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Ââåäåíèå

Äèñöèïëèíà ¾Ìàòåìàòèêà¿ îòíîñèòñÿ ê öèêëó îáùåíàó÷íûõ äèñöèïëèí.
Öåëü êóðñà � ôîðìèðîâàíèå íàó÷íîãî ìèðîâîççðåíèÿ ó ñòóäåíòîâ, ïðèîá-
ðåòåíèå èìè ìàòåìàòè÷åñêèõ çíàíèé, óìåíèé è íàâûêîâ, íåîáõîäèìûõ äëÿ
èçó÷åíèÿ äðóãèõ îáùåíàó÷íûõ è ñïåöèàëüíûõ äèñöèïëèí, à òàêæå ñàìîñòî-
ÿòåëüíîãî èçó÷åíèÿ ñïåöèàëüíîé ëèòåðàòóðû. Èçó÷åíèå êóðñà íåîáõîäèìî
äëÿ ôîðìèðîâàíèÿ ñïîñîáíîñòè ìàòåìàòè÷åñêîãî èññëåäîâàíèÿ ïðèêëàä-
íûõ çàäà÷, ïðàâèëüíîãî èñòîëêîâàíèÿ è îöåíêè ïîëó÷àåìûõ ðåçóëüòàòîâ,
à òàêæå ôîðìèðîâàíèÿ íàâûêîâ ñàìîñòîÿòåëüíîé èññëåäîâàòåëüñêîé ðàáî-
òû.

Â äàííîì ó÷åáíîì ïîñîáèè ïðåäñòàâëåíû òðè êîíòðîëüíûõ ðàáîòû òðå-
òüåãî ñåìåñòðà ïî ñëåäóþùèì ðàçäåëàì:

• Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ;

• ×èñëîâûå ðÿäû;

• Ôóíöèîíàëüíûå ðÿäû.

Äëÿ êàæäîé ðàáîòû óêàçûâàåòñÿ ñîäåðæàíèå äàííîé ðàáîòû, âàðèàíòû
çàäàíèé è ïðèìåðû ðåøåíèÿ.

Óêàçàíèÿ ïî âûïîëíåíèþ êîíòðîëüíûõ ðàáîò

Êîíòðîëüíàÿ ðàáîòà ìîæåò áûòü íàïèñàíà îò ðóêè íà ëèñòàõ ôîðìàòà
À4 èëè ïðåäñòàâëåíà â ðàñïå÷àòàííîì âèäå. Ëèñòû äîëæíû áûòü ñêðåïëå-
íû ñòåïëåðîì, ïðè÷åì êàæäàÿ êîíòðîëüíàÿ ðàáîòà ñäàåòñÿ îòäåëüíî. Ðàáî-
òà ìîæåò áûòü íàïèñàíà îò ðóêè â òåòðàäè. Â ýòîì ñëó÷àå êàæäàÿ ðàáîòà
ñäàåòñÿ â îòäåëüíîé òåòðàäè.

Íà òèòóëüíîì ëèñòå óêàçûâàåòñÿ ïîëíîå íàçâàíèå óíèâåðñèòåòà, ôàêóëü-
òåò, êàôåäðà, ôàìèëèÿ, èìÿ, îò÷åñòâî ñòóäåíòà, íîìåð ó÷åáíîé ãðóïïû,
íîìåð êîíòðîëüíîé ðàáîòû, íîìåð âàðèàíòà, ôàìèëèÿ è èíèöèàëû ïðåïî-
äàâàòåëÿ, ïðîâåðÿþùåãî ðàáîòó, ãîä è ñòàâèòñÿ ëè÷íàÿ ïîäïèñü ñòóäåíòà.

Ðàáîòà ñ÷èòàåòñÿ âûïîëíåííîé, åñëè âñå çàäà÷è ðåøåíû âåðíî. Åñëè â
ðåøåíèè êàêîé-ëèáî çàäà÷è äîïóùåíà îøèáêà, òî ñòóäåíò äîëæåí ñäåëàòü
ðàáîòó íàä îøèáêàìè (çàíîâî ðåøèòü çàäà÷ó). Ðàáîòà íàä îøèáêàìè äîëæ-
íà ðàñïîëàãàòüñÿ ïîñëå çàïèñè ðåøåíèÿ ïîñëåäíåé çàäà÷è êîíòðîëüíîé ðà-
áîòû.
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Ñòóäåíò ñàìîñòîÿòåëüíî âûáèðàåò âàðèàíò êîíòðîëüíîé ðàáîòû â ñîîò-
âåòñòâèè ñ íà÷àëüíîé áóêâîé ñâîåé ôàìèëèè.

Áóêâà Íîìåð âàðèàíòà

À 1

Á 2

Â 3

Ã 4

Ä 5

Å, � 6

Æ 7

Ç 8

È, É 9

Ê 10

Ë 11

Ì 12

Í 13

Î 14

Ï 15

Ð 16

Ñ 17

Ò 18

Ó 19

Ô 20

Õ 21

Ö, Þ 22

× 23

Ø,Ù 24

Ý, ß 25
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1 Îñíîâíûå ñâåäåíèÿ î äèôôåðåíöèàëüíûõ óðàâíå-

íèÿõ

1.1 Îáùèå ñâåäåíèÿ

Îïðåäåëåíèå. Äèôôåðåíöèàëüíûì óðàâíåíèåì íàçûâàåòñÿ óðàâíåíèå,
ñîäåðæàùåå íåçàâèñèìûå ïåðåìåííûå, íåèçâåñòíóþ ôóíêöèþ è å¼ ïðîèç-
âîäíûå èëè äèôôåðåíöèàëû. Åñëè íåçàâèñèìàÿ ïåðåìåííàÿ îäíà, òî äèô-
ôåðåíöèàëüíîå óðàâíåíèå íàçûâàåòñÿ îáûêíîâåííûì äèôôåðåíöèàëüíûì
óðàâíåíèåì, åñëè íåçàâèñèìûõ ïåðåìåííûõ íåñêîëüêî, òî äèôôåðåíöèàëü-
íîå óðàâíåíèå íàçûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì â ÷àñòíûõ ïðî-
èçâîäíûõ.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ øèðîêî èñïîëüçóþòñÿ â ôèçèêå, õèìèè,
òåõíèêå è ýêîíîìèêå. Ìíîãèå çàêîíû ïðèðîäû ìîæíî âûðàçèòü äèôôåðåí-
öèàëüíûìè óðàâíåíèÿìè, íàïðèìåð: âòîðîé çàêîí Íüþòîíà, çàêîí ðàäèî-
àêòèâíîãî ðàñïàäà, óðàâíåíèÿ õèìè÷åñêîé êèíåòèêè è ò. ä.

Îïðåäåëåíèå. Ïîðÿäîê ñòàðøåé ïðîèçâîäíîé, âõîäÿùåé â äèôôåðåíöè-
àëüíîå óðàâíåíèå, íàçûâàåòñÿ ïîðÿäêîì äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Îïðåäåëåíèå. Îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì n-îãî ïî-
ðÿäêà íàçûâàåòñÿ óðàâíåíèå âèäà

F (x, y, y′, y′′, . . . , y(n)) = 0 ,

â ýòîì óðàâíåíèè x � íåçàâèñèìàÿ ïåðåìåííàÿ, y(x) � íåèçâåñòíàÿ ôóíê-
öèÿ, à y′, y′′, . . . , y(n) � å¼ ïðîèçâîäíûå, F � çàäàííàÿ ôóíêöèÿ (n+ 2) -õ
àðãóìåíòîâ.

Îïðåäåëåíèå. Îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì n-îãî ïî-
ðÿäêà, ðàçðåø¼ííûì îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé íàçûâàåòñÿ óðàâ-
íåíèå âèäà

y(n) = f(x, y, y′, . . . , y(n−1)) ,

ãäå f � çàäàííàÿ ôóíêöèÿ (n+ 1)-ãî àðãóìåíòà.

Îïðåäåëåíèå. Ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ íàçûâàåòñÿ âñÿ-
êàÿ ôóíêöèÿ y = φ(x), èìåþùàÿ ïðîèçâîäíûå äî ïîðÿäêà n âêëþ÷èòåëüíî,
è îáðàùàþùàÿ ýòî óðàâíåíèå â òîæäåñòâî.

Îïðåäåëåíèå. Ãðàôèê ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ íàçûâà-
åòñÿ èíòåãðàëüíîé êðèâîé.

5



Îïðåäåëåíèå. Ïðîöåññ íàõîæäåíèÿ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ íàçûâàåòñÿ èíòåãðèðîâàíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

1.2 Äèôôåðåíöèàëüíûå óðàâíåíèÿ 1-ãî ïîðÿäêà. Çàäà÷à Êîøè.

Êëàññèôèêàöèÿ ðåøåíèé

Ñàìûé îáùèé âèä äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà:

F (x, y, y′) = 0,

íî, êàê ïðàâèëî, ðàññìàòðèâàþòñÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ ðàçðå-
øåííûå îòíîñèòåëüíî ïðîèçâîäíîé:

y′ = f(x, y), (1)

êîòîðûå ìîãóò áûòü ïðåäñòàâëåíû òàêæå ¾â äèôôåðåíöèàëàõ¿:

P (x, y)dx+Q(x, y)dy = 0,

ãäå x � íåçàâèñèìàÿ ïåðåìåííàÿ, y(x) � íåèçâåñòíàÿ ôóíêöèÿ, F , f , P ,
Q � çàäàííûå ôóíêöèè.

Îïðåäåëåíèå. Ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ 1-ãî ïîðÿäêà íà-
çûâàåòñÿ ëþáàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ y = φ(x), îáðàùàþùàÿ ýòî
óðàâíåíèå â òîæäåñòâî.

Îïðåäåëåíèå. Íà÷àëüíûìè óñëîâèÿìè äëÿ äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ 1-ãî ïîðÿäêà íàçûâàåòñÿ ðàâåíñòâî:

y(x0) = y0, (2)

òî åñòü ïðè çíà÷åíèè íåçàâèñèìîé ïåðåìåííîé x0 èíòåðåñóþùàÿ âàñ ôóíê-
öèÿ äîëæíà ïðèíèìàòü çíà÷åíèå y0.

Îïðåäåëåíèå. Çàäà÷åé Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ 1-ãî ïî-
ðÿäêà íàçûâàåòñÿ çàäà÷à íàõîæäåíèÿ òàêîãî ðåøåíèÿ y = φ(x) óðàâíå-
íèÿ (1), êîòîðîå óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ (2), òî åñòü φ(x0) = y0.

Ñ ãåîìåòðè÷åñêîé òî÷êè çðåíèÿ � ýòî íàõîæäåíèå èíòåãðàëüíîé êðèâîé,
ïðîõîäÿùåé ÷åðåç òî÷êó ñ çàäàííûìè êîîðäèíàòàìè (x0, y0).

Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè.
Åñëè â äèôôåðåíöèàëüíîì óðàâíåíèè (1) ôóíêöèÿ f(x, y) è åå ïðîèç-

âîäíàÿ f ′
y(x, y) íåïðåðûâíû â îáëàñòè D ⊂ R2, òî äëÿ ∀ (·)(x0, y0) ∈ D

6



ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå y = φ(x) óäîâëåòâîðÿþùåå íà÷àëüíîìó
óñëîâèþ φ(x0) = y0.

Îïðåäåëåíèå. Îáùèì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ 1-ãî ïî-
ðÿäêà âèäà (1), ãäå ôóíêöèÿ f îïðåäåëåíà â îáëàñòè D, â êàæäîé òî÷-
êå êîòîðîé âûïîëíåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîéòè ðåøåíèÿ
çàäà÷è Êîøè, íàçûâàåòñÿ ôóíêöèÿ y = φ(x,C), óäîâëåòâîðÿþùàÿ äâóì
óñëîâèÿì:

1) y = φ(x,C) � ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïðè ëþáîì
äîïóñòèìîì çíà÷åíèè ïîñòîÿííîé C;

2) äëÿ ëþáîé òî÷êè (x0, y0) îáëàñòèD ñóùåñòâóåò åäèíñòâåííîå çíà÷åíèå
C = C0, ïðè êîòîðîì y = φ(x,C0) óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ, ò.å.
φ(x0, C0) = y0.

Îïðåäåëåíèå. ×àñòíûì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ 1-ãî
ïîðÿäêà íàçûâàåòñÿ ðåøåíèå, â êàæäîé òî÷êå êîòîðîãî âûïîëåíû óñëîâèÿ
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè. ×àñòíîå ðåøåíèå
ïîëó÷àåòñÿ èç îáùåãî ðåøåíèÿ y = φ(x,C) ïîäñòàíîâêîé êîíêðåòíîãî çíà-
÷åíèÿ ïðîèçâîëüíîé ïîñòîÿííîé C = C0.

Îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ 1-ãî ïîðÿäêà èíîãäà íà-
õîäèòñÿ â íåÿâíîé ôîðìå:

Φ(x, y, C) = 0,

êîòîðóþ íàçûâàþò îáùèì èíòåãðàëîì äèôôåðåíöèàëüíîãî óðàâíåíèÿ 1-
ãî ïîðÿäêà.

Íåÿâíîå çàäàíèå ÷àñòíîãî ðåøåíèÿ

Φ(x, y, C0) = 0

íàçûâàþò ÷àñòíûì èíòåãðàëîì.

Îïðåäåëåíèå. Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ, â êàæäîé òî÷êå
êîòîðîãî íàðóøàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè, íàçûâàåòñÿ
îñîáûì.

1.3 Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåí-

íûìè

Îïðåäåëåíèå. Äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ðàçäåëåííûìè ïåðåìåí-
íûìè íàçûâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

P (x)dx = Q(y)dy. (3)
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Åãî îáùèé èíòåãðàë èìååò âèä∫
P (x) dx+ C =

∫
Q(y) dy.

Îïðåäåëåíèå. Äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðå-
ìåííûìè íàçûâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

P1(x)Q1(y)dx = P2(x)Q2(y)dy (4)

èëè âèäà

P1(x)Q1(y) = P2(x)Q2(y)y
′. (5)

Äèôôåðåíöèàëüíîå óðàâíåíèå (5) ñâîäèòñÿ ê äèôôåðåíöèàëüíîìó óðàâíå-
íèþ (3) çàìåíîé y′ = dy

dx è äîìíîæåíèåì îáåèõ ÷àñòåé óðàâíåíèÿ íà dx.
Äèôôåðåíöèàëüíîå óðàâíåíèå (4) ñâîäèòñÿ ê äèôôåðåíöèàëüíîìó óðàâíå-
íèþ ñ ðàçäåëåííûìè ïåðåìåííûìè (3) ïóòåì äåëåíèÿ îáåèõ ÷àñòåé óðàâíå-
íèÿ (4) íà ïðîèçâåäåíèå P2(x) ·Q1(y), òàêèì îáðàçîì äëÿ îáùåãî èíòåãðàëà
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4) ïîëó÷èì ôîðìóëó∫

P1(x)

P2(x)
dx+ C =

∫
Q2(y)

Q1(y)
dy.

Îòìåòèì, ÷òî â ðåçóëüòàòå äåëåíèÿ ìîãóò áûòü ïîòåðÿíû ðåøåíèÿ y = yi
èëè x = xj, ãäå yi � êîðíè Q1(y), à xj � êîðíè P2(x).

1.4 Îäíîðîäíûå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà

Îïðåäåëåíèå. Ôóíêöèÿ f(x, y) íàçûâàåòñÿ îäíîðîäíîé ôóíêöèåé ïîðÿäêà
k, åñëè âûïîëíÿåòñÿ ðàâåíñòâî

f(αx, αy) = αk · f(x, y).

Îïðåäåëåíèå. Îäíîðîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì íàçûâàåòñÿ
äèôôåðåíöèàëüíîå óðàâíåíèå îäíîãî èç äâóõ âèäîâ:

P (x, y) dx+Q(x, y) dy = 0, (6)

ãäå P (x, y) è Q(x, y) � îäíîðîäíûå ôóíêöèè îäèíàêîâîãî ïîðÿäêà, èëè

y′ = F
(y
x

)
. (7)
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Ìåòîä ðåøåíèÿ îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Çàìåíîé ïåðåìåííîé

y = z · x, y′ = z′ · x+ z èëè dy = xdz + zdx

îäíîðîäíîå óðàâíåíèå ïðèâîäèòñÿ ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðå-
ìåííûìè.

1.5 Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà

Îïðåäåëåíèå. Ëèíåéíûì íåîäíîðîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì
(ËÍÄÓ) ïåðâîãî ïîðÿäêà íàçûâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå âèäà:

y′ + p(x)y = q(x). (8)

Îïðåäåëåíèå. Ëèíåéíûì îäíîðîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì
(ËÎÄÓ) ïåðâîãî ïîðÿäêà íàçûâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå âèäà:

y′ + p(x)y = 0. (9)

Ìåòîä âàðèàöèè ïðîèçâîëüíîé ïîñòîÿííîé (ìåòîä Ëàãðàíæà) ðåøåíèÿ ëè-
íåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (ËÍÄÓ)

Ýòîò ìåòîä ïîçâîëÿåò ñâåñòè ðåøåíèå ËÍÄÓ ê ïîñëåäîâàòåëüíîìó ðå-
øåíèþ äâóõ óðàâíåíèé ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

1) Íà ïåðâîì ýòàïå ðåøàåì ñîîòâåòñòâóþùåå ËÎÄÓ:

dy

dx
+ p (x)y = 0 ⇒ dy = −p (x)y dx ⇒ dy

y
= −p (x) dx.

Ïðîèíòåãðèðóåì îáå ÷àñòè ðàâåíñòâà è ïîñòîÿííóþ âîçüìåì â âèäå ln |C|:

ln |y| = −P (x) + ln |C|

çäåñü P (x) � ïåðâîîáðàçíàÿ ôóíêöèè p(x).

ln
∣∣∣ y
C

∣∣∣ = −P (x) ⇒ y = Ce−P (x) � îáùåå ðåøåíèå ËÎÄÓ.

2) Íà âòîðîì ýòàïå áóäåì èñêàòü îáùåå ðåøåíèå ËÍÄÓ â âèäå:

y = C(x) · e−P (x), (10)
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ãäå C(x) � íåèçâåñòíàÿ ôóíêöèÿ, êîòîðóþ íàéäåì ïîäñòàâëÿÿ âûðàæå-
íèå (10) â óðàâíåíèå (8). Äèôôåðåíöèðóÿ (10), íàéäåì:

y′ = C ′(x) · e−P (x) + C(x) · e−P (x) · (−p (x)),

ñ ó÷¼òîì ðàâåíñòâà P ′(x) = p(x). Â ðåçóëüòàòå óðàâíåíèå (8) ïðåâðàùàåòñÿ
â óðàâíåíèå äëÿ C(x):

C ′(x) · e−P (x) − p(x)C(x) · e−P (x) + p (x)C(x) · e−P (x) = q(x)

⇒ C ′(x) · e−P (x) = q(x) ⇒ C ′(x) = q(x) · e−P (x)

C(x) =

∫
q(x) · eP (x) dx+ C1.

Ïîäñòàâèâ íàéäåííîå âûðàæåíèå äëÿ C(x) â ôîðìóëó (10) ïîëó÷èì îáùåå
ðåøåíèå óðàâíåíèÿ (8):

y = e−P (x)

∫
q(x) · eP (x) dx+ C1e

−P (x),

çäåñü ïåðâîå ñëàãàåìîå � ÷àñòíîå ðåøåíèå ËÍÄÓ (8), à âòîðîå � îáùåå
ðåøåíèå ËÎÄÓ (9).

