∑

n=1

2n (z − 1)n−1

n!
=

e5

z − 1
+

+e5 2k+1 (z − 1)k

(k + 1)!
.
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VII. Âû÷èñëèòü èíòåãpàë ∫
L

f(z) dz îò ôóíêöèè êîìïëåêñíîãî àpãóìåíòà f(z)

ïî óêàçàííîìó çàìêíóòîìó êóñî÷íî-ãëàäêîìó
êîíòópó L ïpè ïîìîùè âû÷åòîâ.

à) f(z) =
cos az

z2 (ez + 1)
, ãäå a � âåùåñòâåííûé ÷èñëîâîé ïàpàìåòp, à L = {z :

|z − i/2| = 3}.
Ïîäûíòåãpàëüíàÿ ôóíêöèÿ f(z) =

cos az

z2 (ez + 1)
èìååò â êpóãå |z − i/2| < 3

äâå îñîáûå òî÷êè: z1 = 0 � ïîëþñ âòîpîãî ïîpÿäêà è z2 = π i � ïpîñòîé ïîëþñ.
Ïî òåîpåìå Êîøè î âû÷åòàõ èìååì

∫

L

cos az dz

z2 (ez + 1)
dz = 2π i (resz=0f(z) + resz=πif(z)) .

Íàéäåì âû÷åòû â îñîáûõ òî÷êàõ: resz=0f(z) = lim
z→0

d(z2 f(z))

dz
=

= lim
z→0

d

dz

(
cos az

ez + 1

)
= lim

z→0

−a sin az (ez + 1)− ez cos az

(ez + 1)2
= −1

4
,

resz=πif(z) =

(
cos az

z2
· 1

(ez + 1)′

)∣∣∣∣∣
z=πi

=
cos aπi

(πi)2eπi
=

ch aπ

π2
.

Ñëåäîâàòåëüíî, ∫

L

cos az dz

z2 (ez + 1)
dz = 2π i

(
ch aπ

π2
− 1

4

)
.

á) f(z) = (2z − 1) sin
π z

a(z − 1)
, ãäå a � âåùåñòâåííûé ÷èñëîâîé ïàpàìåòp,

à L = {z : |z| = 2}.
Ôóíêöèÿ f(z) = (2z−1) sin

π z

a(z − 1)
â êðóãå |z| < 2 èìååò îäíó ñóùåñòâåí-

íî îñîáóþ òî÷êó z0 = 1, ïîýòîìó, ïðèìåíèâ òåîðåìó Êîøè î âû÷åòàõ, áóäåì
èìåòü ∫

L

(2z − 1) sin
π z

a(z − 1)
dz = 2πiresz=1f(z).

Äëÿ íàõîæäåíèÿ âû÷åòà â ñóùåñòâåííî îñîáîé òî÷êå íåîáõîäèìî çíàòü ðàçëî-
æåíèå â ðÿä Ëîðàíà ôóíêöèè f(z) â îêðåñòíîñòè òî÷êè z = 1. Çàïèøåì ðÿä
Ëîðàíà â îêðåñòíîñòè òî÷êè z = 1 ôóíêöèè sin

π z

a(z − 1)
:

sin
π z

a(z − 1)
= sin

(
π

a
+

π

a(z − 1)

)
= sin

π

a
cos

π

a(z − 1)
+

+ cos
π

a
sin

π

a(z − 1)
= sin

π

a

(
1− π2

2a2 (z − 1)2
+ . . .

)
+
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+ cos
π

a

(
π

a(z − 1)
− π3

6a3(z − 1)3
+ . . .

)
.

Òîãäà âû÷åò ôóíêöèè f(z) = (2(z − 1) + 1) sin
π z

a(z − 1)
â òî÷êå z = 1 áó-

äåò ðàâåí êîýôôèöèåíòó c−1 ïðè (z − 1)−1 â ýòîì ïðîèçâåäåíèè. Ýòîò êîýô-
ôèöèåíò âîçíèêàåò ïðè óìíîæåíèè ïåðâîãî ñëàãàåìîãî ðàçëîæåíèÿ ôóíêöèè
sin

π z

a(z − 1)
â ðÿä Ëîðàíà íà 2 (z − 1) è âòîðîãî ñëàãàåìîãî ýòîãî ðàçëîæåíèÿ

íà 1 . Îòñþäà èìååì c−1 =
π

a

(
cos

π

a
− π

a
sin

π

a

)
. Ñëåäîâàòåëüíî,

∫

L

(2z − 1) sin
π z

a(z − 1)
dz = 2πi c−1 =

2iπ2

a

(
cos

π

a
− π

a
sin

π

a

)
.

VIII. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë I =
∞∫
0

cos mx

a2x2 + b2
dx, ãäå a, b, m �

âåùåñòâåííûå ÷èñëîâûå ïàðàìåòðû, ïðè÷åì ab > 0, m > 0.

Çàìåòèì, ÷òî I =
1

2

∞∫
−∞

eimx

a2x2 + b2
dx. Òåïåðü âîñïîëüçóåìñÿ òåì, ÷òî äëÿ

íåïðåðûâíîé íà äåéñòâèòåëüíîé îñè (çíàìåíàòåëü íå èìååò âåùåñòâåííûõ êîð-
íåé) ïðàâèëüíîé ðàöèîíàëüíîé ôóíêöèè R (z) ïðè m > 0 ñïðàâåäëèâî

∞∫

−∞
R (x) eimx dx = 2πi

∑

k

resz=zk

(
R (z)eimx

)
,

ãäå ñóììà âû÷åòîâ áåðåòñÿ ïî âñåì ïîëþñàì ôóíêöèè R (z), ðàñïîëîæåííûì â
âåðõíåé ïîëóïëîñêîñòè Im z > 0. Åñëè æå m < 0, òî

∞∫

−∞
R (x) eimx dx = −2π i

∑

k

resz=zk

(
R (z)eimx

)
,

ãäå ñóììà âû÷åòîâ áåðåòñÿ ïî âñåì ïîëþñàì ôóíêöèè R (z), ðàñïîëîæåííûì â
íèæíåé ïîëóïëîñêîñòè Im z < 0 . Òàê êàê â óñëîâèè çàäà÷è m > 0, à â âåðõíåé
ïîëóïëîñêîñòè R (z) = =

1

a2z2 + b2
èìååò åäèíñòâåííûé ïîëþñ ïåðâîãî ïîðÿäêà

z = = i · b

a
, òî

∞∫

−∞

eimx

a2x2 + b2
dx = 2π iresz=ib/af(z) = 2π i

eimz

(a2z2 + b2)′

∣∣∣∣∣
z=ib/a

=

=
π

ab
exp (−bm

a
). Ñëåäîâàòåëüíî, I =

π

2ab
exp

(
−bm

a

)
.
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Ðàñ÷åòíûå çàäàíèÿ

I. Èçîápàçèòü íà êîìïëåêñíîé ïëîñêîñòè ìíîæåñòâî D.
1. D = {z : |z − 4| ≤ 5, |z + i| > 2}.
2. D = {z : |z − 1− i| > √

2, |z − 2− 2i| ≤ 2
√

2}.
3. D = {z : 2 ≤ |z + 2| < 3, −π/2 < z ≤ π/2}.
4. D = {z : 1 < |z + 1− 2i| ≤ 3, π ≤ z < 2π}.
5. D = {z : 1 ≤ |z + 3− 2i| < 4, |z| ≤ 3π/4}.
6. D = {z : 2 < |z + 2 + 4i| ≤ 5, |z| > π/2}.
7. D = {z : |z| > 3 + z, π/2 ≤ z < 2π/3}.
8. D = {z : |z + 2 + 3i| < 3, π ≤ z ≤ 3π/2}.
9. D = {z : |z| ≤ 5, |3π/2− z| < π/3}.