1.6 Äèôôåðåíöèàëüíûå óðàâíåíèÿ â ïîëíûõ äèôôåðåíöèàëàõ

Îïðåäåëåíèå. Äèôôåðåíöèàëüíûì óðàâíåíèåì â ïîëíûõ äèôôåðåíöèà-
ëàõ íàçûâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

P (x, y)dx+Q(x, y)dy = 0, (11)

åñëè ñóùåñòâóåò ôóíêöèÿ u(x, y) òàêàÿ, ÷òî

du =
∂u

∂x
dx+

∂u

∂y
dy = P (x, y)dx+Q(x, y)dy. (12)

Òåîðåìà. Äëÿ òîãî ÷òîáû äèôôåðåíöèàëüíîå óðàâíåíèå (12), ãäå ôóíê-
öèè P (x, y), Q(x, y) è èõ ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà îïðåäåëå-
íû è íåïðåðûâíû â îäíîñâÿçíîé îáëàñòè D, ÿâëÿëîñü äèôôåðåíöèàëüíûì
óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ â ýòîé îáëàñòè íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû â ýòîé îáëàñòè âûïîëíÿëîñü ðàâåíñòâî

∂P

∂y
=

∂Q

∂x
. (13)
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Çàïèñàâ äèôôåðåíöèàëüíîå óðàâíåíèå (11) êàê ðàâåíñòâî íóëþ ïîëíîãî
äèôôåðåíöèàëà â îáëàñòè D :

du(x, y) = 0,

ìû ïîëó÷àåì åãî îáùèé èíòåãðàë â âèäå

u(x, y) = C.

Ôóíêöèÿ u ìîæåò áûòü íàéäåíà èç ðåøåíèÿ ñèñòåìû
∂u

∂x
= P

∂u

∂y
= Q.

èëè ïî ôîðìóëàì

u(x, y) =

∫ x

x0

P (t, y) dt+

∫ y

y0

Q(x0, t) dt =

∫ x

x0

P (t, y0) dt+

∫ y

y0

Q(x, t) dt,

ãäå òî÷êà (x0, y0) ïðèíàäëåæèò îáëàñòè D.
Çàäà÷à Êîøè. Èç òåîðåìû î ñóùåñòâîâàíèè íåÿâíîé ôóíêöèè îïðåäåëÿ-

åìîé óðàâíåíèåì u(x, y) = C, ñëåäóåò, ÷òî åñëè â òî÷êå (x0, y0) âûïîëíÿåòñÿ
óñëîâèå P 2(x0, y0) +Q2(x0, y0) > 0, òî â íåêîòîðîé îêðåñòíîñòè ýòîé òî÷êè
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (11) y = f(x) èëè x = g(y), òàêîå ÷òî ëèáî y0 = f(x0) ëèáî
x0 = g(y0).

1.7 Äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ. Çàäà÷à

Êîøè

Îïðåäåëåíèå. Äèôôåðåíöèàëüíûì óðàâíåíèåì ïîðÿäêà n íàçûâàåòñÿ óðàâ-
íåíèå âèäà

F (x, y, y′, . . . , y(n)) = 0,

ãäå x � íåçàâèñèìàÿ ïåðåìåííàÿ, y(x) � íåèçâåñòíàÿ ôóíêöèÿ, F � çàäàí-
íàÿ ôóíêöèÿ.

Îïðåäåëåíèå. Äèôôåðåíöèàëüíûì óðàâíåíèåì ïîðÿäêà n, ðàçðåøåííûì
îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé, íàçûâàåòñÿ óðàâíåíèå âèäà

y(n) = f(x, y, y′, . . . , y(n−1)) (14)
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ãäå x � íåçàâèñèìàÿ ïåðåìåííàÿ, y(x) � íåèçâåñòíàÿ ôóíêöèÿ, f � çàäàí-
íàÿ ôóíêöèÿ.

Îïðåäåëåíèå. Ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïîðÿäêà n íàçû-
âàåòñÿ ôóíêöèÿ, èìåþùàÿ íåïðåðûâíûå ïðîèçâîäíûå äî ïîðÿäêà n âêëþ-
÷èòåëüíî è îáðàùàþùàÿ ýòî óðàâíåíèå â òîæäåñòâî.

Îïðåäåëåíèå. Íà÷àëüíûìè óñëîâèÿìè äëÿ äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ ïîðÿäêà n íàçûâàþòñÿ óñëîâèÿ âèäà

y(x0) = y0

y′(x0) = y′0
· · · · · ·

y(n−1)(x0) = y
(n−1)
0

(15)

Îïðåäåëåíèå. Çàäà÷åé Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïîðÿäêà
n íàçûâàåòñÿ çàäà÷à íàõîæäåíèÿ òàêîãî åãî ðåøåíèÿ y = φ(x), êîòîðîå
óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì (15).

Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (14).

Åñëè â äèôôåðåíöèàëüíîì óðàâíåíèè (14) ôóíêöèÿ f è åå ÷àñòíûå ïðî-
èçâîäíûå: f ′

y, f
′
y′, . . . , f

′
y(n−1) îïðåäåëåíû è íåïðåðûâíû â îáëàñòè D ⊂ Rn+1,

òî äëÿ ëþáîé òî÷êè

(x0 , y0 , y
′
0 , . . . , y

(n−1)
0 ) ∈ D

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè (14), (15), òî åñòü ñóùå-
ñòâóåò åäèíñòâåííîå ðåøåíèå y = φ(x), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëî-
âèÿì (15):

φ(x0) = y0, φ′(x0) = y′0, . . . , φn−1(x0) = y
(n−1)
0 .

Îïðåäåëåíèå. Îáùèì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïîðÿäêà
n â îáëàñòè D íàçûâàåòñÿ ôóíêöèÿ

y = φ(x,C1 , C2 , . . . , Cn)

óäîâëåòâîðÿþùàÿ äâóì óñëîâèÿì:

1. Ýòà ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïðè
ëþáûõ C1 , C2 , . . . , Cn.
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2. Äëÿ ëþáûõ íà÷àëüíûõ óñëîâèé (15), òàêèõ ÷òî

(x0 , y0 , y
′
0 , . . . , y

(n−1)
0 ) ∈ D,

ñóùåñòâóåò åäèíñòâåííûé íàáîð ïîñòîÿííûõ C0
1 , C

0
2 , . . . , C

0
n , äëÿ êî-

òîðîãî ðåøåíèå
y = φ(x,C0

1 , C
0
2 , . . . , C

0
n)

óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì (15).

Îïðåäåëåíèå. ×àñòíûì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïîðÿä-
êà n íàçûâàåòñÿ ëþáàÿ ôóíêöèÿ y = φ(x,C0

1 , C
0
2 , . . . , C

0
n) , êîòîðàÿ ïîëó-

÷àåòñÿ èç îáùåãî ðåøåíèÿ

y = φ(x,C1 , C2 , . . . , Cn)

ïðè êîíêðåòíîì íàáîðå çíà÷åíèé ïîñòîÿííûõ

C1 = C0
1 , C2 = C0

2 , . . . , Cn = C0
n.

1.8 Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ n -ãî ïîðÿäêà

Îáîçíà÷èì Cn(a, b) � ìíîæåñòâî âñåõ ôóíêöèé n ðàç íåïðåðûâíî äèô-
ôåðåíöèðóåìûõ íà ïðîìåæóòêå (a, b), à C(a, b) � ìíîæåñòâî âñåõ ôóíêöèé
íåïðåðûâíûõ íà (a, b).

Îïðåäåëåíèå. Åñëè ôóíêöèè a1(x), a2(x), . . . , an(x) îïðåäåëåíû è íåïðå-
ðûâíû íà ïðîìåæóòêå (a, b), òî îòîáðàæåíèå y → Ly ìíîæåñòâà Cn(a, b) â
C(a, b), îñóùåñòâëÿåìîå ïî ôîðìóëå

Ly = y(n) + a1(x)y
(n−1) + · · ·+ an−1(x)y

′ + an(x)y (16)

íàçûâàåòñÿ ëèíåéíûì äèôôåðåíöèàëüíûì îïåðàòîðîì (ËÄÎ).

Îïðåäåëåíèå. Ëèíåéíûì íåîäíîðîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì
(ËÍÄÓ) ïîðÿäêà n íàçûâàåòñÿ óðàâíåíèå âèäà

Ly = f(x) , (17)

ãäå Ly îïðåäåëåíî ôîðìóëîé (16). Ôóíêöèÿ f(x) íàçûâàåòñÿ ïðàâîé ÷àñòüþ
ËÍÄÓ, à ôóíêöèè ai(x) êîýôôèöèåíòàìè ËÍÄÓ.

Îïðåäåëåíèå. Ëèíåéíûì îäíîðîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì
(ËÎÄÓ) ïîðÿäêà n íàçûâàåòñÿ óðàâíåíèå âèäà

Ly = 0,
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îíî ïîëó÷àåòñÿ èç óðàâíåíèÿ (17) ïðè f(x) ≡ 0 íà ïðîìåæóòêå (a, b).

Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ
ËÍÄÓ.

Åñëè âñå êîýôôèöèåíòû ai(x) è ïðàâàÿ ÷àñòü f(x) ËÍÄÓ (17) íåïðå-
ðûâíû íà (a, b), òî äëÿ ëþáûõ íà÷àëüíûõ óñëîâèé

y(x0) = y0

y′(x0) = y′0
· · · · · ·

y(n−1)(x0) = y
(n−1)
0

òàêèõ ÷òî x0 ∈ (a, b), ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè äëÿ
ËÍÄÓ (17).

Îïðåäåëåíèå. Ñèñòåìà ôóíêöèé: y1(x), y2(x), . . . , yn(x) íàçûâàåòñÿ ëè-
íåéíî çàâèñèìîé íà ïðîìåæóòêå (a, b), åñëè ñóùåñòâóåò íåòðèâèàëüíàÿ
ëèíåéíàÿ êîìáèíàöèÿ ýòèõ ôóíêöèé òîæäåñòâåííî ðàâíàÿ íóëþ íà ýòîì
ïðîìåæóòêå, èíà÷å ãîâîðÿ, åñëè ñóùåñòâóþò ÷èñëà c1, c2, . . . , cn òàêèå ÷òî

n∑
i=1

c2i > 0

n∑
i=1

ci · yi(x) ≡ 0 ∀x ∈ (a, b). (18)

Îïðåäåëåíèå. Ñèñòåìà ôóíêöèé: y1(x), y2(x), . . . , yn(x) íàçûâàåòñÿ ëè-
íåéíî íåçàâèñèìîé íà ïðîìåæóòêå (a, b), åñëè ðàâåíñòâî (18) âåðíî òîëü-
êî ïðè óñëîâèè

c1 = c2 = · · · = cn = 0.

Îïðåäåëåíèå. Îïðåäåëèòåëåì Âðîíñêîãî ñèñòåìû ôóíêöèé

y1(x), y2(x), . . . , yn(x)

äèôôåðåíöèðóåìûõ íà ïðîìåæóòêå (a, b) ïî êðàéíåé ìåðå n− 1 ðàç íàçû-
âàåòñÿ îïðåäåëèòåëü âèäà

W (x) =

∣∣∣∣∣∣∣∣∣
y1(x) y2(x) · · · yn(x)
y′1(x) y′2(x) · · · y′n(x)
· · · · · · · · · · · ·

y
(n−1)
1 (x) y

(n−1)
2 (x) · · · y

(n−1)
n (x)

∣∣∣∣∣∣∣∣∣
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Òåîðåìà (íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ëèíåéíîé íåçàâèñèìîñòè
ðåøåíèé ËÎÄÓ).

Äëÿ òîãî ÷òîáû ðåøåíèÿ ËÎÄÓ n-îãî ïîðÿäêà yi(x), i = 1, . . . , n áûëè
ëèíåéíî íåçàâèñèìû íà (a, b), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû W (x) ̸= 0
äëÿ ∀x ∈ (a, b).

Îïðåäåëåíèå. Ôóíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé (ÔÑÐ) ËÎÄÓ n -
îãî ïîðÿäêà íà ïðîìåæóòêå (a, b) íàçûâàåòñÿ ëþáîé íàáîð èç n ëèíåéíî
íåçàâèñèìûõ íà ýòîì ïðîìåæóòêå ðåøåíèé ËÎÄÓ.

Òåîðåìà (î ñòðóêòóðå îáùåãî ðåøåíèÿ ËÎÄÓ n- îãî ïîðÿäêà).
Îáùåå ðåøåíèå ËÎÄÓ Ly = 0 ïîðÿäêà n èìååò âèä

Y (x) = C1y1(x) + C2y2(x) + · · ·+ Cnyn(x) ,

ãäå yi(x) (i = 1, . . . , n) � ÔÑÐ, à C1, C2, . . . , Cn � ïðîèçâîëüíûå ïîñòîÿí-
íûå.

Òåîðåìà (î ñòðóêòóðå îáùåãî ðåøåíèÿ ËÍÄÓ).
Îáùåå ðåøåíèå ËÍÄÓ Ly = f(x) èìååò âèä

y(x) = y∗(x) + Y (x) ,

ãäå y∗(x) � ïðîèçâîëüíîå ÷àñòíîå ðåøåíèå ËÍÄÓ, à Y (x) � îáùåå ðåøåíèå
ñîîòâåòñòâóþùåãî ËÎÄÓ Ly = 0 .

1.9 Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïîñòîÿííûìè êî-

ýôôèöèåíòàìè

Îïðåäåëåíèå. ËÎÄÓ n-îãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ýòî
óðàâíåíèå âèäà

y(n) + a1y
(n−1) + · · ·+ an−1y

′ + any = 0, (19)

ãäå a1, a2, . . . , an � äåéñòâèòåëüíûå ÷èñëà.
Ýòè óðàâíåíèÿ ìîãóò áûòü ðåøåíû ìåòîäîì Ýéëåðà. Ðåøåíèÿ èùóòñÿ â

âèäå

y = eλx , (20)

ãäå λ � ïîñòîÿííàÿ, êîòîðóþ íàéäåì ïîäñòàíîâêîé âûðàæåíèÿ (20) â óðàâ-
íåíèå (19), ó÷èòûâàÿ ÷òî:

y′ = λeλx, y′′ = λ2eλx, . . . , y(n) = λneλx
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è eλx ̸= 0. Â ðåçóëüòàòå ïîäñòàíîâêè ïîëó÷èì àëãåáðàè÷åñêîå óðàâíåíèå
ïîðÿäêà n äëÿ ïåðåìåííîé λ:

λn + a1λ
n−1 + · · ·+ an−1λ+ an = 0 . (21)

Îïðåäåëåíèå. Óðàâíåíèå (21) íàçûâàþò õàðàêòåðèñòè÷åñêèì óðàâíåíè-
åì äëÿ ËÎÄÓ (19).

Ïîñêîëüêó âñå êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ äåéñòâè-
òåëüíûå, òî êîìïëåêñíî ñîïðÿæåííûå êîðíè z = a+ ib è z̄ = a− ib èìåþò
îäèíàêîâóþ êðàòíîñòü.

1.9.1 Ïîñòðîåíèå ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé (ÔÑÐ)

1. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (21) äåéñòâèòåëüíûå è ðàç-
ëè÷íûå. Â ýòîì ñëó÷àå ìû èìååì n ðàçëè÷íûõ ðåøåíèé yi = exp(λix).

2. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (21) äåéñòâèòåëüíûå, íî
ñðåäè íèõ åñòü êðàòíûå êîðíè. Ìîæíî ïîêàçàòü, ÷òî â ýòîì ñëó÷àå
â ñîñòàâå ÔÑÐ êàæäîìó êîðíþ λ0 êðàòíîñòè m áóäåò ñîîòâåòñòâîâàòü
ðîâíî m ðåøåíèé âèäà

y1 = eλ0x, y2 = xeλ0x, . . . , ym = xm−1eλ0x.

3. Êàæäîé ïàðå êîìïëåêñíî ñîïðÿæåííûõ êîðíåé z = a+ ib è z̄ = a− ib
êðàòíîñòè m â ñîñòàâå ÔÑÐ ñîîòâåòñòâóåò ðîâíî 2m ðåøåíèé âèäà

y1 = eax cos bx, y2 = eax sin bx, . . .

. . . , y2m−1 = xm−1eax cos bx, y2m = xm−1eax sin bx.

1.9.2 Ðåøåíèå ëèíåéíûõ íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ìå-
òîäîì Ëàãðàíæà

Ìåòîä Ëàãðàíæà ïðåäïîëàãàåò, ÷òî äëÿ èñõîäíîãî ËÍÄÓ Ly = f ñîîò-
âåòñòâóþùåå îäíîðîäíîå óðàâíåíèå Ly = 0 ðåøåíî, òî åñòü èçâåñòíà ÔÑÐ:
yi(x), i = 1, . . . , n. Ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èùåòñÿ â âèäå:

y∗(x) =
n∑

i=1

Ci(x)yi(x), (22)

ãäå Ci(x) � íåèçâåñòíûå ôóíêöèè. Òàêèì îáðàçîì, ðåøåíèå äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ ñâîäèòñÿ ê íàõîæäåíèþ ôóíêöèé Ci(x). Ìåòîä Ëàãðàí-
æà ñâîäèò äåëî ê ðåøåíèþ ñèñòåìû n ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
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äëÿ ïåðâûõ ïðîèçâîäíûõ ôóíêöèé Ci:

C ′
1(x)y1 +C ′

2y2 + . . . +C ′
nyn = 0

C ′
1(x)y

′
1 +C ′

2y
′
2 + . . . +C ′

ny
′
n = 0

. . . . . .

C ′
1(x)y

(n−2)
1 +C ′

2y
(n−2)
2 + . . . +C ′

ny
(n−2)
n = 0

C ′
1(x)y

(n−1)
1 +C ′

2y
(n−1)
2 + . . . +C ′

ny
(n−1)
n = f(x).

Îïðåäåëèòåëåì ñèñòåìû ñëóæèò îïðåäåëèòåëü Âðîíñêîãî äëÿ ÔÑÐ, êîòî-
ðûé îòëè÷åí îò íóëÿ, à ñëåäîâàòåëüíî ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå.

Äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà

y′′ + a1y
′ + a2y = f(x)

ðåøåíèå èùåòñÿ â âèäå

y∗ = C1(x)y1(x) + C2(x)y2(x) .

Ñèñòåìà Ëàãðàíæà èìååò âèä{
C ′

1(x)y1 + C ′
2y2 = 0

C ′
1(x)y

′
1 + C ′

2y
′
2 = f(x).

1.9.3 Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ

Ýòîò ìåòîä ïðèìåíèì òîëüêî äëÿ ËÍÄÓ ñ ïîñòîÿííûìè êîýôôèöèåí-
òàìè è ïðàâîé ÷àñòüþ ñïåöèàëüíîãî âèäà. Åãî äîñòîèíñòâîì ÿâëÿåòñÿ ïðî-
ñòîòà � ýòî ÷èñòî àëãåáðàè÷åñêèé ìåòîä. Ïîä ïðàâîé ÷àñòüþ ñïåöèàëüíîãî
âèäà ïîíèìàåòñÿ âûðàæåíèå

f(x) = eαx(Pn(x) cos βx+Qm(x) sin βx) , (23)

ãäå Pn(x) è Qm(x) � ìíîãî÷ëåíû ñòåïåíè n è m ñîîòâåòñòâåííî.

Òåîðåìà (î ñòðóêòóðå ÷àñòíîãî ðåøåíèÿ ëèíåéíîãî íåîäíîðîäíîãî óðàâ-
íåíèÿ).

ËÍÄÓ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ ñïåöèàëüíîãî
âèäà, çàäàâàåìîãî ôîðìóëîé (23), èìååò ÷àñòíîå ðåøåíèå âèäà

y∗ = xkeαx(As(x) cos βx+Bs(x) sin βx) (24)

ãäå α è β � ÷èñëà èç ïðàâîé ÷àñòè (23), k � êðàòíîñòü ÷èñëà α + iβ, êàê
êîðíÿ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (åñëè ýòî ÷èñëî íå êîðåíü òî k = 0),
As(x) è Bs(x) � ìíîãî÷ëåíû ñòåïåíè s = max{m,n} ñ íåîïðåäåëåííûìè
êîýôôèöèåíòàìè.
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2 Îñíîâíûå ñâåäåíèÿ î ÷èñëîâûõ ðÿäàõ

2.1 Îñíîâíûå îïðåäåëåíèÿ

Îïðåäåëåíèå. ×èñëîâîé ïîñëåäîâàòåëüíîñòüþ íàçûâàåòñÿ ôóíêöèÿ íà-
òóðàëüíîãî àðãóìåíòà an = f(n), ãäå n ∈ N, an ∈ R. Èñïîëüçóþò îáîçíà÷å-
íèÿ: {an}∞n=1 èëè a1, a2, a3, . . . , an, . . ..

Îïðåäåëåíèå. ×èñëîâûì ðÿäîì íàçûâàåòñÿ ôîðìàëüíàÿ ñóììà áåñêîíå÷-
íîãî ÷èñëà ÷ëåíîâ ÷èñëîâîé ïîñëåäîâàòåëüíîñòè:

a1 + a2 + . . .+ an + . . . =
∞∑
n=1

an,

an íàçûâàþò îáùèì ÷ëåíîì ðÿäà.
Äëÿ òîãî ÷òîáû ïðèäàòü ñìûñë ýòîé ôîðìàëüíîé ñóììå ðàññìîòðèì

ïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì:

S1 = a1

S2 = a1 + a2

S3 = a1 + a2 + a3

. . . . . .

Sn = a1 + a2 + . . .+ an

. . . . . .

Îïðåäåëåíèå. Ñóììîé ÷èñëîâîãî ðÿäà íàçûâàåòñÿ ïðåäåë ïîñëåäîâàòåëü-
íîñòè ÷àñòè÷íûõ ñóìì:

S = lim
n→∞

Sn ,

åñëè ïðåäåë ñóùåñòâóåò è êîíå÷åí, òî ðÿä íàçûâàþò ñõîäÿùèìñÿ, â ïðî-
òèâíîì ñëó÷àå (ïðåäåë íå ñóùåñòâóåò èëè áåñêîíå÷åí) ðÿä íàçûâàþò ðàñ-
õîäÿùèìñÿ.

Ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ. Ãåîìåòðè÷åñêîé ïðîãðåññèåé íàçûâàåòñÿ
÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü îáùèé ÷ëåí êîòîðîé îïðåäåëÿåòñÿ ôîðìóëîé

an = bqn−1, b ̸= 0, q ̸= 0.

Ñóììà n ïåðâûõ ÷ëåíîâ ãåîìåòðè÷åñêîé ïîñëåäîâàòåëüíîñòè:

Sn = b+ bq + bq2 + . . .+ bqn−1 =
b− bqn

1− q
.

18



Íàéäåì ïðåäåë ýòîãî âûðàæåíèÿ ïðè n → ∞. ßñíî, ÷òî ïðè |q| > 1 ïðåäåë
áåñêîíå÷åí (qn → ∞) è ðÿä ðàñõîäèòñÿ, à ïðè |q| < 1 ïðåäåë êîíå÷åí
(qn → 0), à çíà÷èò ðÿä ñõîäèòñÿ è åãî ñóììà ðàâíà

S =
b

1− q
.

Ïðè q = −1 âûðàæåíèå äëÿ Sn ïðèíèìàåò âèä:

Sn =
b

2
(1− (−1)n) ,

äëÿ ÷åòíûõ n ýòî âûðàæåíèå ðàâíî íóëþ, à äëÿ íå÷åòíûõ n ðàâíî b, ñëå-
äîâàòåëüíî ïðåäåë ïðè n → ∞ íå ñóùåñòâóåò.

Â ñëó÷àå q = 1 èìååì Sn = nb è, ñëåäîâàòåëüíî,

lim
n→∞

Sn = ∞

è ðÿä ðàñõîäèòñÿ. Òàêèì îáðàçîì, ðÿä

∞∑
n=1

bqn−1 (25)

ñõîäèòñÿ ïðè |q| < 1 è ðàñõîäèòñÿ ïðè |q| > 1.

Îïðåäåëåíèå. Îñòàòêîì ÷èñëîâîãî ðÿäà ïîñëå k-îãî ÷ëåíà íàçûâàåòñÿ
ðÿä, êîòîðûé ïîëó÷àåòñÿ èç èñõîäíîãî îòáðàñûâàíèåì ïåðâûõ k ÷ëåíîâ:

ak+1 + ak+2 + ak+3 + . . . =
∞∑

n=k+1

an.

2.2 Íåîáõîäèìîå óñëîâèå ñõîäèìîñòè. Ñâîéñòâà ñõîäÿùèõñÿ ðÿ-

äîâ. Êðèòåðèé ñõîäèìîñòè Êîøè

Òåîðåìà (íåîáõîäèìîå óñëîâèå ñõîäèìîñòè ÷èñëîâîãî ðÿäà).
Åñëè ÷èñëîâîé ðÿä ñõîäèòñÿ, òî ïðåäåë îáùåãî ÷ëåíà ðÿäà ïðè n → ∞

ðàâåí íóëþ:

lim
n→∞

an = 0. (26)

Ñëåäñòâèå. Åñëè ïðåäåë îáùåãî ÷ëåíà ðÿäà ïðè n → ∞ íå ðàâåí íóëþ,
òî ÷èñëîâîé ðÿä ðàñõîäèòñÿ.
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Çàìå÷àíèå. Âàæíî ïîíèìàòü, ÷òî óñëîâèå (26) ÿâëÿåòñÿ íåîáõîäèìûì,
íî íå äîñòàòî÷íûì äëÿ ñõîäèìîñòè ÷èñëîâîãî ðÿäà.

Òåîðåìà (î ñâÿçè ñõîäèìîñòè ðÿäà è åãî îñòàòêà)

Äëÿ òîãî ÷òîáû ÷èñëîâîé ðÿä ñõîäèëñÿ íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
ñõîäèëñÿ ëþáîé åãî îñòàòîê.

Òåîðåìà (î äåéñòâèÿõ ñî ñõîäÿùèìèñÿ ðÿäàìè)

Åñëè ðÿäû:
∞∑
n=1

an è
∞∑
n=1

bn,

ñõîäÿòñÿ,à èõ ñóììû ðàâíû ñîîòâåòñòâåííî A è B, òî ïðè ëþáûõ λ ∈ R
ñõîäÿòñÿ òàêæå ðÿäû:

∞∑
n=1

λan è
∞∑
n=1

(an + bn) ,

à èõ ñóììû ðàâíû ñîîòâåòñòâåííî λA è A+B.

Òåîðåìà (êðèòåðèé ñõîäèìîñòè Êîøè)

Äëÿ òîãî ÷òîáû ÷èñëîâîé ðÿä ñõîäèëñÿ íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
äëÿ åãî ÷àñòè÷íûõ ñóìì âûïîëíÿëîñü óñëîâèå:

∀ε > 0 ∃Nε ∈ N : ∀n > Nε, ∀k ∈ N ⇒ |Sn+k − Sn| < ε.

ò.å. äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà ε íàéäåòñÿ òàêîé íîìåð Nε, ÷òî äëÿ
âñåõ íàòóðàëüíûõ n áîëüøèõ Nε è ëþáûõ íàòóðàëüíûõ k áóäåò âûïîëíÿòü-
ñÿ íåðàâåíñòâî:

|Sn+k − Sn| < ε.

2.3 Çíàêîïîëîæèòåëüíûå ðÿäû

Îïðåäåëåíèå. ×èñëîâîé ðÿä íàçûâàåòñÿ çíàêîïîëîæèòåëüíûì åñëè âñå
åãî ÷ëåíû ïîëîæèòåëüíû.

Òåîðåìà (íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè çíàêîïîëîæè-
òåëüíîãî ðÿäà).

Äëÿ òîãî ÷òîáû çíàêîïîëîæèòåëüíûé ÷èñëîâîé ðÿä ñõîäèëñÿ íåîáõî-
äèìî è äîñòàòî÷íî, ÷òîáû ïîñëåäîâàòåëüíîñòü åãî ÷àñòè÷íûõ ñóìì áûëà
îãðàíè÷åíà ñâåðõó.
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Òåîðåìà (èíòåãðàëüíûé ïðèçíàê ñõîäèìîñòè Êîøè).
Åñëè ôóíêöèÿ f(x) íà ïðîìåæóòêå [1,+∞] íåïðåðûâíà, íåîòðèöàòåëüíà

è íå óáûâàåò, òî ÷èñëîâîé ðÿä:

∞∑
n=1

an , an = f(n)

è íåñîáñòâåííûé èíòåãðàë:

∞∫
1

f(x)dx

ñõîäÿòñÿ èëè ðàñõîäÿòñÿ îäíîâðåìåííî.
Ãåîìåòðè÷åñêèé ñìûñë òåîðåìû ìîæíî ïîíÿòü èç ðèñóíêà 1. Èíòåãðàëó

íà ýòîì ðèñóíêå ñîîòâåòñòâóåò ïëîùàäü ïîä ãðàôèêîì ôóíêöèè, à ñóììå
ðÿäà � ñóììà ïëîùàäåé ïðÿìîóãîëüíèêîâ.

Îïðåäåëåíèå. Îáîáùåííûì ãàðìîíè÷åñêèì ðÿäîì (ÎÃÐ) íàçûâàåòñÿ ÷èñ-
ëîâîé ðÿä âèäà:

∞∑
n=1

1

nk
= 1 +

1

2k
+

1

3k
+ · · ·+ 1

nk
+ · · · . (27)

Ïðèìåíÿÿ èíòåãðàëüíûé ïðèçíàê ñõîäèìîñòè íåòðóäíî óñòàíîâèòü, ÷òî ÎÃÐ
ñõîäèòñÿ, åñëè ïîêàçàòåëü ñòåïåíè k > 1 è ðàñõîäèòñÿ, åñëè 0 < k 6 1.

Ïðèìå÷àíèå. Ðÿä, ñîîòâåòñòâóþùèé k = 1, ò.å. ðÿä

∞∑
n=1

1

n
= 1 +

1

2
+

1

3
+ · · ·+ 1

n
+ · · · .

íîñèò íàçâàíèå ãàðìîíè÷åñêîãî, îí ÿâëÿåòñÿ ðàñõîäÿùèìñÿ.

Òåîðåìà (ïðèçíàê ñðàâíåíèÿ ïî âåëè÷èíå).
Åñëè ïðè âñåõ íàòóðàëüíûõ n âûïîëíÿåòñÿ íåðàâåíñòâî:

0 < an 6 bn, (28)

òî ñïðàâåäëèâû óòâåðæäåíèÿ:

1. åñëè ñõîäèòñÿ ðÿä ñ áîëüøèìè ÷ëåíàìè bn, ò.å. ðÿä
∞∑
n=1

bn, òî ñõîäèòñÿ

ðÿä ñ ìåíüøèìè ÷ëåíàìè an, ò.å. ðÿä
∞∑
n=1

an;

21



Ðèñóíîê 1 � Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ èíòåãðàëüíîãî ïðèçíàêà ñõîäè-
ìîñòè

2. åñëè ðàñõîäèòñÿ ðÿä ñ ìåíüøèìè ÷ëåíàìè an, ò.å. ðÿä
∞∑
n=1

an, òî ðàñõî-

äèòñÿ ðÿä ñ áîëüøèìè ÷ëåíàìè bn, ò.å. ðÿä
∞∑
n=1

bn.

Ïðèìå÷àíèå. ×àñòî ðÿä ñ áîëüøèìè ÷ëåíàìè íàçûâàþò ìàæîðàíòíûì
ïî îòíîøåíèþ ê ðÿäó ñ ìåíüøèìè ÷ëåíàìè èëè ïðîñòî ìàæîðàíòîé, ðÿä
ñ ìåíüøèìè ÷ëåíàìè íàçûâàþò ìèíîðàíòûì ðÿäîì èëè ìèíîðàíòîé.

Òåîðåìà (ïðåäåëüíûé ïðèçíàê ñðàâíåíèÿ).
Åñëè ïðåäåë îòíîøåíèÿ îáùèõ ÷ëåíîâ äâóõ çíàêîïîëîæèòåëüíûõ ðÿäîâ:

∞∑
n=1

an (an > 0) è
∞∑
n=1

bn (bn > 0)
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ñóùåñòâóåò, êîíå÷åí è îòëè÷åí îò íóëÿ:

lim
n→∞

an
bn

= C > 0,

òî ýòè ðÿäû ñõîäÿòñÿ èëè ðàñõîäÿòñÿ îäíîâðåìåííî.

Çàìå÷àíèå. Ïðè ïðàêòè÷åñêîì ïðèìåíåíèè ïðèçíàêîâ ñðàâíåíèÿ â êà÷å-
ñòâå ¾ýòàëîííûõ¿ ðÿäîâ èñïîëüçóþò îáîáùåííûå ãàðìîíè÷åñêèå ðÿäû (27)
èëè ñóììó ãåîìåòðè÷åñêîé ïðîãðåññèè (25). Ïðåäåëüíûé ïðèçíàê ñðàâíå-
íèÿ îêàçûâàåòñÿ ïîëåçíûì, åñëè óäàåòñÿ íàéòè áåñêîíå÷íî ìàëóþ, ýêâèâà-
ëåíòíóþ îáùåìó ÷ëåíó ðÿäà, óáûâàþùóþ ïî ñòåïåííîìó èëè ïîêàçàòåëü-
íîìó çàêîíó.

Òåîðåìà (ïðèçíàê Äàëàìáåðà).
Åñëè äëÿ çíàêîïîëîæèòåëüíîãî ÷èñëîâîãî ðÿäà:

∞∑
n=1

an (an > 0)

ñóùåñòâóåò êîíå÷íûé ïðåäåë:

lim
n→∞

an+1

an
= q,

òî:

1. ïðè q < 1 ðÿä ñõîäèòñÿ;

2. ïðè q > 1 ðÿä ðàñõîäèòñÿ.

Çàìå÷àíèå 1. Â ñëó÷àå q = 1 ïðèçíàê Äàëàìáåðà íå ïîçâîëÿåò ñäåëàòü
çàêëþ÷åíèå î ñõîäèìîñòè èëè ðàñõîäèìîñòè ðÿäà.

Çàìå÷àíèå 2. Ïðèçíàê Äàëàìáåðà ïîëåçíî ïðèìåíÿòü äëÿ èññëåäîâà-
íèÿ ñõîäèìîñòè ðÿäà, åñëè â âûðàæåíèè äëÿ îáùåãî ÷ëåíà ïðèñóòñòâóåò
ôàêòîðèàë n! = 1 · 2 · 3 · . . . · n èëè ïîêàçàòåëüíàÿ ôóíêöèÿ cn.

Òåîðåìà (ðàäèêàëüíûé ïðèçíàê Êîøè).
Åñëè äëÿ çíàêîïîëîæèòåëüíîãî ÷èñëîâîãî ðÿäà:

∞∑
n=1

an (an > 0)

ñóùåñòâóåò êîíå÷íûé ïðåäåë:

lim
n→∞

n
√
an = q,
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òî ïðè q < 1 ðÿä ñõîäèòñÿ, à ïðè q > 1 ðÿä ðàñõîäèòñÿ.

Çàìå÷àíèå. Ðàäèêàëüíûé ïðèçíàê Êîøè ñëåäóåò ïðèìåíÿòü, åñëè îáùèé
÷ëåí ðÿäà èìååò âèä:

an = (f(n))n è ñóùåñòâóåò lim
n→∞

n
√
an ̸= 1.

2.4 Çíàêîïåðåìåííûå ðÿäû. Àáñîëþòíàÿ è óñëîâíàÿ ñõîäèìîñòü

Îïðåäåëåíèå. Çíàêîïåðåìåííûì ðÿäîì íàçûâàåòñÿ ÷èñëîâîé ðÿä:
∞∑
n=1

dn (29)

ñ ÷ëåíàìè dn, çíàêè êîòîðûõ ïðîèçâîëüíî ìåíÿþòñÿ ñ èçìåíåíèåì íîìå-
ðà n.

Îïðåäåëåíèå. Çíàêîïåðåìåííûé ðÿä íàçûâàåòñÿ àáñîëþòíî ñõîäÿùèìñÿ,
åñëè ñõîäèòñÿ ðÿä èç ìîäóëåé:

∞∑
n=1

|dn|. (30)

Îïðåäåëåíèå. Çíàêîïåðåìåííûé ðÿä (29) íàçûâàåòñÿ óñëîâíî ñõîäÿùèì-
ñÿ, åñëè ýòîò ðÿä ñõîäèòñÿ, à ðÿä èç ìîäóëåé (30) ðàñõîäèòñÿ.

Òåîðåìà. Åñëè ðÿä (29) ñõîäèòñÿ àáñîëþòíî, òî îí ñõîäèòñÿ â îáû÷íîì
ñìûñëå.

Ñâîéñòâà àáñîëþòíî ñõîäÿùèõñÿ ðÿäîâ

Åñëè çíàêîïåðåìåííûå ðÿäû:
∞∑
n=1

dn è
∞∑
n=1

bn

ñõîäÿòñÿ àáñîëþòíî, òî:
1) àáñîëþòíî ñõîäÿòñÿ òàêæå ðÿäû:

∞∑
n=1

(λdn) ∀λ ∈ R è
∞∑
n=1

(bn + dn);

2) ñõîäèòñÿ ëþáîé ðÿä, ïîëó÷åííûé èç àáñîëþòíî ñõîäÿùåãîñÿ ðÿäà ïå-
ðåñòàíîâêîé åãî ÷ëåíîâ èëè îáúåäèíåíèåì èõ â ãðóïïû.
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2.5 Çíàêî÷åðåäóþùèåñÿ ðÿäû. Ïðèçíàê Ëåéáíèöà

Îïðåäåëåíèå. Çíàêîïåðåìåííûé ðÿä âèäà:

∞∑
n=1

(−1)n+1an = a1 − a2 + a3 − a4 + · · · ; an > 0 , ∀n ∈ N . (31)

íàçûâàåòñÿ çíàêî÷åðåäóþùèìñÿ.

Òåîðåìà (ïðèçíàê Ëåéáíèöà).
Åñëè äëÿ çíàêî÷åðåäóþùåãîñÿ ðÿäà (31) âûïîëíÿþòñÿ óñëîâèÿ:

1) an > an+1 ∀n ∈ N, 2) lim
n→∞

an = 0,

òî ýòîò ðÿä ñõîäèòñÿ.

Çàìå÷àíèå. Ðÿä, óäîâëåòâîðÿþùèé óñëîâèÿì òåîðåìû Ëåéáíèöà, ò.å. çíà-
êî÷åðåäóþùèéñÿ ðÿä ñ ìîíîòîííî óáûâàþùèì ïî ìîäóëþ è ñòðåìÿùèìñÿ
ê íóëþ îáùèì ÷ëåíîì, íàçûâàþò ðÿäîì ëåéáíèöåâñêîãî òèïà èëè ëåéá-
íèöåâñêèì ðÿäîì. Äëÿ ëåéáíèöåâñêèõ ðÿäîâ ïðè âñåõ n ñïðàâåäëèâû íåðà-
âåíñòâà:

S2n < S < S2n+1,

|S − Sn| < an+1,

êîòîðûå ìîæíî ñôîðìóëèðîâàòü òàê: îñòàòîê ëåéáíèöåâñêîãî ðÿäà ïî ìî-
äóëþ íå ïðåâîñõîäèò ñâîåãî ïåðâîãî ÷ëåíà è ñîâïàäàåò ñ íèì ïî çíàêó.