10. D = {z : |z| < 6− z, |z| ≤ 4}.
11. D = {z : |z| ≥ 3− z, |z| > 4}.
12. D = {z : |z| > 3, |z − 4| ≤ 2, −π/2 ≤ z < 0}.
13. D = {z : |z − 1| < 1, z + z ≤ 1}.
14. D = {z : |z + i| ≤ 1, |3π/2− z| < π/3}.
15. D = {z : |z − 3 + 2i| ≤ 2, 0 < (iz) ≤ 1}.
16. D = {z : |z| ≤ 4− z, 0 < z < π}.
17. D = {z : |z| > 1 + z, |z − i| ≤ 2}.
18. D = {z : 1 < |z − 1| ≤ 2, π/4 ≤ z < π/3}.
19. D = {z : |z| ≤ 4 + z, |z − 0,5| < 4}.
20. D = {z : |z − 4− 3i| ≥ 2, z + z < 1}.
21. D = {z : π/4 ≤ z ≤ 3π/4, |(iz)| < 1}.
22. D = {z : |z + 1− i| > √

2, |(iz)| ≤ 1}.
23. D = {z : 1 ≤ |z − 3 + 2i| < 3, (z2) ≥ 2}.
24. D = {z : 2 < |z − 3 + 4i| ≤ 4, z + z > 1}.
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25. D = {z : −3π/4 ≤ z ≤ −π/4,−6 ≤ z ≤ −3}.
26. D = {z : |z| < 2− z, |z + 1| ≤ 2}.
27. D = {z : |z + i| ≥ 1, |z − 3i| < 5}.
28. D = {z : |z + 2− 2i| > 3, π/2 ≤ z < π}.
29. D = {z : |7π/4− z| < π/4, |z − 1| ≤ 2}.
30. D = {z : 0 < (iz) < 2, |z| ≥ π/4}.

II. Âû÷èñëèòü âñå çíà÷åíèÿ ôóíêöèè â óêàçàííîé òî÷êå.
1. 32+ i. 2. i1+ i.

3. (1 + i) . 4. (−2)
√

2.

5. 4 i. 6. (3 + 4i)1+ i.

7.
(

1− i√
2

)1+ i

. 8.
(

1− i√
2

)
.

9. (2− 3i) . 10. (−2− 3i).
11. cos (5− i) . 12. sin (1− 5i).
13. tg (2− i) . 14. sh (−3 + i).
15. exp (exp i). 16. exp(exp(1 + πi/2)).
17. cos (2 + i) . 18. sin (2i).
19. ctg (π/4− iln 2) . 20. cth (2 + i).
21. tg (2− i) . 22. (1 + 2i).

23.
(√

2− i
)
. 24. (1− i).

25. (i) . 26. (2i).
27. (1− i) . 28. 1 + i + sh (1 + i).
29. (2− i) exp (2− i). 30. ch (3− 2i).

III. Íàéòè àíàëèòè÷åñêóþ ôóíêöèþ ïî èçâåñòíîé åå äåéñòâèòåëüíîé èëè
ìíèìîé ÷àñòè.

1. v(x, y) = 2 cos x ch y − x2 + y2, f(0) = 2.

2. v(x, y) = −2 sin (2x) sh (2y) + y, f(0) = 2.

3. v(x, y) = exp
(
−y

2

)
cos

x

2
− y3

3
+ x2y.

4. u(x, y) = sh
y

2
sin

x

2
+ 4(x2 − y2)− 4x + 1.
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5. u(x, y) = ch
y

2
cos

x

2
− 2xy − 2x.

6. v(x, y) = exp (−2y) sin (2x)− x3

3
+ xy2.

7. v(x, y) = − y

x2 + y2
, f(π) =

1

π
.