Ïðè ðåøåíèè çàäà÷ íà èññëåäîâàíèå ñõîäèìîñòè çíàêî÷åðåäóþùèõñÿ ðÿ-
äîâ ðåêîìåíäóåòñÿ ïðèäåðæèâàòüñÿ ñëåäóþùåãî àëãîðèòìà:

1) èññëåäîâàòü ñõîäèìîñòü ðÿäà èç ìîäóëåé: åñëè ýòîò ðÿä ñõîäèòñÿ, òî
èñõîäíûé ðÿä ñõîäèòñÿ àáñîëþòíî, äàëüíåéøåãî ðàññìîòðåíèÿ íå òðåáóåò-
ñÿ. Åñëè ðÿä èç ìîäóëåé ðàñõîäèòñÿ, è ðàñõîäèìîñòü ðÿäà áûëà óñòàíîâëåíà
ïðèçíàêîì Äàëàìáåðà èëè ðàäèêàëüíûì ïðèçíàêîì Êîøè, òî íåîáõîäèìîå
óñëîâèå ñõîäèìîñòè ðÿäà íå âûïîëíåíî, è ìîæíî ñäåëàòü âûâîä, ÷òî èñ-
õîäíûé ðÿä ÿâëÿåòñÿ ðàñõîäÿùèìñÿ. Â ýòîì ñëó÷àå èññëåäîâàíèå òàêæå
çàâåðøàåòñÿ, â ïðîòèâíîì ñëó÷àå ïåðåõîäèì ê ïóíêòó 2)

2) ïðîâåðèòü âûïîëíåíèå íåîáõîäèìîãî óñëîâèÿ ñõîäèìîñòè: åñëè îíî íå
âûïîëíåíî, òî ðÿä ðàñõîäèòñÿ; åñëè âûïîëíåíî,òî ïåðåõîäèì ê ïóíêòó 3)

3) ïðèìåíèòü ïðèçíàê Ëåéáíèöà äëÿ èññëåäîâàíèÿ ñõîäèìîñòè çíàêî÷å-
ðåäóþùåãîñÿ ðÿäà: åñëè ÷ëåíû ðÿäà óáûâàþò ïî ìîäóëþ, òî ðÿä ñõîäèòñÿ
óñëîâíî; åñëè ìîíîòîííîñòü äîêàçàòü íå óäàëîñü, òî òðåáóåòñÿ áîëåå ñëîæ-
íûé àíàëèç.
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3 Íåêîòîðûå ñâåäåíèÿ î ôóíêöèîíàëüíûõ ðÿäàõ

3.1 Ïîòî÷å÷íàÿ è ðàâíîìåðíàÿ ñõîäèìîñòü

Ðàññìîòðèì áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü ôóíêöèé fn(x) èìåþùèõ
îáùóþ îáëàñòü îïðåäåëåíèÿ.

Îïðåäåëåíèå. Ôóíêöèîíàëüíûì ðÿäîì íàçûâàåòñÿ ôîðìàëüíàÿ ñóììà
òàêîé ïîñëåäîâàòåëüíîñòè:

∞∑
n=1

fn(x) = f1(x) + f2(x) + · · ·+ fn(x) + · · · . (32)

Îïðåäåëåíèå. Ôóíêöèîíàëüíûé ðÿä (32) íàçûâàþò ñõîäÿùèìñÿ â òî÷êå
x0, åñëè ñõîäèòñÿ ÷èñëîâîé ðÿä:

∞∑
n=1

fn(x0),

â ýòîì ñëó÷àå òî÷êó x0 íàçûâàþò òî÷êîé ñõîäèìîñòè ôóíêöèîíàëüíîãî
ðÿäà (32).

Îïðåäåëåíèå. Îáëàñòüþ ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà (32) íàçû-
âàþò ìíîæåñòâî âñåõ òî÷åê ñõîäèìîñòè ýòîãî ðÿäà.

Âî âñåõ òî÷êàõ îáëàñòè ñõîäèìîñòè ñóùåñòâóåò ïðåäåë ïîñëåäîâàòåëü-
íîñòè ÷àñòè÷íûõ ñóìì Sn(x) ðàâíûé ñóììå ôóíêöèîíàëüíîãî ðÿäà S(x):

lim
n→∞

Sn(x) = S(x), Sn(x) =
n∑

k=1

fk(x).

Äëÿ íàõîæäåíèÿ îáëàñòè ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà ìîæíî èñ-
ïîëüçîâàòü àëãîðèòì ñôîðìóëèðîâàííûé ðàíåå äëÿ çíàêîïåðåìåííûõ ðÿ-
äîâ.

Îïðåäåëåííàÿ âûøå ïîòî÷å÷íàÿ ñõîäèìîñòü ôóíêöèîíàëüíîãî ðÿäà íå
ïîçâîëÿåò îáîáùèòü íà áåñêîíå÷íûå ñóììû òåîðåìû î ïðåäåëå, î ïðîèçâîä-
íîé è èíòåãðàëå ñóììû êîíå÷íîãî ÷èñëà ñëàãàåìûõ. Äëÿ ýòîé öåëè òðåáó-
åòñÿ ïîíÿòèå ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà.

Îïðåäåëåíèå. Ôóíêöèîíàëüíûé ðÿä (32) íàçûâàþò ðàâíîìåðíî ñõîäÿ-
ùèìñÿ íà ìíîæåñòâå D, åñëè

∀ε > 0 ∃Nε ∈ N : ∀n > Nε, ∀x ∈ D ⇒ |Sn(x)− S(x)| < ε.
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Â îòëè÷èå îò îïðåäåëåíèÿ ïîòî÷å÷íîé ñõîäèìîñòè çäåñü íîìåð Nε íå çà-
âèñèò îò òî÷êè x. Ïîýòîìó èç ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî
ðÿäà íà ìíîæåñòâå D ñëåäóåò ïîòî÷å÷íàÿ ñõîäèìîñòü âî âñåõ òî÷êàõ ýòîãî
ìíîæåñòâà, íî îáðàòíîå íåâåðíî.

Òåîðåìà (êðèòåðèé ðàâíîìåðíîé ñõîäèìîñòè Êîøè).
Äëÿ òîãî ÷òîáû ôóíêöèîíàëüíûé ðÿä ðàâíîìåðíî ñõîäèëñÿ íà ìíîæå-

ñòâå D íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû:

∀ε > 0 ∃Nε ∈ N : ∀n > Nε, ∀k ∈ N,∀x ∈ D ⇒ |Sn+k(x)− Sn(x)| < ε

Äîñòàòî÷íîå óñëîâèå ðàâíîìåðíîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà
äàåò ïðèçíàê Âåéåðøòðàññà.

Òåîðåìà (ïðèçíàê ðàâíîìåðíîé ñõîäèìîñòè Âåéåðøòðàññà).
Åñëè äëÿ ôóíêöèîíàëüíîãî ðÿäà (32) âûïîëíÿþòñÿ äâà óñëîâèÿ:
1) |fn(x)| ≤ an ïðè ∀x ∈ D, ∀n ∈ N;
2) çíàêîïîëîæèòåëüíûé ÷èñëîâîé ðÿä:

∞∑
n=1

an

ñõîäèòñÿ, òî ôóíêöèîíàëüíûé ðÿä (32) ñõîäèòñÿ ðàâíîìåðíî íà ìíîæå-
ñòâå D.

Òåîðåìà (î íåïðåðûâíîñòè ñóììû ôóíêöèîíàëüíîãî ðÿäà).
Åñëè ôóíêöèîíàëüíûé ðÿä (32) ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå D, à

âñå ÷ëåíû ðÿäà fn(x) íåïðåðûâíû íà ýòîì ìíîæåñòâå, òî ñóììà ýòîãî ðÿäà
S(x) òîæå íåïðåðûâíà íà ìíîæåñòâå D.

Çàìå÷àíèå. Äàííàÿ òåîðåìà ïî ñóòè îáîáùàåò òåîðåìó î íåïðåðûâíîñòè
ñóììû íåïðåðûâíûõ ôóíêöèé íà áåñêîíå÷íîå ÷èñëî ñëàãàåìûõ.

Òåîðåìà (î ïî÷ëåííîì èíòåãðèðîâàíèè ôóíêöèîíàëüíîãî ðÿäà).
Åñëè ôóíêöèîíàëüíûé ðÿä (32) ñõîäèòñÿ ðàâíîìåðíî íà ïðîìåæóòêå

[a, b], à âñå ÷ëåíû ðÿäà fn(x) èíòåãðèðóåìû íà [a, b], òî äëÿ ëþáîãî ïðîìå-
æóòêà [c, d] ⊂ [a, b] èíòåãðàë îò ñóììû ðÿäà ðàâåí ñóììå èíòåãðàëîâ, òî
åñòü, ñïðàâåäëèâî ðàâåíñòâî:

d∫
c

( ∞∑
n=1

fn(x)

)
dx =

∞∑
n=1

d∫
c

fn(x)dx.
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Òåîðåìà (î ïî÷ëåííîì äèôôåðåíöèðîâàíèè ôóíêöèîíàëüíûõ ðÿäîâ).
Åñëè ðÿä èç íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé fn(x) ñõîäèòñÿ

íà ïðîìåæóòêå [a, b], à ðÿä èç ïðîèçâîäíûõ f ′
n(x) ñõîäèòñÿ ðàâíîìåðíî íà

ýòîì ïðîìåæóòêå, òî äëÿ âñåõ x ∈ [a, b] ñïðàâåäëèâî ðàâåíñòâî:

d

dx

∞∑
n=1

fn(x) =
∞∑
n=1

f ′
n(x).

3.2 Ñòåïåííûå ðÿäû

Îïðåäåëåíèå. Ñòåïåííûì ðÿäîì íàçûâàåòñÿ ôóíêöèîíàëüíûé ðÿä âèäà:
∞∑
n=0

an(x− x0)
n, (33)

ãäå an, x0 ∈ R. ×àñòíûé ñëó÷àé ñòåïåííîãî ðÿäà ñ öåíòðîì x0 = 0 :
∞∑
n=0

anx
n. (34)

Çàìå÷àíèå. Îáëàñòü ñõîäèìîñòè ñòåïåííîãî ðÿäà âñåãäà ñîäåðæèò õîòÿ
áû îäíó òî÷êó: äëÿ ðÿäà (33) ýòî òî÷êà x = x0, à äëÿ ðÿäà (34) ýòî òî÷êà
x = 0.

Òåîðåìà Àáåëÿ.

1) Åñëè ðÿä (34) ñõîäèòñÿ â òî÷êå x = x1, òî îí ñõîäèòñÿ àáñîëþòíî ïðè
âñåõ x, óäîâëåòâîðÿþùèõ íåðàâåíñòâó |x| < |x1|.

2) Åñëè ðÿä (34) ðàñõîäèòñÿ â òî÷êå x = x2, òî îí ðàñõîäèòñÿ ïðè âñåõ
x, óäîâëåòâîðÿþùèõ íåðàâåíñòâó |x| > |x2|.

Ñîäåðæàíèå òåîðåìû Àáåëÿ äîïóñêàåò ïðîñòóþ ãåîìåòðè÷åñêóþ èíòåð-
ïðåòàöèþ: åñëè ñòåïåííîé ðÿä (34) ñõîäèòñÿ â òî÷êå x1 è ðàñõîäèòñÿ â òî÷êå
x2, òî îí ñîîòâåòñòâåííî ñõîäèòñÿ è ðàñõîäèòñÿ íà ïðîìåæóòêàõ óêàçàííûõ
íà ðèñóíêå 2.

Ñëåäñòâèå. Ñòåïåííîé ðÿä (34) ëèáî ñõîäèòñÿ íà âñåé ÷èñëîâîé ïðÿìîé,
ëèáî ñóùåñòâóåò òàêîå íåîòðèöàòåëüíîå ÷èñëî R, íàçûâàåìîå ðàäèóñîì ñõî-
äèìîñòè, ÷òî ñòåïåííîé ðÿä (34) ñõîäèòñÿ íà ïðîìåæóòêå (−R,R) è ðàñõî-
äèòñÿ íà ïðîìåæóòêàõ (−∞,−R)∪ (R,+∞). Â òî÷êàõ x = ±R ðÿä ìîæåò
êàê ñõîäèòüñÿ, òàê è ðàñõîäèòüñÿ. Äëÿ ðÿäà (33) àíàëîãè÷íîå óòâåðæäåíèå
áóäåò òàêèì: ðÿä (34) ñõîäèòñÿ íà ïðîìåæóòêå (x0−R, x0+R) è ðàñõîäèòñÿ
íà ïðîìåæóòêàõ (−∞, x0 − R) ∪ (x0 + R,+∞), â òî÷êàõ x = x0 ± R ðÿä
ìîæåò êàê ñõîäèòüñÿ, òàê è ðàñõîäèòüñÿ.

28



Ðèñóíîê 2 � Ãåîìåòðè÷åñêèé ñìûñë òåîðåìû Àáåëÿ

Âû÷èñëåíèå ðàäèóñà ñõîäèìîñòè

Äëÿ âû÷èñëåíèÿ ðàäèóñà ñõîäèìîñòè ñòåïåííîãî ðÿäà (34) ìîæíî ïðè-
ìåíèòü ïðèçíàê Äàëàìáåðà äëÿ èññëåäîâàíèÿ àáñîëþòíîé ñõîäèìîñòè:

D(x) = lim
n→∞

∣∣∣∣fn+1(x)

fn(x)

∣∣∣∣ = lim
n→∞

∣∣∣∣an+1x
n+1

anxn

∣∣∣∣ = |x| lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ .
Òîãäà ïðè ëþáîì çíà÷åíèè x óñëîâèå àáñîëþòíîé ñõîäèìîñòè ðÿäà (34)
áóäåò èìåòü âèä:

D(x) < 1 ⇔ |x| < 1

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ ⇔ |x| < lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ .
Åñëè ïðåäåë â ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåíñòâà ñóùåñòâóåò, òî ðàäèóñ
ñõîäèìîñòè ðÿäà (34) ðàâåí ýòîìó ïðåäåëó:

R = lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ . (35)

Ýòà ôîðìóëà ñïðàâåäëèâà è äëÿ ðÿäà (33).
Åñëè ïðèìåíèòü äëÿ èññëåäîâàíèÿ àáñîëþòíîé ñõîäèìîñòè ñòåïåííîãî

ðÿäà ðàäèêàëüíûé ïðèçíàê Êîøè:

K(x) = lim
n→∞

n
√

|fn(x)| = lim
n→∞

n
√

|anxn| = |x| lim
n→∞

n
√

|an|,

òî óñëîâèå àáñîëþòíîé ñõîäèìîñòè ðÿäà (34) áóäåò òàêèì:

K(x) < 1 ⇔ |x| < 1

limn→∞
n
√

|an|
⇔ |x| < lim

n→∞

1
n
√

|an|
.

Åñëè ýòîò ïðåäåë ñóùåñòâóåò, òî ìû ïîëó÷àåì åùå îäíó ôîðìóëó äëÿ íà-
õîæäåíèÿ ðàäèóñà ñõîäèìîñòè ðÿäà (34):

R = lim
n→∞

1
n
√

|an|
, (36)
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êîòîðàÿ ñïðàâåäëèâà òàêæå è äëÿ ðÿäà (33).
Ïðè ðåøåíèè çàäà÷ íà íàõîæäåíèå îáëàñòè ñõîäèìîñòè ñòåïåííîãî ðÿäà

ñëåäóåò:
1) Íàéòè ðàäèóñ ñõîäèìîñòè ïî ôîðìóëå (35) èëè (36), åñëè R = 0, òî

îáëàñòü ñõîäèìîñòè ñîñòîèò èç îäíîé òî÷êè x = x0, åñëè R = +∞, òî ðÿä
ñõîäèòñÿ àáñîëþòíî íà âñåé ÷èñëîâîé îñè: (−∞,+∞).

2) Åñëè ðàäèóñ ñõîäèìîñòè êîíå÷åí è îòëè÷åí îò íóëÿ, òî íà îòêðûòîì
ïðîìåæóòêå (x0 −R, x0 +R) ðÿä ñõîäèòñÿ àáñîëþòíî.

3) Èññëåäîâàòü ñõîäèìîñòü ðÿäà â êîíöåâûõ òî÷êàõ: x = x0 ± R. Çäåñü
äåëî ñâîäèòñÿ ê èññëåäîâàíèþ ñõîäèìîñòè ÷èñëîâûõ ðÿäîâ:

∞∑
n=1

anR
n è

∞∑
n=1

(−1)nanR
n.

Çàìå÷àíèå. Ïðè íàõîæäåíèè îáëàñòè ñõîäèìîñòè ñòåïåííîãî ðÿäà ìîæ-
íî íå âû÷èñëÿòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà ïî ôîðìóëàì (35)
èëè (36), à íåïîñðåäñòâåííî ïðèìåíÿòü ê ðÿäó ïðèçíàê Äàëàìáåðà èëè ðà-
äèêàëüíûé ïðèçíàê Êîøè, êàê ýòî äåëàåòñÿ âûøå ïðè âûâîäå ôîðìóë (35)
è (36). Áîëåå òîãî, ôîðìóëû (35) è (36) ñòàíîâÿòñÿ çàâåäîìî íåïðèìåíèìû-
ìè, åñëè ñóùåñòâóåò áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü íóëåâûõ êîýôôèöè-
åíòîâ ðÿäà, íàïðèìåð, åñëè ðÿä ñîäåðæèò òîëüêî ÷¼òíûå èëè òîëüêî íå÷¼ò-
íûå ñòåïåíè ïåðåìåííîé.

Òåîðåìà (î ðàâíîìåðíîé ñõîäèìîñòè ñòåïåííûõ ðÿäîâ).
Ñòåïåííîé ðÿä (34) ñõîäèòñÿ ðàâíîìåðíî íà ëþáîì îòðåçêå [−r, r] ⊂

(−R,R), ãäå R � ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà.

Òåîðåìà (î íåïðåðûâíîñòè ñóììû ñòåïåííîãî ðÿäà).
Ñóììà ñòåïåííîãî ðÿäà (34) íåïðåðûâíà âíóòðè èíòåðâàëà ñõîäèìîñòè

(−R,R).

Òåîðåìà (î ïî÷ëåííîì èíòåãðèðîâàíèè ñòåïåííîãî ðÿäà).
Ñòåïåííîé ðÿä (34) ìîæíî ïî÷ëåííî èíòåãðèðîâàòü ïî ëþáîìó ïðîìå-

æóòêó [0, r] òàêîìó ÷òî [0, r] ∈ (−R,R) :

r∫
0

( ∞∑
n=0

anx
n

)
dx =

∞∑
n=0

an

r∫
0

xndx =
∞∑
n=0

an
rn+1

n+ 1
.

Òåîðåìà (î ïî÷ëåííîì äèôôåðåíöèðîâàíèè ñòåïåííîãî ðÿäà).
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Ñòåïåííîé ðÿä (34) ìîæíî ïî÷ëåííî äèôôåðåíöèðîâàòü ïðè âñåõ x ∈
(−R,R), ãäå R− ðàäèóñ ñõîäèìîñòè:( ∞∑

n=0

anx
n

)′

=
∞∑
n=1

annx
n−1.

Ïðèìå÷àíèå. Òåîðåìû î ïî÷ëåííîì èíòåãðèðîâàíèè è äèôôåðåíöèðîâà-
íèè ñòåïåííûõ ðÿäîâ ïðèìåíÿþòñÿ äëÿ íàõîæäåíèÿ ñóìì ñòåïåííûõ ðÿäîâ
è ðàçëîæåíèÿ ôóíêöèé â ñòåïåííûå ðÿäû.

3.3 Ðàçëîæåíèå ôóíêöèè â ñòåïåííîé ðÿä

Îïðåäåëåíèå. Ôóíêöèÿ f(x) ðàçëàãàåòñÿ â ñòåïåííîé ðÿä (33) íà ïðî-
ìåæóòêå (x0−R, x0+R), åñëè ðÿä (33) ñõîäèòñÿ íà ýòîì ïðîìåæóòêå è åãî
ñóììà âî âñåõ òî÷êàõ ýòîãî ïðîìåæóòêà ðàâíà f(x).

Òåîðåìà. (î åäèíñòâåííîñòè ðàçëîæåíèÿ ôóíêöèè â ñòåïåííîé ðÿä).
Åñëè ôóíêöèÿ f(x) ðàçëàãàåòñÿ â ñòåïåííîé ðÿä:

f(x) = a0 + a1(x− x0) + a2(x− x0)
2 + · · ·+ an(x− x0)

n + · · · . (37)

íà ïðîìåæóòêå (x0 − R, x0 + R), òî ýòî ðàçëîæåíèå åäèíñòâåííî, à êîýô-
ôèöèåíòû ðàçëîæåíèÿ îïðåäåëÿþòñÿ ôîðìóëîé:

an =
f (n)(x0)

n!
, n = 0, 1, 2, 3, . . . .

Ñëåäñòâèå. Åñëè ôóíêöèÿ ðàçëàãàåòñÿ â ñòåïåííîé ðÿä íà ïðîìåæóòêå
(x0−R, x0+R), òî îíà áåñêîíå÷íî äèôôåðåíöèðóåìà íà ýòîì ïðîìåæóòêå.

Îïðåäåëåíèå. Ðÿäîì Òåéëîðà äëÿ ôóíêöèè f(x) íà ïðîìåæóòêå (x0 −
R, x0 +R) íàçûâàåòñÿ ñòåïåííîé ðÿä:

∞∑
n=0

f (n)(x0)

n!
(x− x0)

n = f(x0) + f ′(x0)(x− x0) +
f ′′(x0)

2!
(x− x0)

2 + . . . .

Îïðåäåëåíèå. Ðÿäîì Ìàêëîðåíà äëÿ ôóíêöèè f(x) íà ïðîìåæóòêå (−R,R)
íàçûâàåòñÿ ñòåïåííîé ðÿä:

∞∑
n=0

f (n)(0)

n!
(x)n = f(0) + f ′(0)(x) +

f ′′(0)

2!
(x)2 + . . . .
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Çàìå÷àíèå. Òåïåðü ìû ìîæåì äàòü äðóãóþ ôîðìóëèðîâêó òåîðåìû î
åäèíñòâåííîñòè ðàçëîæåíèÿ ôóíêöèè â ñòåïåííîé ðÿä: åñëè ôóíêöèÿ f(x)
íà ïðîìåæóòêå (x0 − R, x0 + R) ðàçëàãàåòñÿ â ñòåïåííîé ðÿä, òî ýòî ðÿä
Òåéëîðà.

Ïðèíöèïèàëüíî èìåòü â âèäó, ÷òî, õîòÿ äëÿ ëþáîé áåñêîíå÷íî äèôôå-
ðåíöèðóåìîé ôóíêöèè ìîæíî ñîñòàâèòü ñîîòâåòñòâóþùèé åé ðÿä Òåéëîðà
(Ìàêëîðåíà), ñóììà ðÿäà ìîæåò íå ñîâïàäàòü ñî çíà÷åíèåì ôóíêöèè. Â
ýòîì ñëó÷àå ôóíêöèÿ íå ðàçëàãàåòñÿ â ñòåïåííîé ðÿä.

Òåîðåìà (íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ðàçëîæèìîñòè ôóíêöèè â
ðÿä Òåéëîðà).

Äëÿ òîãî, ÷òîáû ôóíêöèÿ f(x) íà ïðîìåæóòêå (x0 − R, x0 + R) ðàçëà-
ãàëàñü â ðÿä Òåéëîðà íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ôóíêöèÿ f(x) áûëà
áåñêîíå÷íî äèôôåðåíöèðóåìà íà ýòîì ïðîìåæóòêå è îñòàòî÷íûé ÷ëåí ôîð-
ìóëû Òåéëîðà rn(x) ñòðåìèëñÿ ê íóëþ:

lim
n→∞

rn(x) = 0 ∀x ∈ (x0 −R, x0 +R).

Äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ, âî ìíîãèõ ñëó÷àÿõ, áîëåå óäîáíà ñëå-
äóþùàÿ òåîðåìà.

Òåîðåìà (äîñòàòî÷íîå óñëîâèå ðàçëîæèìîñòè ôóíêöèè â ðÿä Òåéëîðà).
Åñëè ïðîèçâîäíûå âñåõ ïîðÿäêîâ ôóíêöèè f(x) ñóùåñòâóþò è ðàâíîìåð-

íî îãðàíè÷åíû íà ïðîìåæóòêå (x0 − R, x0 + R), òî åñòü ñóùåñòâóåò òàêîå
÷èñëî M > 0, ÷òî:

|f (n)(x)| ≤ M ∀x ∈ (x0 −R, x0 +R), ∀n ∈ N,

òî f(x) ðàçëàãàåòñÿ â ðÿä Òåéëîðà íà ýòîì ïðîìåæóòêå.

Ðàçëîæåíèå â ðÿä Ìàêëîðåíà ýëåìåíòàðíûõ ôóíêöèé

1) ex =
∞∑
n=0

xn

n!
= 1 +

x

1!
+

x2

2!
+ · · ·+ xn

n!
+ . . .

2) sin x =
∞∑
n=1

(−1)n−1x2n−1

(2n− 1)!
= x− x3

3!
+

x5

5!
− · · ·+ (−1)n−1x2n−1

(2n− 1)!
+ . . .

3) cos x =
∞∑
n=0

(−1)nx2n

(2n)!
= 1− x2

2!
+

x4

4!
− · · ·+ (−1)nx2n

(2n)!
+ . . .
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4) ln(1 + x) =
∞∑
n=1

(−1)n−1x
n

n
= x− x2

2
+

x3

3
− · · ·+ (−1)n−1x

n

n
+ . . .

5) (1 + x)α = 1 +
∞∑
n=1

α(α− 1)(α− 2) · · · (α− n+ 1)

n!
xn =

= 1 +
α

1
x+

α(α− 1)

1 · 2
x2 +

α(α− 1)(α− 2)

1 · 2 · 3
x3 + . . .

Äàííûé ðÿä íàçûâàþò áèíîìèàëüíûì ðàçëîæåíèåì.

Çàìå÷àíèå. Äëÿ ðÿäîâ 1)-3) ðàäèóñ ñõîäèìîñòè R = ∞, äëÿ ðÿäîâ 4) è
5) R = 1.

3.4 Òðèãîíîìåòðè÷åñêèå ðÿäû Ôóðüå

Îïðåäåëåíèå. Ðÿäîì Ôóðüå (òðèãîíîìåòðè÷åñêèì ðÿäîì Ôóðüå) íàçû-
âàåòñÿ ôóíêöèîíàëüíûé ðÿä âèäà

a0
2
+

∞∑
n=1

an cos
πnx

L
+ bn sin

πnx

L
, an, bn ∈ R. (38)

Âñå ÷ëåíû ðÿäà (38) îáëàäàþò ñâîéñòâîì ïåðèîäè÷íîñòè, ïðè÷¼ì íàèáîëü-
øèé ïåðèîä (2L) èìååò, î÷åâèäíî, ïåðâîå ñëàãàåìîå ðÿäà, ïîýòîìó ðÿä (38)
íàçûâàþò ðÿäîì Ôóðüå íà îòðåçêå [−L;L], ïîñêîëüêó â ñèëó ïåðèîäè÷íî-
ñòè äîñòàòî÷íî ðàññìîòðåòü x ∈ [−L;L].

Êîìïëåêñíîå ïðåäñòàâëåíèå òðèãîíîìåòðè÷åñêèõ ðÿäîâ Ôóðüå

Â ìàòåìàòè÷åñêîé ëèòåðàòóðå ÷àñòî èñïîëüçóåòñÿ êîìïëåêñíîå ïðåä-
ñòàâëåíèå ðÿäà (38):

+∞∑
k=−∞

ck e
πkxi
L , ck ∈ C. (39)

Íåòðóäíî óáåäèòüñÿ â ýêâèâàëåíòíîñòè ïðåäñòàâëåíèé (38) è (39). Ó÷èòû-
âàÿ ôîðìóëû Ýéëåðà

eiφ = cosφ+ i sinφ, cosφ =
eiφ + e−iφ

2
, sinφ =

eiφ − e−iφ

2i
, (40)

ðÿä (38) ìîæíî ïðåîáðàçîâàòü ê âèäó

a0
2
+

1

2

+∞∑
n=1

e
πnxi
L (an − ibn) + e−

πnxi
L (an + ibn) ,
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îòêóäà (n ∈ N)

c0 =
a0
2
, cn =

an − ibn
2

, c−n =
an + ibn

2

èëè

a0 = 2c0, an = cn + c−n, bn = i (c−n − cn) .

Ðàçëîæåíèå ôóíêöèè â ðÿä Ôóðüå

Îñíîâíûì ÿâëÿåòñÿ âîïðîñ î âîçìîæíîñòè ïðåäñòàâëåíèÿ çàäàííîé ôóíê-
öèè â âèäå òðèãîíîìåòðè÷åñêîãî ðÿäà Ôóðüå è îá àëãîðèòìå îïðåäåëåíèÿ
êîýôôèöèåíòîâ ðÿäà (an è bn), åñëè òàêîå ïðåäñòàâëåíèå âîçìîæíî.

Åñëè ðÿä (38) ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [−L,L] ê íåêîòîðîé ôóíê-
öèè f :

f(x) =
a0
2
+

∞∑
n=1

an cos
πnx

L
+ bn sin

πnx

L
, (41)

òî êîýôôèöèåíòû ðÿäà ðàâíû

an =
1

L

L∫
−L

f(x) cos
πnx

L
dx n = 0, 1, 2, 3, . . . (42)

bn =
1

L

L∫
−L

f(x) sin
πnx

L
dx, n ∈ N. (43)

Ðÿä (41), êîýôôèöèåíòû êîòîðîãî âû÷èñëåíû ïî ôîðìóëàì (42) è (43),
íàçûâàåòñÿ ðÿäîì Ôóðüå äëÿ ôóíêöèè f . Äëÿ îòðàæåíèÿ ýòîãî ôàêòà
îáû÷íî èñïîëüçóåòñÿ ñëåäóþùàÿ çàïèñü:

f(x) ∼ a0
2
+

∞∑
n=1

an cos
πnx

L
+ bn sin

πnx

L
.

Ñõîäèìîñòü òðèãîíîìåòðè÷åñêèõ ðÿäîâ Ôóðüå

Êîýôôèöèåíòû ðÿäà âû÷èñëÿþòñÿ ÷åðåç èíòåãðàëû è ïîýòîìó íå çàâè-
ñÿò îò çíà÷åíèé ôóíêöèè â îòäåëüíûõ òî÷êàõ (ò.å. íà ìíîæåñòâå íóëåâîé
ìåðû). Òàêèì îáðàçîì, ðàçíûì ôóíêöèÿì ìîæåò ñîîòâåòñòâîâàòü îäèí è
òîò æå ðÿä Ôóðüå, êîòîðûé ìîæåò, ðàçóìååòñÿ, ñõîäèòñÿ òîëüêî ê îäíîé èç
íèõ. Ñëåäîâàòåëüíî ñóììà ðÿäà Ôóðüå äëÿ ôóíêöèè ìîæåò îòëè÷àòüñÿ îò
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ñàìîé ôóíêöèè. Îòâåò íà ýòîò âîïðîñ î ñõîäèìîñòè òðèãîíîìåòðè÷åñêèõ
ðÿäîâ äà¼ò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà (Äèðèõëå).
Ïóñòü ôóíêöèÿ f ïåðèîäè÷íà ñ ïåðèîäîì 2L è óäîâëåòâîðÿåò ñëåäóþ-

ùèì óñëîâèÿì:
1) ôóíêöèÿ f êóñî÷íî-íåïðåðûâíà íà [−L;L].
2) ôóíêöèÿ f èìååò êîíå÷íîå ÷èñëî èíòåðâàëîâ ìîíîòîííîñòè.
Òîãäà ðÿä Ôóðüå ñõîäèòñÿ äëÿ âñåõ x, ïðè÷¼ì, åñëè S(x) � ñóììà ðÿäà

Ôóðüå, òî
1) åñëè f íåïðåðûâíà â òî÷êå x0, òî ñóììà ðÿäà Ôóðüå ñîâïàäàåò ñî

çíà÷åíèåì ôóíêöèè â ýòîé òî÷êå

S(x0) = f(x0).

2) åñëè x0 � òî÷êà ðàçðûâà ïåðâîãî ðîäà, òî èìååò ìåñòî ðàâåíñòâî

S(x0) =
f(x0 − 0) + f(x0 + 0)

2
,

ãäå f(x0 ± 0) � îäíîñòîðîííèå ïðåäåëû ôóíêöèè f â òî÷êå x = x0. Â
÷àñòíîñòè

S(L) =
f(L− 0) + f(−L+ 0)

2
.

Ðÿäû Ôóðüå äëÿ ÷¼òíûõ è íå÷¼òíûõ ôóíêöèé

Îïðåäåëåíèå. Ôóíêöèÿ íàçûâàåòñÿ ÷¼òíîé, åñëè äëÿ âñåõ çíà÷åíèé x èç
îáëàñòè îïðåäåëåíèÿ èìååò ìåñòî ðàâåíñòâî:

f(−x) = f(x),

ò. å. èçìåíåíèå çíàêà àðãóìåíòà íå îòðàæàåòñÿ íà çíà÷åíèè ôóíêöèè.

Îïðåäåëåíèå. Ôóíêöèÿ íàçûâàåòñÿ íå÷¼òíîé, åñëè äëÿ âñåõ çíà÷åíèé x
èç îáëàñòè îïðåäåëåíèÿ èìååò ìåñòî ðàâåíñòâî:

f(−x) = −f(x),

ò. å. èçìåíåíèå çíàêà àðãóìåíòà ïðèâîäèò ê ïåðåìåíå çíàêà çíà÷åíèÿ ôóíê-
öèè.

Òåîðåìà. Êàæäàÿ ôóíêöèÿ, èìåþùàÿ ñèììåòðè÷íóþ îòíîñèòåëüíî íóëÿ
îáëàñòü îïðåäåëåíèÿ, ïðåäñòàâèìà â âèäå ñóììû ÷¼òíîé è íå÷¼òíîé ôóíê-
öèè.
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Äëÿ ÷¼òíûõ è íå÷¼òíûõ ôóíêöèé èìååò ìåñòî ðàâåíñòâî

L∫
−L

f(x) dx =

 2
L∫
0

f(x) dx, åñëè f ÷¼òíàÿ,

0, åñëè f íå÷¼òíàÿ.

(44)

Êîýôôèöèåíòû ðÿäà Ôóðüå äëÿ ÷¼òíîé è íå÷¼òíîé ôóíêöèè

Åñëè f � ÷¼òíàÿ ôóíêöèÿ, òî

an =
2

L

L∫
0

f(x) cos
πnx

L
dx, bn = 0. (45)

Â ðàçëîæåíèè ÷¼òíîé ôóíêöèè â ðÿä Ôóðüå ïðèñóòñòâóþò òîëüêî êîñèíó-
ñû.

Åñëè æå f � íå÷¼òíàÿ ôóíêöèÿ, òî

an = 0, bn =
2

L

L∫
0

f(x) sin
πnx

L
dx. (46)

Â ðàçëîæåíèè íå÷¼òíîé ôóíêöèè â ðÿä Ôóðüå ïðèñóòñòâóþò òîëüêî ñèíó-
ñû.

Ðàçëîæåíèå ïî êîñèíóñàì è ñèíóñàì

Äëÿ ïðèìåíåíèÿ ôîðìóë (45, 46) äîñòàòî÷íî, ÷òîáû ôóíêöèÿ áûëà îïðå-
äåëåíà òîëüêî íà ïîëîæèòåëüíîé ÷àñòè îòðåçêà. Ïóñòü ôóíêöèÿ f îïðåäå-
ëåíà íà îòðåçêå [0;L], òîãäà ðÿäû

a0
2
+

∞∑
n=1

an cos
πnx

L
è

∞∑
n=1

bn sin
πnx

L
,

ãäå êîýôôèöèåíòû an îïðåäåëåíû ïî ôîðìóëàì (45), à bn îïðåäåëåíû ïî
ôîðìóëàì (46), íàçûâàþòñÿ, ñîîòâåòñòâåííî, ðàçëîæåíèåì ïî êîñèíóñàì è
ðàçëîæåíèåì ïî ñèíóñàì.
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Êîíòðîëüíàÿ ðàáîòà � 9

Ñîäåðæàíèå êîíòðîëüíîé ðàáîòû � 9

Çàäàíèå � 1

Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ. Âûäåëèòå ÷àñòíîå ðåøåíèå óðàâíå-
íèÿ, óäîâëåòâîðÿþùåå çàäàííîìó íà÷àëüíîìó óñëîâèþ y(x0) = y0, è ïî-
ñòðîéòå èíòåãðàëüíóþ êðèâóþ äëÿ ýòîãî ðåøåíèÿ.

Çàäàíèÿ �� 2,3,4,5

Íàéäèòå îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Óêàçàíèå. Ïåðåä ðåøåíèåì çàäà÷ êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ
îçíàêîìèòüñÿ ñî ñëåäóþùèìè ïîñîáèÿìè:

1. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ: ó÷åáíîå ïîñîáèå
/ Î. Â. Øàëÿïèíà, Â. Ñ. Êàïèòîíîâ.� ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2013.�
38 ñ.

2. Âèííèê, Ò. Â. Òèïîâûå âàðèàíòû êîíòðîëüíîé ðàáîòû ïî òåìå
îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ: ìåòîäè÷åñêèå óêàçàíèÿ
/ Ò. Â. Âèííèê, Í. Í. Ãèçëåð.� ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2005.� 22 ñ.

3. Ôàòòàõîâà, Ì. Â. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ n-ãî ïî-
ðÿäêà. Ðåøåíèå çàäà÷: ìåòîäè÷åñêèå óêàçàíèÿ / Ì. Â. Ôàòòàõîâà,
Ì. Á. Êóï÷èíåíêî, Í. Ì. Êëèìîâèöêàÿ.� ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2009.�
63 ñ.

4. Äåìüÿíîâà, Å.Ì. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà: ìå-
òîäè÷åñêèå óêàçàíèÿ / Å. Ì Äåìüÿíîâà, Ì. Á. Êóï÷èíåíêî, Ï. Å. Áàñ-
êàêîâà. ÑÏá., ÑÏáÃÒÈ(ÒÓ), 2002. � 54 ñ.

Óñëîâèÿ çàäà÷ êîíòðîëüíîé ðàáîòû � 9

Âàðèàíò � 1.

1. (x− 3)y′ − 2y = 1, y(1) = 2.

2. (x2 + 1)y′ − 2xy = x(x2 + 1)2.

3. y′′′′ − 16y = 0.
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4. y′′ − 4y′ + 4y =
e2x lnx

x
.

5. y′′ + y′ = x2 + 6.

Âàðèàíò � 2.

1. y′ =
2y

x
+ 3, y(1) = 0.

2. xy′ + y = ln x.

3. y′′′′ − 5y′′ + 6y′′ = 0.

4. y′′ − 2y′ + 10y =
ex

sin 3x
.

5. y′′ + 2y′ + y = 10ex.

Âàðèàíò � 3.

1. (x+ 1)y′ − y = 1, y(1) = 3.

2. y′ − y

x− 1
= (x− 1)2 .

3. y′′′′ − 4y = 0.

4. y′′ − 2y′ + y = ex lnx.

5. y′′ − 2y′ = 3x+ 2.

Âàðèàíò � 4.

1. (x− 1)y′ − 2y = 2, y(2) = 1.

2. y′ − y

x+ 1
= ex(x+ 1).

3. y′′′′ + 2y′′′ + 10y′′ = 0.

4. y′′ − 6y′ + 9y =
e3x√
1− x2

.

5. y′′ − 3y′ + 2y = 2x.
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Âàðèàíò � 5.

1. y′ =
y

x
ln

y

x
, y(1) = 2.

2. y′ − y

x+ 1
= (x+ 1) sin x.

3. y′′′′ + 2y′′′ + 37y′′ = 0.

4. y′′ − 4y′ + 4y =
e2x lnx

x2
.

5. y′′ − 3y′ + 2y = 2 sin x.

Âàðèàíò � 6.

1. (x+ 1)y′ − 2y = 4, y(1) = 2.

2. y′ − 2y

x− 1
= (x− 1)2 cosx.

3. y′′′′ + 3y′′′ + 3y′′ + y′ = 0.

4. y′′ − 5y′ + 6y = e4x cos ex.

5. y′′ + y = −8 cos 3x.

Âàðèàíò � 7.

1. y′ =
2y

x
+ 1, y(1) = 0.

2. y′ − y

x
= ln x.

3. y′′′′ − 2y′′′ + 26y′′ = 0.

4. y′′ + 6y′ + 9y =
e−3x

x2
.

5. y′′ − y = 2x.

Âàðèàíò � 8.

1. y′ ctg x+ y = 2, y(0) = −1.
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2. y′ − y

x+ 2
= x(x+ 2).

3. y′′′′ − 8y′′′ + 16y′′ = 0.

4. y′′ + 3y′ + 2y =
1

e2x + 1
.

5. y′′ + y = 4xex.

Âàðèàíò � 9.

1. y′ = 3 3
√
y2, y(2) = 0.

2. y′ − 2y

x+ 1
= (x+ 1)2 sinx.

3. y′′′′ − 81y = 0.

4. y′′ − 4y′ + 4y =
e2x√
1 + x2

.

5. 2y′′ + 5y′ = 5x2 − 2x− 1.

Âàðèàíò � 10.