8. u(x, y) = exp (2y) sin (2x) + 3xy2 − x3.

9. u(x, y) =
x

x2 + y2
.

10. v(x, y) =
x

x2 + y2
.

11. u(x, y) = 2 sin x ch y − x.

12. v(x, y) = 2(ch x sin y − xy), f(0) = 0.

13. u(x, y) = x2 + 2x− y2, f(i) = 2i− 1.

14. v(x, y) = ch
y

3
sin

x

3
+ 2xy + 4y.

15. u(x, y) = sh (2x) cos (2y) + x2 − y2 + 4y − 4.

16. v(x, y) = sh
y

3
cos

x

3
+ 4(x2 − y2)− 4x + 1.

17. u(x, y) = sh 3y cos 3x + 4(x2 − y2) + 4y − 1.

18. v(x, y) = 2(2 sh x sin y + xy), f(0) = 3.

19. v(x, y) = sh
x

2
sin

y

2
− 8xy + 4x.

20. u(x, y) = ch (3y) sin (3x)− 8xy + 4y.

21. v(x, y) = ch (2y) cos (2x) + x2 − y2 − 2y + 1.

22. u(x, y) = 3x2y − y3 + x + 5.

23. v(x, y) = arctg
y

x
, f(1) = 0.

24. u(x, y) = x2 − y2 − x.

25. v(x, y) = ln (x2 + y2) + x− 2y.

26. u(x, y) = 2 exp x cos y + x2y2 − x4 + y4

6
.

27. v(x, y) = 3 + x2 − y2 − y

2(x2 + y2)
.

28. u(x, y) = x2 − y2 + 5x + y − y

x2 + y2
.

29. v(x, y) = sh (2y) sin (2x) + x2 − y2 + 2x− 1.

30. u(x, y) = x3 + 6x2y − 3xy2 − 2y3.
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IV. Âû÷èñëèòü èíòåãpàë ïî çàäàííîé êpèâîé â óêàçàííîì íàïpàâëåíèè.
1.

∫
C

z dz, C � ïîëóîêpóæíîñòü |z − 1| = 1 , z ≥ 0. Íà÷àëî ïóòè
èíòåãpèpîâàíèÿ â òî÷êå z = 2.

2.
∫
C

x dz, C � pàäèóñ-âåêòîp òî÷êè z = 2 + i.

3.
∫
C

x dz, C � ïîëóîêpóæíîñòü |z| = 1, 0 ≤ z ≤ π . Íà÷àëî ïóòè
èíòåãpèpîâàíèÿ â òî÷êå z = 1.

4.
∫
C

x dz, C � îêpóæíîñòü |z− a| = R. Îáõîä êîíòópà â ïîëîæèòåëüíîì
íàïpàâëåíèè.

5.
∫
C

y dz, C � îêpóæíîñòü |z − a| = R. Îáõîä êîíòópà â îòpèöàòåëüíîì
íàïpàâëåíèè.

6.
∫
C

y dz, C � ïîëóîêpóæíîñòü |z| = 1, z ≥ 0. Íà÷àëî ïóòè èíòåãpèpî-
âàíèÿ â òî÷êå z = 1.

7.
∫
C

(z − 1) dz, C � ëîìàíàÿ ABCD ñ âåðøèíàìè A(−2; 0),

B(−1; 1), C(1; 1), D(2; 0).

8.
∫
C

y dz, C � pàäèóñ-âåêòîp òî÷êè z = 2− i.

9.
∫
C

z dz, C � îêpóæíîñòü |z − 2| = 2. Îáõîä êîíòópà â îòpèöàòåëüíîì
íàïpàâëåíèè.

10.
∫
C

z dz, C � ëîìàíàÿ ñ âåpøèíàìè O(0; 0), A(1; 1), B(2; 0).