1. y′ = −2xy, y(0) = 1.

2. y′ − y

x+ 3
= x2 − 9.

3. y′′′′ + 4y′′′ + 5y′′ = 0.

4. y′′ − 2y′ + y =
ex

x+ 1
.

5. 2y′′ + 5y′ = ex.

Âàðèàíò � 11.

1. xdy + ydx = 0, y(1) = 1.

2. y′ − 2y

x+ 2
= (x+ 3)(x+ 2)2.

3. y′′′′ − 4y′′′ + 13y′′ = 0.
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4. y′′ − 8y′ + 16y =
e4x

x+ 1
.

5. 2y′′ + 5y′ = 29 cos x.

Âàðèàíò � 12.

1.
dx

y + 1
+

dy

x
= 0, y(0) = 1.

2. y′ +
y

x+ 4
=

(x+ 1)2

x+ 4
.

3. y′′′′ + 10y′′′ + 25y′′ = 0.

4. y′′ + y =
1

cosx
.

5. y′′ − 2y′ = 2− 2x.

Âàðèàíò � 13.

1. (x+ 2)y′ − 2y = 6, y(−1) = −2.

2. y′ − 2y

x
= 2x4.

3. y′′′′ − 12y′′′ + 36y′′ = 0.

4. y′′ + y =
1

sinx
.

5. y′′ − y = 4ex.

Âàðèàíò � 14.

1. (y + 4)dx+ (x− 1)dy = 0, y(2) = −3.

2. y′ + y tg x = cos2 x.

3. y′′′′ − 4y′′′ + 29y′′ = 0.

4. y′′ − 2y′ + y =
ex

x
.

5. y′′ − 2y′ − 3y = 4ex.
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Âàðèàíò � 15.

1. (x− 3)y′ − 2y = 8, y(4) = −3.

2. y′ − y

x+ 3
= x2 + 3x.

3. y′′′′ − 10y′′′ + 25y′′ = 0.

4. y′′ − y′ =
e2x

ex + 1
.

5. y′′ + y = 6 sin 2x.

Âàðèàíò � 16.

1. (y − 4)dx+ (x− 9)dy = 0, y(10) = 5.

2. y′ − 2y

x+ 4
= (x+ 4)2 tg x.

3. y′′′′ − 6y′′′ + 10y′′ = 0.

4. y′′ − 4y′ + 4y = e2x arctg x.

5. y′′ − y = x2 − x+ 1.

Âàðèàíò � 17.

1. (y − 2)dx− (x− 3)dy = 0, y(4) = 4.

2. y′ − y

x+ 6
= x2 − 36.

3. y′′′′ − 7y′′′ + 12y′′ = 0.

4. y′′ − 4y′ + 4y =
e2x

cos2 x
.

5. y′′ + y = cos 2x.

Âàðèàíò � 18.

1. (y − 3)dx− (x− 2)dy = 0, y(3) = 5.

2. y′ − 2y

x− 5
= x(x− 5)2.
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3. y′′′′ − 2y′′′ + 26y′′ = 0.

4. y′′ − 6y′ + 9y =
e3x

sin2 x
.

5. y′′ − 3y′ = −18x.

Âàðèàíò � 19.

1. (y + 2)dx− (x− 4)dy = 0, y(5) = 0.

2. y′ +
y

x+ 3
=

tg x

x+ 3
.

3. y′′′′ − 6y′′′ + 25y′′ = 0.

4. y′′ − 2y′ + y =
ex

x2 + 1
.

5. y′′ − 3y′ = e3x.

Âàðèàíò � 20.

1. y′x3 = 2y, y(1) =
1

e
.

2. y′ − y

x+ 7
= x2 − 49.

3. y′′′′ − 2y′′′ + 17y′′ = 0.

4. y′′ − 4y′ + 4y =
e2x√
x+ 3

.

5. y′′ + y′ − 2y = 6x2.

Âàðèàíò � 21.

1. y′ = −y

x
, y(1) = 2.

2.y′ +
y

x+ 6
=

x2

x+ 6
.

3. y′′′′ + 4y′′′ + 20y′′ = 0.

4. y′′ + 3y′ + 2y =
1√

1− e2x
.
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5. y′′ + 2y′ + y = ex.

Âàðèàíò � 22.

1. y′ =
3y

x
+ 2, y(1) = −1.

2. y′ − y

x− 7
= x2 − 8x+ 7.

3. y′′′′ + 4y′′′ + 13y′′ = 0.

4. y′′ − 6y′ + 9y =
e3x√
1 + x2

.

5. y′′ − 5y′ + 6y = 13 sin 3x.

Âàðèàíò � 23.

1. y′ =
y

x

(
1 + ln

y

x

)
, y(1) = e.

2. y′ − y

x+ 8
= x2 − 9x+ 8.

3. y′′′′ + 9y′′′ + 27y′′ + 27y′ = 0.

4. y′′ + 4y =
1

sin3 2x
.

5. y′′ − y = e−x.

Âàðèàíò � 24.

1. y′ tg x− y = 1, y(
π

2
) = 0.

2. y′ − 2y

x− 4
= x(x− 4)3.

3. y′′′′ + 14y′′′ + 48y′′ = 0.

4. y′′ + 9y =
1

cos3 3x
.

5. y′′ − y′ = ex.
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Âàðèàíò � 25.

1. y′ =
2xy

1 + x2
, y(1) = 2.

2. y′ − y

x+ 5
= (x+ 5) ctg x.

3. y′′′′ − 16y′′′ + 64y′′ = 0.

4. y′′ + 4y =
sin 2x

cos2 2x
.

5. y′′ − y′ = x.

Ðåøåíèå òèïîâûõ âàðèàíòîâ êîíòðîëüíîé ðàáîòû � 9

Âàðèàíò 1.

Çàäàíèå 1. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

(x− 2)y′ − 3y = 6. (47)

Âûäåëèòå ÷àñòíîå ðåøåíèå óðàâíåíèÿ, óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëî-
âèþ y(1) = −1, è ïîñòðîéòå èíòåãðàëüíóþ êðèâóþ äëÿ ýòîãî ðåøåíèÿ.

Ðåøåíèå. Óðàâíåíèå (47) ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ðàç-
äåëÿþùèìèñÿ ïåðåìåííûìè. Ïåðåïèøåì ýòî óðàâíåíèå â âèäå

(x− 2)
dy

dx
= 3(y + 2).

Óìíîæèì îáå ÷àñòè óðàâíåíèÿ íà dx:

(x− 2)dy = 3(y + 2)dx.

Îòìåòèì, ÷òî ïîëó÷åííîå óðàâíåíèå èìååò ðåøåíèå â âèäå ïîñòîÿííîé y ≡
−2. Íàéä¼ì äðóãèå ðåøåíèÿ óðàâíåíèÿ. Ðàçäåëèâ îáå ÷àñòè óðàâíåíèÿ íà
(x− 2)(y + 2) ̸= 0, ïîëó÷èì

dy

y + 2
=

3dx

x− 2
.

Ïîëó÷åííîå óðàâíåíèå ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ðàçäå-
ë¼ííûìè ïåðåìåííûìè. Èíòåãðèðóÿ îáå ÷àñòè ðàâåíñòâà, ïîëó÷èì∫

dy

y + 2
=

∫
3dx

x− 2
=⇒ ln |y + 2| = 3 ln |x− 2|+ ln |C|.
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Ó÷èòûâàÿ ñâîéñòâà ëîãàðèôìîâ, ïîëó÷àåì

ln |y + 2| = ln |C(x− 2)3| =⇒ y + 2 = C(x− 2)3.

Îáùåå ðåøåíèå èìååò, òàêèì îáðàçîì, ñëåäóþùèé âèä

y = C(x− 2)3 − 2. (48)

Îòìåòèì, ÷òî ôîðìóëà (48) ñîäåðæèò â òîì ÷èñëå è ðåøåíèå â âèäå ïîñòî-
ÿííîé ôóíêöèè y ≡ −2 (ïðè C = 0).

Ïîäñòàâëÿÿ â íàéäåííîå îáùåå ðåøåíèå, çàäàâàåìîå ôîðìóëîé (48), x =
1 è y = −1, íàéä¼ì çíà÷åíèå ïðîèçâîëüíîé ïîñòîÿííîé, êîòîðîå ñîîòâåò-
ñòâóåò ýòîìó íà÷àëüíîìó óñëîâèþ:

−1 = C(1− 2)3 − 2,

îòêóäà C = −1. Ïîäñòàâëÿÿ íàéäåííîå çíà÷åíèå C â îáùåå ðåøåíèå (48),
ïîëó÷èì èñêîìîå ÷àñòíîå ðåøåíèå óðàâíåíèÿ:

y = −(x− 2)3 − 2.

Ñîîòâåòñòâóþùàÿ åìó èíòåãðàëüíàÿ êðèâàÿ (ãðàôèê ÷àñòíîãî ðåøåíèÿ)
ïðåäñòàâëÿåò ñîáîé êóáè÷åñêóþ ïàðàáîëó (ñì. ðèñóíîê 3).

Ðèñóíîê 3 � Èíòåãðàëüíàÿ êðèâàÿ â çàäàíèè 1

Çàäàíèå 2. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

y′ − 2y

x− 3
= (x− 3)2(x+ 1). (49)
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Ðåøåíèå. Óðàâíåíèå (49) èìååò âèä

y′ + p(x)y = q(x)

è, ñëåäîâàòåëüíî, îòíîñèòñÿ ê ëèíåéíûì íåîäíîðîäíûì äèôôåðåíöèàëü-
íûì óðàâíåíèÿì ïåðâîãî ïîðÿäêà. Íàéä¼ì åãî îáùåå ðåøåíèå ìåòîäîì âà-
ðèàöèè ïðîèçâîëüíîé ïîñòîÿííîé. Ñîñòàâèì ñíà÷àëà ñîîòâåòñòâóþùåå åìó
ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå

Y ′ − 2Y

x− 3
= 0. (50)

Ðåøèì óðàâíåíèå (50) ðàçäåëåíèåì ïåðåìåííûõ. Ïåðåïèøåì óðàâíåíèå â
âèäå

dY =
2Y

x− 3
dx,

ðàçäåëèì îáå ÷àñòè íà Y

dY

Y
=

2dx

x− 3
.

Èíòåãðèðóÿ îáå ÷àñòè ýòîãî óðàâíåíèÿ (äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ
ðàçäåë¼ííûìè ïåðåìåííûìè), ïîëó÷èì

ln |Y | = 2 ln |x− 3|+ ln |C|

è, îêîí÷àòåëüíî,

Y = C(x− 3)2. (51)

Çíàÿ îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ, çàäàâàåìîå ôîð-
ìóëîé (51), áóäåì èñêàòü ðåøåíèå èñõîäíîãî óðàâíåíèÿ (49) â âèäå

y = C(x) · (x− 3)2, (52)

ãäå C(x) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ. Äèôôåðåíöèðóÿ ðàâåíñòâî (52),
ïîëó÷àåì

y′ = C ′(x)(x− 3)2 + 2C(x)(x− 3). (53)

Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (52) è (53) â èñõîäíîå óðàâíåíèå (49), ïîëó÷àåì
ðàâåíñòâî

C ′(x)(x− 3)2 + 2C(x)(x− 3)− 2C(x) · (x− 3)2

x− 3
= (x− 3)2(x+ 1),
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óïðîùàÿ êîòîðîå ïîëó÷àåì

C ′(x) = x+ 1.

Èíòåãðèðóÿ, ïîëó÷àåì

C(x) =

∫
(x+ 1)dx =

(x+ 1)2

2
+ C. (54)

Ïîäñòàâëÿÿ C(x) èç (54) â ôîðìóëó (52), ïîëó÷àåì îáùåå ðåøåíèå èñõîä-
íîãî óðàâíåíèÿ (49):

y =

(
1

2
(x+ 1)2 + C

)
(x+ 3)2.

Çàäàíèå 3. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

y′′′′ − 8y′′′ + 15y′′ = 0.

Ðåøåíèå. Äàííîå óðàâíåíèå ÿâëÿåòñÿ ëèíåéíûì îäíîðîäíûì äèôôåðåí-
öèàëüíûì óðàâíåíèåì ÷åòâ¼ðòîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòà-
ìè. Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

λ4 − 8λ3 + 15λ2 = 0.

Íàéä¼ì êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λ2
(
λ2 − 8λ+ 15

)
= 0.

Ïîëó÷àåì, ÷òî õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò îäèí êðàòíûé êîðåíü
è äâà ïðîñòûõ:

λ1 = λ2 = 0, λ3 = 3, λ4 = 5.

Çíàÿ êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, ïîñòðîèì ôóíäàìåíòàëü-
íóþ ñèñòåìó ðåøåíèé:

y1 = e0x = 1, y2 = x, y3 = e3x, y4 = e5x.

Òàêèì îáðàçîì, îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ èìååò âèä

y = C1 + C2x+ C3e
3x + C4e

5x.

Çàäàíèå 4. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

y′′ − y′ =
ex

ex + 1
. (55)
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Ðåøåíèå. Óðàâíåíèå (55) ÿâëÿåòñÿ ëèíåéíûì äèôôåðåíöèàëüíûì óðàâ-
íåíèåì âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Íàéä¼ì ñíà÷àëà
îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåãî äàí-
íîìó íåîäíîðîäíîìó:

Y ′′ − Y ′ = 0. (56)

Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå è íàéä¼ì åãî êîðíè

λ2 − λ = 0 =⇒ λ(λ− 1) = 0.

Ïîëó÷àåì, ÷òî êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ÿâëÿþòñÿ ÷èñëà

λ1 = 0 è λ2 = 1.

Ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé:

y1 = 1, y2 = ex. (57)

Îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ (56) ÿâëÿåòñÿ ëèíåé-
íîé êîìáèíàöèåé ôóíêöèé, îáðàçóþùèõ ôóíäàìåíòàëüíóþ ñèñòåìó ðåøå-
íèé (57):

Y = C1 + C2e
x. (58)

Íàéä¼ì òåïåðü îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ (55) ìåòîäîì âàðè-
àöèè ïðîèçâîëüíûõ ïîñòîÿííûõ (ìåòîäîì Ëàãðàíæà), äëÿ ÷åãî â ôîðìó-
ëå (57) çàìåíèì ïðîèçâîëüíûå ïîñòîÿííûå C1 è C2 íåèçâåñòíûìè ôóíêöè-
ÿìè:

y = C1(x) + C2(x)e
x. (59)

Ïðîèçâîäíûå íîâûõ íåèçâåñòíûõ ôóíêöèé, êàê èçâåñòíî, óäîâëåòâîðÿþò
ñèñòåìå óðàâíåíèé{

C ′
1y1 + C ′

2y2 = 0,

C ′
1y

′
1 + C ′

2y
′
2 = f(x),

ãäå y1, y2 � ôóíêöèè, îáðàçóþùèå ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé (ñì.
ôîðìóëó (57)), à f(x) � ïðàâàÿ ÷àñòü ëèíåéíîãî íåîäíîðîäíîãî óðàâíå-
íèÿ (55). Ó÷èòûâàÿ, ÷òî

y′1 = 0, y′2 = ex,
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èìååì:
C ′

1 + C ′
2e

x = 0,

C ′
2e

x =
ex

ex + 1
.

Ïîëó÷àåì

C ′
2 =

1

1 + ex
, C ′

1 = − ex

ex + 1
.

Íåèçâåñòíûå ôóíêöèè íàõîäèì èíòåãðèðîâàíèåì:

C1(x) = −
∫

exdx

ex + 1
= −

∫
d (ex + 1)

ex + 1
= − ln (1 + ex) + C1.

C2(x) =

∫
1

1 + ex
dx =

∫
1 + ex − ex

1 + ex
dx =

∫
dx−

∫
exdx

ex + 1
=

= x− ln (1 + ex) + C2.

Ïîäñòàâëÿÿ íàéäåííûå âûðàæåíèÿ äëÿ ôóíêöèé C1(x) è C2(x) â ôîðìó-
ëó (59), ïîëó÷àåì

y = − ln (1 + ex) + C1 + (x− ln (1 + ex)) ex,

y = C1 + C2e
x + xex − ex ln (1 + ex)− ln (1 + ex) .

Çàäàíèå 5. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

y′′ + 4y = 2 cosx (60)

Ðåøåíèå. Óðàâíåíèå (60) ÿâëÿåòñÿ ëèíåéíûì íåîäíîðîäíûì äèôôåðåí-
öèàëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è
ïðàâîé ÷àñòüþ ñïåöèàëüíîãî âèäà. Äåéñòâèòåëüíî, ïðàâàÿ ÷àñòü óðàâíåíèÿ
èìååò âèä

eax (Pn(x) cos bx+Qm(x) sin bx) , ãäå a = 0, b = 1, Qm(x) ≡ 0, Pn(x) = P0 = 2.

Íàéä¼ì ñíà÷àëà îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåãî íåîäíîðîäíîìó óðàâíåíèþ (60):

Y ′′ + 4Y = 0. (61)

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ óðàâíåíèÿ (61) èìååò âèä

λ2 + 4 = 0.
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Êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ÿâëÿåòñÿ ïàðà êîìïëåêñíî-ñîï-
ðÿæ¼ííûõ ÷èñåë

λ1,2 = ±2i.

Ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé óðàâíåíèÿ (61) îáðàçîâàíà ôóíêöèÿìè

y1 = e0x cos 2x = cos 2x, y2 = e0x sin 2x = sin 2x.

Îáùåå ðåøåíèå óðàâíåíèÿ (61) èìååò âèä

Y = C1 cos 2x+ C2 sin 2x. (62)

Òåïåðü íàéä¼ì ÷àñòíîå ðåøåíèå èñõîäíîãî íåîäíîðîäíîãî óðàâíåíèÿ (60)
ìåòîäîì íåîïðåäåë¼ííûõ êîýôôèöèåíòîâ. Ñ ó÷¼òîì òîãî, ÷òî ÷èñëî

a+ bi = 0 + i = i

íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, ÷àñòíîå ðåøåíèå óðàâ-
íåíèÿ (60) èìååò âèä

y∗ = A0 cos bx+B0 sin bx,

y∗ = A cosx+B sinx. (63)

Äèôôåðåíöèðóÿ ðàâåíñòâî (63), íàõîäèì

y′∗ = −A sinx+B cosx. (64)

y′′∗ = −A cosx−B sinx. (65)

Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (63, 64, 65) â óðàâíåíèå (60), ïîëó÷àåì

−A cosx−B sinx+ 4A cosx+ 4B sinx = 2 cosx,

3A cosx+ 3B sinx = 2 cosx.

Ïðèðàâíèâàÿ êîýôôèöèåíòû â ëåâîé è ïðàâîé ÷àñòÿõ ïðè cosx è sinx,
ïîëó÷èì{

3A = 2,
3B = 0,

îòêóäà B = 0, A = 2
3 . Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ A è B â ôîðìó-

ëó (63), ïîëó÷àåì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (60):

y∗ =
2

3
cosx.
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Îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ (60) íàõîäèì ïî ôîð-
ìóëå

y = Y + y∗,

ãäå Y � îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ (61), à y∗ �
÷àñòíîå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ (60). Îêîí÷àòåëüíî
ïîëó÷àåì:

y = C1 cos 2x+ C2 sin 2x+
2

3
cosx.

Âàðèàíò 2.

Çàäàíèå 1. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

y′ =
3y

x
+ 2. (66)

Âûäåëèòå ÷àñòíîå ðåøåíèå óðàâíåíèÿ, óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëî-
âèþ y(1) = 0, è ïîñòðîéòå ñîîòâåòñòâóþùóþ èíòåãðàëüíóþ êðèâóþ äëÿ
ýòîãî óðàâíåíèÿ.

Ðåøåíèå. Óðàâíåíèå (66) èìååò âèä

y′ = f
(y
x

)
,

è, ñëåäîâàòåëüíî, ÿâëÿåòñÿ îäíîðîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì
ïåðâîãî ïîðÿäêà. Ââåä¼ì íîâóþ íåèçâåñòíóþ ôóíêöèþ ñ ïîìîùüþ çàìåíû

t =
y

x
.

Ïîëó÷àåì:

y = t · x, y′ =
dy

dx
=

dt

dx
· x+ t.

Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ y è y′ â óðàâíåíèå (66), ïîëó÷àåì

dt

dx
· x+ t = 3t+ 2, x · dt

dx
= 2(t+ 1).

Ïîëó÷èëîñü óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, ïåðåïèøåì åãî â
âèäå

xdt = 2(t+ 1)dx.
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Îòìåòèì, ÷òî ñðåäè ðåøåíèé óðàâíåíèÿ åñòü ïîñòîÿííàÿ ôóíêöèÿ t ≡ −1,
è ïîäåëèì îáå ÷àñòè íà x(t+ 1) ̸= 0:

dt

t+ 1
=

2dx

x
.

Ïîëó÷èëîñü óðàâíåíèå ñ ðàçäåë¼ííûìè ïåðåìåííûìè. Èíòåãðèðóÿ îáå åãî
÷àñòè, ïîëó÷àåì

ln |t+ 1| = 2 ln |x|+ ln |C|, ln |t+ 1| = ln
∣∣x2C∣∣ ,

îòêóäà ñëåäóåò, ÷òî

t = Cx2 − 1.

Âîçâðàùàÿñü ê ñòàðûì ïåðåìåííûì, ïîëó÷àåì

y

x
= Cx2 − 1

è, îêîí÷àòåëüíî, çàêëþ÷àåì, ÷òî îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ (66)
ìîæåò áûòü çàïèñàíî â âèäå

y = Cx3 − x. (67)

Ïîäñòàíîâêîé â ðàâåíñòâî (67) íà÷àëüíûõ óñëîâèé x = 1, y = 0 íàõîäèì
çíà÷åíèå ïðîèçâîëüíîé ïîñòîÿííîé C:

C − 1 = 0, C = 1.

Îêîí÷àòåëüíî, ïîäñòàíîâêîé â ðàâåíñòâî (67) çíà÷åíèÿ C = 1, ïîëó÷àåì
÷àñòíîå ðåøåíèå óðàâíåíèÿ (66), ÿâëÿþùååñÿ ðåøåíèåì ïîñòàâëåííîé çà-
äà÷è Êîøè:

y = x3 − x.

Èíòåãðàëüíóþ êðèâóþ (ò.å ãðàôèê ÷àñòíîãî ðåøåíèÿ) ìîæíî ïîñòðîèòü,
ïðèìåíÿÿ ñòàíäàðòíûå ìåòîäû ïîñòðîåíèÿ ãðàôèêîâ ôóíêöèé. Èíòåãðàëü-
íàÿ êðèâàÿ ÿâëÿåòñÿ â äàííîì ñëó÷àå êóáè÷åñêîé ïàðàáîëîé, å¼ ãðàôèê
ïðåäñòàâëåí íà ðèñóíêå 4.

Çàäàíèå 2. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

y′ − y

x+ 4
= (x+ 4) sin 2x. (68)
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Ðèñóíîê 4 � Èíòåãðàëüíàÿ êðèâàÿ â çàäàíèè 2

Ðåøåíèå. Óðàâíåíèå (68) ÿâëÿåòñÿ ëèíåéíûì ëèíåéíûì îäíîðîäíûì
äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïîðÿäêà, ò. ê. èìååò âèä

y′ + p(x)y = q(x).

Íàéä¼ì îáùåå ðåøåíèå óðàâíåíèÿ ìåòîäîì âàðèàöèè ïðîèçâîëüíîé ïîñòî-
ÿííîé (ìåòîäîì Ëàãðàíæà). Îäíîðîäíîå ëèíåéíîå óðàâíåíèå, ñîîòâåòñòâó-
þùåå äàííîìó íåîäíîðîäíîìó, èìååò âèä

Y ′ − Y

x+ 4
= 0. (69)

Ðàçäåëèì ïåðåìåííûå â óðàâíåíèè (68):

dY

dx
=

Y

x+ 4
=⇒ dY

Y
=

dx

x+ 4
.

Ïîëó÷èëè óðàâíåíèå ñ ðàçäåë¼ííûìè ïåðåìåííûìè, ïðîèíòåãðèðîâàâ îáå
÷àñòè êîòîðîãî, èìååì:

ln |Y | = ln |x+ 4|+ ln |C|,

Y = C(x+ 4). (70)

Ôîðìóëà (70) çàäà¼ò îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ (69).
Îáùåå ðåøåíèå èñõîäíîãî ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ (68) áóäåì
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èñêàòü, çàìåíèâ â ôîðìóëå (68) ïðîèçâîëüíóþ ïîñòîÿííóþ íîâîé íåèçâåñò-
íîé ôóíêöèåé C(x):

y = C(x)(x+ 4). (71)

Äèôôåðåíöèðóÿ ðàâåíñòâî (71), ïîëó÷àåì

y′ = C ′(x)(x+ 4) + C(x).

Ïîäñòàâèâ âûðàæåíèÿ äëÿ y (ðàâåíñòâî (71)) è äëÿ y′ â èñõîäíîå óðàâíå-
íèå (68), ïîëó÷èì

C ′(x)(x+ 4) + C(x)− C(x)(x+ 4)

x+ 4
= (x+ 4) sin 2x.

Â ðåçóëüòàòå óïðîùåíèé ïðèõîäèì ê ðàâåíñòâó

C ′(x) = sin 2x,

èíòåãðèðóÿ êîòîðîå, ïîëó÷àåì

C(x) =

∫
sin 2xdx =

1

2

∫
sin 2xd(2x) = −1

2
cos 2x+ C.

Ïîäñòàâèâ íàéäåííîå âûðàæåíèå äëÿ C(x) â ðàâåíñòâî (71), íàõîäèì îáùåå
ðåøåíèå óðàâíåíèÿ (68):

y =

(
C − 1

2
cos 2x

)
(x+ 4).

Çàäàíèå 3. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

y′′′′ − 256y = 0. (72)

Ðåøåíèå. Óðàâíåíèå (72) ÿâëÿåòñÿ ëèíåéíûì îäíîðîäíûì äèôôåðåíöè-
àëüíûì óðàâíåíèåì ÷åòâ¼ðòîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä:

λ4 − 256 = 0,
(
λ2 − 16

) (
λ2 + 16

)
= 0.

Êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ÿâëÿþòñÿ ÷èñëà

λ1,2 = ±4, λ3,4 = ±4i.

Ñîñòàâèì ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé äëÿ óðàâíåíèÿ (72):

y1 = e−4x, y2 = e4x, y3 = cos 4x, y4 = sin 4x.
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Îáùåå ðåøåíèå óðàâíåíèÿ (72) èìååò âèä:

y = C1e
−4x + C2e

4x + C3 cos 4x+ C4 sin 4x.

Çàäàíèå 4. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

y′′ + y = − ctg2 x. (73)

Ðåøåíèå. Óðàâíåíèå (73) ÿâëÿåòñÿ ëèíåéíûì íåîäíîðîäíûì äèôôåðåí-
öèàëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

Ñíà÷àëà íàéä¼ì îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ

Y ′′ + Y = 0, (74)

ñîîòâåòñòâóþùåå èñõîäíîìó (íåîäíîðîäíîìó) óðàâíåíèþ (73). Õàðàêòåðè-
ñòè÷åñêîå óðàâíåíèå äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (74) èìååò âèä

λ2 + 1 = 0,

åãî êîðíÿìè ÿâëÿþòñÿ ÷èñëà λ1,2 = ±i è, ñëåäîâàòåëüíî, ôóíäàìåíòàëüíàÿ
ñèñòåìà ðåøåíèé óðàâíåíèÿ (74) ñîñòîèò èç ôóíêöèé

y1 = cos x, y2 = sin x. (75)

Îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ (74) èìååò âèä

Y = C1 cosx+ C2 sinx. (76)

Îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ (73) áóäåì èñêàòü ìåòîäîì âàðèà-
öèè ïðîèçâîëüíûõ ïîñòîÿííûõ (ìåòîäîì Ëàãðàíæà), çàìåíèâ â îáùåì ðå-
øåíèè îäíîðîäíîãî óðàâíåíèÿ (76) ïðîèçâîëüíûå ïîñòîÿííûå C1 è C2 íî-
âûìè íåèçâåñòíûìè ôóíêöèÿìè C1(x) è C2(x):

y = C1(x) cos x+ C2(x) sin x. (77)

Ïðîèçâîäíûå íîâûõ íåèçâåñòíûõ ôóíêöèé, êàê èçâåñòíî, ìîãóò áûòü íàé-
äåíû èç ñèñòåìû óðàâíåíèé{

C ′
1y1 + C ′

2y2 = 0

C ′
1y

′
1 + C ′

2y
′
2 = f(x),

56



ãäå f(x) = − ctg2 x � ïðàâàÿ ÷àñòü ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ, à
y1 è y2 � ôóíêöèè, ñîñòàâëÿþùèå ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé ñî-
îòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ, çàäàâàåìûå â íàøåì ñëó÷àå ôîð-
ìóëîé (75). Èç ðàâåíñòâ (75) ëåãêî ïîëó÷èòü, ÷òî

y′1 = − sinx, y′2 = cos x,

ïîýòîìó â íàøåì ñëó÷àå ñèñòåìà óðàâíåíèé èìååò âèä{
C ′

1 cosx+ C ′
2 sinx = 0

−C ′
1 sinx+ C ′

2 cosx = − ctg2 x.

Äàííóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé óäîáíî ðåøàòü ïî ôîðìóëàì Êðàìå-
ðà. Ñîñòàâèì è âû÷èñëèì ñîîòâåòñòâóþùèå îïðåäåëèòåëè:

∆ =

∣∣∣∣ cosx sinx
− sinx cosx

∣∣∣∣ = cos2 x+ sin2 x = 1,

∆1 =

∣∣∣∣ 0 sin x
− ctg2 x cosx

∣∣∣∣ = sin x ctg2 x =
cos2 x

sinx
,

∆2 =

∣∣∣∣ cosx 0
− sinx ctg2 x

∣∣∣∣ = − cosx ctg2 x = −cos3 x

sin2 x
.

Ïî ôîðìóëàì Êðàìåðà èìååì:

C ′
1 =

∆1

∆
=

cos2 x

sinx
, C ′

2 =
∆2

∆
= −cos3 x

sin2 x
.

Îñòà¼òñÿ ïðîèíòåãðèðîâàòü ïîëó÷åííûå âûðàæåíèÿ:

C1(x) =

∫
cos2 x

sinx
dx =

∫
1− sin2 x

sinx
dx =

∫
dx

sinx
−
∫

sinx dx =

= ln
∣∣∣tg x

2

∣∣∣+ cosx+ C1;

C2(x) = −
∫

cos3 x

sin2 x
dx = −

∫ (
1− sin2 x

)
cosxdx

sin2 x
=

∥∥∥∥ cosxdx = d(sinx)

∥∥∥∥ =

= −
∫ (

1

sin2 x
− 1

)
d(sinx) =

1

sinx
+ sinx+ C2.

Ïîäñòàâëÿÿ íàéäåííûå âûðàæåíèÿ äëÿ C1(x) è C2(x) â ôîðìóëó (77), ïî-
ëó÷àåì îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ (73):

y =
(
ln
∣∣∣tg x

2

∣∣∣+ cos x+ C1

)
cosx+

(
1

sinx
+ sin x+ C2

)
sinx.
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Çàäàíèå 5. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

y′′ − 8y′ + 16y = 6e2x. (78)

Ðåøåíèå. Óðàâíåíèå (78) ÿâëÿåòñÿ ëèíåéíûì íåîäíîðîäíûì äèôôåðåí-
öèàëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è
ïðàâîé ÷àñòüþ ñïåöèàëüíîãî âèäà. Äåéñòâèòåëüíî, ïðàâàÿ ÷àñòü óðàâíå-
íèÿ (78) ìîæåò áûòü çàïèñàíà â âèäå

eαx (Pn(x) cos βx+Qm sin βx) ,

åñëè ïîëîæèòü a = 2, b = 0, Pn(x) = P0 = 6.
Ñíà÷àëà íàéä¼ì îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåãî èñõîäíîìó íåîäíîðîäíîìó óðàâíå-
íèþ (78):

Y ′′ − 8Y ′ + 16Y = 0. (79)

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (79) èìå-
åò âèä

λ2 − 8λ+ 16 = 0 ⇐⇒ (λ− 4)2 = 0.

Ýòî óðàâíåíèå èìååò îäèí êîðåíü êðàòíîñòè 2:

λ1,2 = 4.

Ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé äëÿ óðàâíåíèÿ (79) ñîñòîèò, ñëåäîâà-
òåëüíî, èç ôóíêöèé

y1 = e4x, y2 = x · e4x.

Îáùåå ðåøåíèå óðàâíåíèÿ (79), òàêèì îáðàçîì, èìååò âèä

Y = C1e
4x + C2xe

4x. (80)

Òåïåðü íàéä¼ì ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (78) ìåòîäîì
íåîïðåäåë¼ííûõ êîýôôèöèåíòîâ. Ñ ó÷¼òîì òîãî, ÷òî ÷èñëî α+iβ = 2 íå ÿâ-
ëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, ÷àñòíîå ðåøåíèå èñõîäíîãî
óðàâíåíèÿ áóäåì èñêàòü â âèäå:

y∗ = Ae2x. (81)

Ïîñëåäîâàòåëüíûì äèôôåðåíöèðîâàíèåì ðàâåíñòâà (81) íàõîäèì

y′∗ = 2Ae2x, y′′∗ = 4Ae2x.
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Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ y∗, y
′
∗, y

′′
∗ â óðàâíåíèå (78), ïîëó÷èì

4Ae2x − 16Ae2x + 16Ae2x = 6e2x =⇒ 4Ae2x = 6e2x =⇒ A =
3

2
.

Ïîäñòàâëÿÿ íàéäåííîå çíà÷åíèå êîýôôèöèåíòà A â ðàâåíñòâî (81), ïîëó-
÷èì, ÷òî ÷àñòíûì ðåøåíèåì èñõîäíîãî íåîäíîðîäíîãî óðàâíåíèÿ ÿâëÿåòñÿ
ôóíêöèÿ

y∗ =
3

2
e2x.

Îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (78) íàõîäèì êàê ñóììó åãî ÷àñò-
íîãî ðåøåíèÿ è îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ (79), ò. å. ïî ôîð-
ìóëå

y = y∗ + Y.

Îêîí÷àòåëüíî ïîëó÷àåì:

y =
3

2
e2x + C1e

4x + C2xe
4x.
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.
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∞∑
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n2n
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Âàðèàíò � 2.

1.
∞∑
n=1

2n

n
.

2.
∞∑
n=1

(−1)n−1 1

n2 + n+ 1
.

3.
∞∑
n=1

n(x− 1)n.

Âàðèàíò � 3.

1.
∞∑
n=1

n2 + n+ 1

2n2 + n+ 1
.

2.
∞∑
n=1

(−1)n−1 n

2n
.

3.
∞∑
n=1

(x+ 1)n

2n
.

Âàðèàíò � 4.

1.
∞∑
n=1

1

2n+ 3n
.

2.
∞∑
n=1

(−1)n−1 1

3n+ 1
.

3.
∞∑
n=1

(−1)n−1 (x− 1)n

n3n
.

Âàðèàíò � 5.

1.
∞∑
n=1

n

2n2 + n+ 1
.
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2.
∞∑
n=1

(−1)n−1 sin
1

n2
.

3.
∞∑
n=1

(−1)n−1 (x− 4)n

n4n
.

Âàðèàíò � 6.

1.
∞∑
n=1

n

3n
.

2.
∞∑
n=1

(−1)n−1 1

2n+ 3
.

3.
∞∑
n=1

(−1)n−1n(x+ 2)n

3n
.

Âàðèàíò � 7.

1.
∞∑
n=1

sin 1
n

n
.

2.
∞∑
n=1

(−1)n−1 1

n3n
.

3.
∞∑
n=1

(x+ 3)n

4n
.

Âàðèàíò � 8.

1.
∞∑
n=1

n+ 1

4n
.

2.
∞∑
n=1

(−1)n−1 1

3n+ 4
.

3.
∞∑
n=1

(−1)n−1 (x+ 3)n

2n+ 1
.
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Âàðèàíò � 9.

1.
∞∑
n=1

1

n
tg

1

2n
.

2.
∞∑
n=1

(−1)n−1 1

4n+ 3
.

3.
∞∑
n=1

(x− 2)n

4n
.

Âàðèàíò � 10.

1.
∞∑
n=1

n+ 2

3n2 + 4
.

2.
∞∑
n=1

(−1)n−1 1

n4n
.

3.
∞∑

N=1

(−1)n−1 (x− 2)n

(n+ 1)4n
.

Âàðèàíò � 11.

1.
∞∑
n=1

n+ 1

10n+ 1
.

2.
∞∑
n=1

(−1)n−1 1

10n+ 1
.

3.
∞∑
n=1

(x− 2)n

10n
.

Âàðèàíò � 12.

1.
∞∑
n=1

n+ 2

4n
.
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2.
∞∑
n=1

(−1)n−1 1

n+ 4n
.

3.
∞∑
n=1

(x− 3)n

3n
.

Âàðèàíò � 13.

1.
∞∑
n=1

4n

4n+ 1
.

2.
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n=1

(−1)n−1 1

4n+ 1
.

3.
∞∑
n=1

(−1)n−1 (x− 4)n

n4n
.

Âàðèàíò � 14.

1.
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n=1

(
2n+ 1

3n+ 1

)n

.

2.
∞∑
n=1

(−1)n−1 n

2n
.

3.
∞∑
n=1

(x+ 4)n

n2 + n
.

Âàðèàíò � 15.

1.
∞∑
n=1

n

3n2 + n+ 4
.

2.
∞∑
n=1

(−1)n−1

(
3n+ 1

4n+ 1

)n

.

3.
∞∑
n=1

(x− 5)n

n5n
.
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Âàðèàíò � 16.

1.
∞∑
n=1

(
6n+ 1

3n+ 2

)n

.

2.
∞∑
n=1

(−1)n−1 1

6n+ 1

3.
∞∑
n=1

(−1)n−1n(x− 5)n

5n
.

Âàðèàíò � 17.

1.
∞∑
n=1

n

5n
.

2.
∞∑
n=1

(−1)n−1

(
6n+ 5

3n+ 2

)n

.

3.
∞∑
n=1

(−1)n−1 (x− 5)n

n+ 1
.

Âàðèàíò � 18.

1.
∞∑
n=1

(
3n+ 2

4n+ 1

)n

.

2.
∞∑
n=1

(−1)n−1 n

4n
.

3.
∞∑
n=1

n(x+ 4)n

3n
.

Âàðèàíò � 19.

1.
∞∑
n=1

n+ 11

3n+ 5
.
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2.
∞∑
n=1

(−1)n−1 1

3n+ 5
.

3.
∞∑
n=1

(−1)n−1 (x− 6)n

6n
.

Âàðèàíò � 20.

1.
∞∑
n=1

(
4n++11

2n+ 3

)n

.

2.
∞∑
n=1

(−1)n−1 n

6n
.

3.
∞∑
n=1

(x− 1)n

2n+ 13
.

Âàðèàíò � 21.

1.
∞∑
n=1

1

2n+ 5n
.

2.
∞∑
n=1

(−1)n−1 4n

n+ 3
.

3.
∞∑
n=1

(−1)n−1 (x− 2)n

2n+ 3
.

Âàðèàíò � 22.

1.
∞∑
n=1

(
8n− 1

4n+ 3

)n

.

2.
∞∑
n=1

(−1)n−1 1

3n+ 7n
.

3.
∞∑
n=1

(x− 8)n

n8n
.
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Âàðèàíò � 23.

1.
∞∑
n=1

n+ 3

8n
.

2.
∞∑
n=1

(−1)n−1 1

8n+ 5
.

3.
∞∑
n=1

(−1)n−1 (x− 3)n

n6n
.

Âàðèàíò � 24.

1.
∞∑
n=1

(
4n+ 1

3n− 2

)n

.

2.
∞∑
n=1

(−1)n−1 1

(n+ 1)5n
.

3.
∞∑
n=1

n(n− 1)xn.

Âàðèàíò � 25.

1.
∞∑
n=1

1

3n+ 5n
.

2.
∞∑
n=1

(−1)n−1 1

3n+ 5
.