11.
∫
C

z dz, C � îêpóæíîñòü |z − 2| = 2. Îáõîä êîíòópà â ïîëîæèòåëüíîì
íàïpàâëåíèè.

12.
∫
C

z dz, C � îêpóæíîñòü |z| = R, R = ln R + 2πi. Îáõîä êîíòópà â
îòpèöàòåëüíîì íàïpàâëåíèè.

13.
∫
C

z dz, C � îêpóæíîñòü |z| = R, R = ln R + 2πi. Îáõîä êîíòópà â
ïîëîæèòåëüíîì íàïpàâëåíèè.

14.
∫
C

z dz, C � ïîëóîêpóæíîñòü |z − 1| = 1, z ≥ 1. Íà÷àëî ïóòè èíòå-
ãpèpîâàíèÿ â òî÷êå z = 2.
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15.
∫
C

z dz, C � ïîëóîêpóæíîñòü |z − 1| = 1, z ≥ 0. Íà÷àëî ïóòè èíòå-
ãpèpîâàíèÿ â òî÷êå z = 2.

16.
∫
C

z2 z dz, C � îêpóæíîñòü |z| = 1, 1 = 0. Îáõîä êîíòópà â îòpèöà-
òåëüíîì íàïpàâëåíèè.

17.
∫
C

z dz, C � ëîìàíàÿ ñ âåpøèíàìè O(0; 0), A(1; 1), B(2; 0).

18.
∫
C

z dz, C � îêpóæíîñòü |z − 2| = 3. Îáõîä êîíòópà â ïîëîæèòåëüíîì
íàïpàâëåíèè.

19.
∫
C
|z| dz, C � îêpóæíîñòü |z| = R. Îáõîä êîíòópà â îòpèöàòåëüíîì

íàïpàâëåíèè.

20.
∫
C
|z| dz, C � ëîìàíàÿ ñ âåpøèíàìè O(0; 0), A(1; 1), B(2; 1).

21.
∫
C

z dz, C � ïîëóîêpóæíîñòü |z − 1| = 1, z ≥ 1. Íà÷àëî ïóòè èíòå-
ãpèpîâàíèÿ â òî÷êå z = 1− i.

22.
∫
C
|z| dz, C � ïîëóîêpóæíîñòü |z| = 1, z ≥ 0. Íà÷àëî ïóòè èíòåãpèpî-

âàíèÿ â òî÷êå z = 1.

23.
∫
C
|z| dz, C � ïîëóîêpóæíîñòü |z| = 1, z ≥ 0. Íà÷àëî ïóòè èíòåãpèpî-

âàíèÿ â òî÷êå z = i.

24.
∫
C

z dz, C � ëîìàíàÿ ñ âåpøèíàìè O(0; 0), A(1; 1), B(2; 1).

25.
∫
C

z dz, C � ïîëóîêpóæíîñòü |z − 1| = 1, z ≤ 1. Íà÷àëî ïóòè èíòå-
ãpèpîâàíèÿ â òî÷êå z = 1− i.

26.
∫
C

z dz, C � ëîìàíàÿ OABO ñ âåpøèíàìè O(0; 0), A(1; 1),

B(2; 1).

27.
∫
C

z dz, C � ëîìàíàÿ OABO ñ âåpøèíàìè O(0; 0), A(−1; 1),

B(1; 1).

28.
∫
C

z dz, C � ëîìàíàÿ OABO ñ âåpøèíàìè O(0; 0), A(2; 1),

B(4; 0).

29.
∫
C

(z−z) dz, C � îêpóæíîñòü |z| = 1. Îáõîä êîíòópà â ïîëîæèòåëüíîì
íàïpàâëåíèè.

30.
∫
C
|z| dz, C � pàäèóñ-âåêòîp òî÷êè z = 3− 4i.
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V. Ðàçëîæèòü ôóíêöèþ f(z) â pÿä Òåéëîpà â îêpåñòíîñòè òî÷êè z0 è óêà-
çàòü îáëàñòü, â êîòîpîé pÿä ïpåäñòàâëÿåò äàííóþ ôóíêöèþ.

1. f(z) = 6 sin z3 + z3(z6 − 6), z0 = 0.

2. f(z) = (z + 1)(z2 + 5z + 6)−1, z0 = −1.

3. f(z) = (z + 1)(z − 2)−1, z0 = 1.

4. f(z) = sh z =
1

2
(exp z − exp (−z)), z0 = 0.

5. f(z) = (z − 1)(z + 3)−1, z0 = −1.

6. f(z) = z2(exp(z2)− 1), z0 = 0.

7. f(z) = sh z =
1

2
(exp z − exp (−z)), z0 = 1.

8. f(z) = (3z − 3)(z2 − z − 2)−1, z0 = 1.

9. f(z) = (z + 1)(z − 2)−1, z0 = 0.

10. f(z) = z exp z, z0 = 1.

11. f(z) =
z

z + 2
, z0 = 1.

12. f(z) = z2(1 + z)−2, z0 = 0.

13. f(z) = ch z =
1

2
(exp z + exp (−z)), z0 = 0.

14. f(z) = z (z2 − 2z + 5)−1, z0 = 1.

15. f(z) = z2 exp z, z0 = 1.

16. f(z) = ln
(

1 + z

1− z

)
, z0 = 0.

17. f(z) = cos2 z, z0 = 0.

18. f(z) = (z2 − 3z + 2)−1, z0 = 0.

19. f(z) = sin2 z, z0 = 0.

20. f(z) = (z + 1)(1 + z2)−1, z0 = 0.

21. f(z) = zln (1 + 2z), z0 = 1.

22. f(z) = (3z − 3)(z2 − z − 2)−1, z0 = 0.

23. f(z) = ln (2 + z), z0 = 0.

24. f(z) = ln
(

1− z

1 + z

)
, z0 = 0.

25. f(z) = ch z =
1

2
(exp z + exp (−z)), z0 = 1.
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26. f(z) = sin2 z, z0 = −1.

27. f(z) = exp (2z − 1)− exp 1, z0 = 1.

28. f(z) = sh z =
1

2
(exp z − exp (−z)), z0 = −2.

29. f(z) = sin (2z − z2), z0 = 1.

30. f(z) = z2ln (3− 2z), z0 = 2.

VI. Ðàçëîæèòü ôóíêöèþ f(z) â pÿä Ëîpàíà â óêàçàííîé îáëàñòè.

1. f(z) = z−1(1− z)−1, 0 < |z| < 1.

2. f(z) = (z + 1) exp (−1/z2), 0 < |z| < ∞.

3. f(z) = (3z/2− 1/z) cos(1/z), 0 < |z| < ∞.

4. f(z) = z−1(1− z)−1, 0 < |z − 1| < 1.

5. f(z) = (z − 1) sin(1/z), 0 < |z| < ∞.

6. f(z) =
z2 − 2z + 5

(z − 2) (z2 + 1)
, 1 < |z| < 2.

7. f(z) = (z2 − 3z + 2)−1, 2 < |z| < ∞.

8. f(z) = z2 sin
( 1

z − 1

)
, 0 < |z − 1| < ∞.

9. f(z) = z exp
( 1

1− z

)
, 0 < |z − 1| < ∞.

10. f(z) = 2 (z2 − 6z + 8)−1, 2 < |z| < 4.

11. f(z) = z2 exp(1/z), 0 < |z| < ∞.

12. f(z) = exp
( z

1− z

)
, 0 < |z − 1| < ∞.

13. f(z) = (z2 − 3z + 2)−1, 1 < |z| < 2.

14. f(z) = z−2 cos (z + 1), 0 < |z| < ∞.

15. f(z) = 3 (z2 − 7z + 10)−1, 2 < |z| < 5.

16. f(z) =
z2 − 2z + 5

(z − 2) (z2 + 1)
, 0 < |z − 2| <

√
5.

17. f(z) = 2 (z2 − 6z + 8)−1, 0 < |z − 4| < 2.

18. f(z) = (z − 1)−1 exp z, 0 < |z − 1| < ∞.

19. f(z) = 3 (z2 − 5z + 4)−1, 1 < |z| < 4.
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20. f(z) = (z − 1)−1 exp (z2 − 2z), 0 < |z − 1| < ∞.

21. f(z) = z−1(1− z)−1, |z| > 1.

22. f(z) = z sin
( 1

1− z

)
, 0 < |z − 1| < ∞.

23. f(z) = 2 (z2 − 6z + 8)−1, 0 < |z − 2| < 2.

24. f(z) = z (z − 2)−1, |z| > 2.

25. f(z) = 3 (z2 − 5z + 4)−1, 0 < |z − 1| < 3.

26. f(z) = 9 (z2 − 5z + 4)−1, 0 < |z − 4| < 3.

27. f(z) = 3 (z2 − 7z + 10)−1, 0 < |z − 2| < 3.

28. f(z) = 6 (z2 − 7z + 10)−1, 0 < |z − 5| < 3.

29. f(z) = (z2 − 3z + 2)−1, 0 < |z − 1| < 1.

30. f(z) = (z2 − 3z + 2)−1, 0 < |z − 2| < 1.

VII. Âû÷èñëèòü èíòåãpàë.

1.
∫

L

(z3 + 1) exp
( 1

z + 1

)
dz, L = {z :

x2

9
+

y2

4
= 1}.

2.
∫

L

z + 1

z(z − 1)2 (z − 3)
dz, L = {z : |z| = 2}.

3.
∫

L

dz

z4 + 2z3
, L = {z : |z| = 3}.

4.
∫

L

exp (iz)− 1

z3
dz, L = {z : |z| = 1}.

5.
∫

L

exp z − sin z

z4
dz, L = {z : |z| = 1/3}.

6.
∫

L

sin z

(z3 − z)(z − 1)
dz, L = {z : |z − 1| = 3/2}.

7.
∫

L

z3

z4 − 1
dz, L = {z : |z| = 3/2}.

8.
∫

L

(
z +

1

6

)
exp

( 1

3z

)
dz, L = {z : |z| = 1/2}.
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9.
∫

L

z sin
(

1

1− z

)
dz, L = {z : |z − 1| = 1/2}.

10.
∫

L

(z + 2) exp
(

1

1− z

)
dz, L = {z : |z − 1| = 2}.

11.
∫

L

(z − 5) cos
(

1

z + 1

)
dz, L = {z : |z| = 3}.

12.
∫

L

(z2 − 1) sin
(

1

z − 1

)
dz, L = {z : |z| =

√
2}.

13.
∫

L

dz

(z + 3)(z2 + 1)
, L = {z : |z| = 4}.

14.
∫

L

z2 exp (3/z2)− 1

z
dz, L = {z : |z| =

√
5}.

15.
∫

L

z3 cos (2i/z)dz, L = {z : |z| =
√

2}.

16.
∫

L

dz

z2(z10 − 2)
, L = {z : |z| = 1}.

17.
∫

L

sin z

z(z − 6)2
dz, L = {z : |z| = 10}.

18.
∫

L

2z

1− 2 sin2 z
dz, L = {z : |z| = 1}.

19.
∫

L

z2 + sin z + 2

z3 + z2π
dz, L = {z : |z| = 2}.

20.
∫

L

sin z

z2(z − 8)
dz, L = {z :

x2

16
+

y2

9
= 1}.

21.
∫

L

exp
(
3/z2

)
(z3 − z)dz, L = {z : |z| =

√
3}.

22.
∫

L

(z2 + 1) exp (−1/z)dz, L = {z : |z| = 2}.

23.
∫

L

dz

(z2 + 4)2
, L = {z : |z − 2i| = 2}.

24.
∫

L

z + 1

(z − 1)(z − 2)(z − 3)
dz, L = {z : |z| = 5/2}.

25.
∫

L

z2

(z2 + 1)(z − 5)
dz, L = {z : |z| = 3}.
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26.
∫

L

exp
(

z

z + 2

)
dz, L = {z : |z + 2| = 1}.

27.
∫

L

(z − 2) exp
(

1

z − 1

)
dz, L = {z : |z| = 3}.

28.
∫

L

dz

z4 + 1
, L = {z : |z − 1| = 1}.

29.
∫

L

dz

(z − 1)(z − 2)2
, L = {z : |z − 2| = 1/2}.

30.
∫

L

(z + i) exp (2/z)dz, L = {z : |z| = 2}.
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VIII. Âû÷èñëèòü èíòåãpàë.

1.

+∞∫

0

x sin(ax)

x2 + 3
dx, a > 0.

2.

+∞∫

−∞

x cos (ax)

x2 − 2x + 5
dx, a < 0.

3.

+∞∫

−∞

x sin (ax)

x2 + 2x + 10
dx, a > 0.

4.

+∞∫

0

x sin (ax)

x2 + 7
dx, a < 0.

5.

+∞∫

0

cos (ax)

x2 + 11
dx, a < 0.

6.

+∞∫

−∞

x cos (ax)

x2 + 2x + 5
dx, a > 0.

7.

+∞∫

0

x sin (ax)

x2 + 11
dx, a < 0.

8.

+∞∫

−∞

x cos (ax)

x2 + 2x + 2
dx, a > 0.

9.

+∞∫

−∞

x sin (ax)

x2 − 4x + 8
dx, a > 0.

10.

+∞∫

−∞

cos (ax)

x2 + 2
dx, a < 0.

11.

+∞∫

0

x sin (ax)

x2 + 5
dx, a < 0.

12.

+∞∫

−∞

x cos (ax)

x2 − 2x + 10
dx, a < 0.

13.

+∞∫

−∞

cos (ax)

x2 + 6x− 10
dx, a < 0.

14.

+∞∫

0

cos (ax)

b2x2 + 10
dx, a > 0.
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15.

+∞∫

−∞

x cos (ax)

x2 + 4x + 8
dx, a > 0.

16.

+∞∫

−∞

x sin (ax)

x2 − 2x + 17
dx, a < 0.

17.

+∞∫

−∞

x sin (ax)

x2 − 4x + 5
dx, a > 0.

18.

+∞∫

−∞

cos (ax)

x2 + 4x + 5
dx, a < 0.

19.

+∞∫

−∞

x cos (ax)

x2 − 4x + 20
dx, a > 0.

20.

+∞∫

0

x sin(ax)

x2 + 12
dx, a < 0.

21.

+∞∫

0

cos (ax)

b2x2 + 13
dx, a < 0.

22.

+∞∫

−∞

x sin (ax)

x2 + 2x + 2
dx, a > 0.

23.

+∞∫

−∞

x cos (ax)

x2 − 2x + 2
dx, a < 0.

24.

+∞∫

0

x sin (ax)

x2 + 8
dx, a < 0.

25.

+∞∫

−∞

cos (ax)

x2 − 8x + 17
dx, a > 0.

26.

+∞∫

−∞

x sin (ax)

x2 + 8x + 17
dx, a > 0.

27.

+∞∫

−∞

x cos (ax)

x2 + 4x + 13
dx, a < 0.

28.

+∞∫

−∞

x sin (ax)

x2 − 10x + 26
dx, a > 0.
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29.

+∞∫

−∞

x cos (ax)

x2 + 10x + 26
dx, a > 0.

30.

+∞∫

−∞

sin (ax)

x2 − 2x + 2
dx, a < 0.
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