3.
∞∑
n=1

n(x+ 3)n

8n
.

Ðåøåíèå òèïîâûõ âàðèàíòîâ êîíòðîëüíîé ðàáîòû � 10

Âàðèàíò 1.

Çàäàíèå 1. Èññëåäóéòå íà ñõîäèìîñòü ÷èñëîâîé ðÿä

+∞∑
n=0

7n

n+ 3
.
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Ðåøåíèå. Äàííûé ðÿä ÿâëÿåòñÿ çíàêîïîëîæèòåëüíûì ÷èñëîâûì ðÿäîì.
Ïðèìåíèì ïðèçíàê ñõîäèìîñòè Äàëàìáåðà. Âû÷èñëèì ïðåäåë

q = lim
n→∞

un+1

un
,

ãäå un � îáùèé ÷ëåí ðÿäà. Äëÿ íàøåé çàäà÷è

un =
7n

n+ 3
, un+1 =

7n+1

n+ 4
.

Òàêèì îáðàçîì,

q = lim
n→∞

(
7n+1

n+ 4
:

7n

n+ 3

)
= lim

n→∞

7n+1(n+ 3)

(n+ 4)7n
= 7 lim

n→∞

n+ 3

n+ 4
=

= 7 lim
n→∞

n
(
1 + 3

n

)
n
(
1 + 4

n

) = 7 lim
n→∞

1 + 3
n

1 + 4
n

= 7.

Ïîñêîëüêó q = 7 > 1, íà îñíîâàíèè ïðèçíàêà Äàëàìáåðà çàêëþ÷àåì, ÷òî
ðàññìàòðèâàåìûé ðÿä ðàñõîäèòñÿ.

Îòâåò: ðàñõîäèòñÿ.

Çàäàíèå 2. Èññëåäóéòå ñõîäèìîñòü ðÿäà

∞∑
n=1

(−1)n−1 1

8n− 5
. (82)

Ðåøåíèå. Ðÿä (82) ÿâëÿåòñÿ çíàêî÷åðåäóþùèìñÿ ÷èñëîâûì ðÿäîì. Èñ-
ñëåäóåì ðÿä íà àáñîëþòíóþ ñõîäèìîñòü, äëÿ ýòîãî ðàññìîòðèì ðÿä èç àá-
ñîëþòíûõ âåëè÷èí:

∞∑
n=1

∣∣∣∣(−1)n−1 1

8n− 5

∣∣∣∣ = ∞∑
n=1

1

8n− 5
. (83)

Ðÿä (83) ÿâëÿåòñÿ çíàêîïîëîæèòåëüíûì ÷èñëîâûì ðÿäîì. Äëÿ èññëåäî-
âàíèÿ íà ñõîäèìîñòü ðÿäà (83) ïðèìåíèì ïðåäåëüíûé ïðèçíàê ñðàâíåíèÿ.
Â êà÷åñòâå ýòàëîííîãî ðÿäà âîçüì¼ì ãàðìîíè÷åñêèé ðÿä

∞∑
n=1

1

n
, (84)

êîòîðûé, êàê èçâåñòíî, ðàñõîäèòñÿ. Âû÷èñëèì

C = lim
n→∞

an
bn

,
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ãäå an è bn � îáùèå ÷ëåíû ñðàâíèâàåìûõ ðÿäîâ, â íàøåì ñëó÷àå

an =
1

8n− 5
, bn =

1

n
.

Èìååì:

C = lim
n→∞

(
1

8n− 5
:
1

n

)
= lim

n→∞

(
1

8n− 5
· n
1

)
= lim

n→∞

n

n
(
8− 5

n

) =
= lim

n→∞

1

8− 5
n

=
1

8
.

Ïîñêîëüêó 0 < C < ∞, ðÿäû (83) è (84) â ñìûñëå ñõîäèìîñòè âåäóò ñåáÿ
îäèíàêîâî, ò. å. ëèáî îáà ñõîäÿòñÿ, ëèáî îáà ðàñõîäÿòñÿ. Ó÷èòûâàÿ, ÷òî
ãàðìîíè÷åñêèé ðÿä (84) ÿâëÿåòñÿ ðàñõîäÿùèìñÿ, äåëàåì âûâîä, ÷òî ðÿä
èç àáñîëþòíûõ âåëè÷èí (83) òîæå ðàñõîäèòñÿ è, ñëåäîâàòåëüíî, ñâîéñòâîì
àáñîëþòíîé ñõîäèìîñòè èñõîäíûé ðÿä (82) íå îáëàäàåò.

Äëÿ äîêàçàòåëüñòâà ñõîäèìîñòè èñõîäíîãî çíàêî÷åðåäóþùåãîñÿ ðÿäà (82)
ïîêàæåì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû Ëåéáíèöà. Ïåðâîå óñëîâèå çà-
êëþ÷àåòñÿ â ñòðåìëåíèè îáùåãî ÷ëåíà ðÿäà ê íóëþ (íåîáõîäèìîå óñëîâèå
ñõîäèìîñòè), ýòî óñëîâèå âûïîëíåíî:

lim
n→∞

an = lim
n→∞

1

8n− 5
= 0.

Âòîðîå óñëîâèå òåîðåìû Ëåéáíèöà çàêëþ÷àåòñÿ â ìîíîòîííîì óáûâàíèè
ìîäóëÿ îáùåãî ÷ëåíà ðÿäà. Â äàííîì ñëó÷àå ýòî óñëîâèå, î÷åâèäíî, âûïîë-
íåíî, ïîñêîëüêó ÷èñëèòåëü îñòà¼òñÿ ïîñòîÿííûì (ðàâåí 1), à çíàìåíàòåëü
ðàñò¼ò ñ óâåëè÷åíèåì n. Äåéñòâèòåëüíî,

∀n ∈ N an =
1

8n− 5
> 1

8(n+ 1)− 5
=

1

8n+ 3
= an+1.

Èòàê, íà îñíîâàíèè òåîðåìû Ëåéáíèöà äåëàåì âûâîä î òîì, ÷òî èñõîä-
íûé ðÿä (82) ñõîäèòñÿ. Ðàíåå áûëî ïîêàçàíî, ÷òî ðÿä èç àáñîëþòíûõ âåëè-
÷èí (83) ðàñõîäèòñÿ, ñëåäîâàòåëüíî, ñõîäèìîñòü ðÿäà (82) áóäåò óñëîâíîé.

Îòâåò: ðÿä (82) ñõîäèòñÿ óñëîâíî.

Çàäàíèå 3. Íàéäèòå îáëàñòü ñõîäèìîñòè ðÿäà

∞∑
n=1

(−1)n−1 (x+ 4)n

(n+ 2) · 5n
. (85)
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Ðåøåíèå. Ðÿä (85) îòíîñèòñÿ ê ñòåïåííûì ðÿäàì. Èññëåäóåì åãî íà àá-
ñîëþòíóþ ñõîäèìîñòü ñ ïîìîùüþ ïðèçíàêà Äàëàìáåðà. Çàìåòèì, ÷òî

∞∑
n=1

∣∣∣∣(−1)n−1 (x+ 4)n

(n+ 2) · 5n

∣∣∣∣ = ∞∑
n=1

|x+ 4|n

(n+ 2) · 5n

è, òàêèì îáðàçîì äëÿ îáùåãî ÷ëåíà ðÿäà èç àáñîëþòíûõ âåëè÷èí ìîæíî
çàïèñàòü

|un(x)| =
|x+ 4|n

(n+ 2)5n
, |un+1(x)| =

|x+ 4|n+1

(n+ 3)5n+1
.

Äëÿ ôèêñèðîâàííîãî çíà÷åíèÿ x âû÷èñëèì ïðåäåë

q(x) = lim
n→∞

|un+1(x)|
|un(x)|

= lim
n→∞

|x+ 4|n+1(n+ 2)5n

(n+ 3)5n+1|x+ 4|n
=

|x+ 4|
5

lim
n→∞

n+ 2

n+ 3
=

=
|x+ 4|

5
lim
n→∞

n
(
1 + 2

n

)
n
(
1 + 3

n

) = |x+ 4|
5

lim
n→∞

1 + 2
n

1 + 3
n

=
|x+ 4|

5
.

Ñîãëàñíî ïðèçíàêó Äàëàìáåðà ðÿä ñõîäèòñÿ, åñëè q(x) < 1, è ðàñõîäèòñÿ,
åñëè q(x) > 1. Òàêèì îáðàçîì, ñòåïåííîé ðÿä (85) áóäåò ñõîäèòñÿ àáñîëþòíî
ïðè âûïîëíåíèè óñëîâèÿ

|x+ 4|
5

< 1 ⇐⇒ |x+ 4| < 5.

Ðàñêðûâàÿ çíàê ìîäóëÿ â íåðàâåíñòâå, ïîëó÷àåì

−5 < x+ 4 < 5 ⇐⇒ −9 < x < 1.

Ìû ïîëó÷èëè èíòåðâàë ñõîäèìîñòè ñòåïåííîãî ðÿäà (−9; 1). Îñòà¼òñÿ èñ-
ñëåäîâàòü ñõîäèìîñòü ðÿäà â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà ñõîäèìîñòè.

Ïîäñòàâèì â èñõîäíûé ñòåïåííîé ðÿä (85) çíà÷åíèå x = −9:

∞∑
n=1

(−1)n−1 (−9 + 4)n

(n+ 2)5n
=

∞∑
n=1

(−1)n−1 (−5)n

(n+ 2)5n
=

∞∑
n=1

(−1)n−1 (−1)n5n

(n+ 2)5n
=

=
∞∑
n=1

(−1)2n−1 1

n+ 2
= −

∞∑
n=1

1

n+ 2
.

Ðÿä

∞∑
n=1

1

n+ 2
=

1

3
+

1

4
+

1

5
+ · · · =

∞∑
k=3

1

k
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ÿâëÿåòñÿ ãàðìîíè÷åñêèì ðÿäîì, êîòîðûé, êàê èçâåñòíî, ðàñõîäèòñÿ. Òàêèì
îáðàçîì, â òî÷êå x = −9 ñòåïåííîé ðÿä (85) ðàñõîäèòñÿ.

Ïîäñòàâèì â èñõîäíûé ñòåïåííîé ðÿä (85) çíà÷åíèå x = 1:

∞∑
n=1

(−1)n−1 (1 + 4)n

(n+ 2)5n
=

∞∑
n=1

(−1)n−1 5n

(n+ 2)5n
=

∞∑
n=1

(−1)n−1 1

n+ 2
.

Ïîëó÷åííûé ðÿä ÿâëÿåòñÿ çíàêî÷åðåäóþùèìñÿ ÷èñëîâûì ðÿäîì, êîòîðûé
íå îáëàäàåò ñâîéñòâîì àáñîëþòíîé ñõîäèìîñòè, ïîñêîëüêó ðÿä èç àáñîëþò-
íûõ âåëè÷èí

∞∑
n=1

1

n+ 2
,

êàê áûëî ïîêàçàíî âûøå, ðàñõîäèòñÿ. Ïðîâåðêà óñëîâèé òåîðåìû Ëåéáíèöà
íå ñîñòàâëÿåò îñîáîãî òðóäà:

1) lim
n→∞

1

n+ 2
= 0;

2)
1

n+ 2
> 1

(n+ 1) + 2
=

1

n+ 3
∀n ∈ N.

Òàêèì îáðàçîì, â òî÷êå x = 1 ïî òåîðåìå Ëåéáíèöà ðÿä ñõîäèòñÿ, à ïî-
ñêîëüêó îí íå îáëàäàåò ñâîéñòâîì àáñîëþòíîé ñõîäèìîñòè, ñõîäèìîñòü áó-
äåò óñëîâíàÿ.

Îòâåò: îáëàñòü ñõîäèìîñòè ñòåïåííîãî ðÿäà D = (−9; 1]. Â òî÷êå x = 1
ðÿä ñõîäèòñÿ óñëîâíî.

Âàðèàíò 2.

Çàäàíèå 1. Èññëåäóéòå ñõîäèìîñòü ðÿäà

∞∑
n=1

1

n+ 9n
. (86)

Ðåøåíèå. Ðÿä (86) ÿâëÿåòñÿ çíàêîïîëîæèòåëüíûì ÷èñëîâûì ðÿäîì. Äëÿ
èññëåäîâàíèÿ íà ñõîäèìîñòü ïðèìåíèì ïðèçíàê ñðàâíåíèÿ. Äëÿ îáùåãî
÷ëåíà ðÿäà âåðíî î÷åâèäíîå íåðàâåíñòâî

an =
1

n+ 9n
6 1

9n
= bn ∀n ∈ N. (87)
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Ðÿä

∞∑
n=1

bn =
∞∑
n=1

1

9n
=

∞∑
n=1

(
1

9

)n

, (88)

êîòîðûé ñîãëàñíî (87) ÿâëÿåòñÿ ìàæîðàíòîé äëÿ èñõîäíîãî ðÿäà (86), ïðåä-
ñòàâëÿåò ñîáîé ãåîìåòðè÷åñêóþ ïðîãðåññèþ ñî çíàìåíàòåëåì ïî ìîäóëþ
ìåíüøèì åäèíèöû: q = 1

9 . Ñëåäîâàòåëüíî, ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ ÿâ-
ëÿåòñÿ ñõîäÿùåéñÿ.

Ïî òåîðåìå ñðàâíåíèÿ, â ñèëó âûïîëíåíèÿ óñëîâèÿ (87), èç ñõîäèìîñòè
ðÿäà (88) ñëåäóåò ñõîäèìîñòü ðÿäà (86).

Îòâåò: ðÿä ñõîäèòñÿ.

Çàäàíèå 2. Èññëåäóéòå ñõîäèìîñòü ðÿäà

∞∑
n=1

(−1)n−1

(
3n+ 2

6n− 1

)2n

. (89)

Ðåøåíèå. Ðÿä (89) ÿâëÿåòñÿ çíàêî÷åðåäóþùèìñÿ ÷èñëîâûì ðÿäîì. Èñ-
ñëåäóåì åãî íà àáñîëþòíóþ ñõîäèìîñòü. Ðàññìîòðèì ðÿä èç àáñîëþòíûõ
âåëè÷èí

∞∑
n=1

∣∣∣∣∣(−1)n−1

(
3n+ 2

6n− 1

)2n
∣∣∣∣∣ =

∞∑
n=1

(
3n+ 2

6n− 1

)2n

. (90)

Ïîëó÷åííûé ðÿä (86) ÿâëÿåòñÿ çíàêîïîëîæèòåëüíûì ÷èñëîâûì ðÿäîì. Èñ-
ñëåäóåì åãî ñõîäèìîñòü ñ ïîìîùüþ ðàäèêàëüíîãî ïðèçíàêà Êîøè. Âû÷èñ-
ëèì

q = lim
n→∞

n
√
an = lim

n→∞
n

√(
3n+ 2

6n− 1

)2n

= lim
n→∞

(
3n+ 2

6n− 1

)2

=

(
lim
n→∞

3n+ 2

6n− 1

)2

=

=

(
lim
n→∞

n
(
3 + 2

n

)
n
(
6− 1

n

))2

=

(
lim
n→∞

3 + 2
n

6− 1
n

)2

=

(
1

2

)2

=
1

4
.

Ïî ðàäèêàëüíîìó ïðèçíàêó Êîøè ðÿä èç àáñîëþòíûõ âåëè÷èí (90) ñõîäèò-
ñÿ, ïîñêîëüêó q = 1

4 < 1. Ñëåäîâàòåëüíî, èñõîäíûé çíàêî÷åðåäóþùèéñÿ
ðÿä (89) ñõîäèòñÿ àáñîëþòíî.

Îòâåò: ðÿä ñõîäèòñÿ àáñîëþòíî.
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Çàäàíèå 3. Íàéòè îáëàñòü ñõîäèìîñòè ðÿäà

∞∑
n=1

3n(x− 11)n

n!
. (91)

Ðåøåíèå. Ðÿä (91) ÿâëÿåòñÿ ñòåïåííûì ðÿäîì. Èññëåäóåì åãî íà àáñî-
ëþòíóþ ñõîäèìîñòü ñ ïîìîùüþ ïðèçíàêà Äàëàìáåðà. Ðàññìîòðèì ðÿä èç
àáñîëþòíûõ âåëè÷èí

∞∑
n=1

∣∣∣∣3n(x− 11)n

n!

∣∣∣∣ = ∞∑
n=1

3n|x− 11|n

n!
.

Ïðè ïðîèçâîëüíîì ôèêñèðîâàííîì çíà÷åíèè x èìååì

|un(x)| =
3n|x− 11|n

n!
, |un+1(x)| =

3n+1|x− 11|n+1

(n+ 1)!
=

3n3|x− 11|n|x− 11|
n!(n+ 1)

.

Òîãäà

q(x) = lim
n→∞

|un+1(x)|
|un(x)|

= lim
n→∞

3n3|x− 11|n|x− 11|n!
n!(n+ 1)3n|x− 11|n

= lim
n→∞

3|x− 11|
(n+ 1)

=

= 3|x− 11| lim
n→∞

1

(n+ 1)
= 0.

Òàêèì îáðàçîì, q(x) ≡ 0 è, ñëåäîâàòåëüíî, óñëîâèå q < 1 âûïîëíåíî ïðè
ëþáîì çíà÷åíèè x. Ýòî îçíà÷àåò, ÷òî ðÿä (91) ñõîäèòñÿ íà âñåé ÷èñëîâîé
îñè, à ðàäèóñ ñõîäèìîñòè ðàâåí R = ∞.

Îòâåò: îáëàñòü ñõîäèìîñòè D = (−∞; +∞).
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Êîíòðîëüíàÿ ðàáîòà � 11

Ñîäåðæàíèå êîíòðîëüíîé ðàáîòû � 11

Çàäàíèå � 1

Èñïîëüçóÿ ðàçëîæåíèå ïîäûíòåãðàëüíîé ôóíêöèè â ñòåïåííîé ðÿä, âû-
÷èñëèòå èíòåãðàë ñ òî÷íîñòüþ äî 0,001.

Çàäàíèå � 2

Ðàçëîæèòå â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèþ, çàäàííóþ íà
óêàçàííîì îòðåçêå è èìåþùóþ ïåðèîä T = 2π. Ïîñòðîéòå ãðàôèêè ôóíê-
öèè è ñóììû ðÿäà Ôóðüå.

Çàäàíèå � 3

Ðàçëîæèòå ôóíêöèþ, çàäàííóþ íà îòðåçêå, â òðèãîíîìåòðè÷åñêèé ðÿä
Ôóðüå óêàçàííûì ñïîñîáîì. Ïîñòðîéòå ãðàôèêè ôóíêöèè è ñóììû ðÿäà
Ôóðüå.

Óêàçàíèå. Ïåðåä ðåøåíèåì çàäà÷ êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ
îçíàêîìèòüñÿ ñî ñëåäóþùèìè ìåòîäè÷åñêèìè óêàçàíèÿìè:

1. Ãðóçäêîâ, À. À. Ðÿäû: ó÷åáíîå ïîñîáèå / À. À. Ãðóçäêîâ, Î. Â. Øàëÿ-
ïèíà, Â. Ñ. Êàïèòîíîâ.� ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2014.� 65 ñ.

2. Ôóíêöèîíàëüíûå ðÿäû: ìåòîäè÷åñêèå óêàçàíèÿ / Â. Ñ. Êàïèòîíîâ,
Í. Í. Ãèçëåð, Ñ. Ý. Äåðêà÷åâ, Ë. Â. Çàéöåâà� ÑÏá., ÑÏáÃÒÈ(ÒÓ).�
2005. � 30 c.

3. Ðÿäû Ôóðüå. Èíäèâèäóàëüíûå çàäàíèÿ: ìåòîäè÷åñêèå óêàçàíèÿ
/ Ò. Â. Ñëîáîäèíñêàÿ, Â. Â. Áåðåçíèêîâà, À. Í. Ïàóëüñåí.� ÑÏá.,
ÑÏáÃÒÈ(ÒÓ).� 2000. � 26 c.

Óñëîâèÿ çàäà÷ êîíòðîëüíîé ðàáîòû � 11

Âàðèàíò � 1.

1.

0,1∫
0

e−6x2

dx.
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2. f(x) =

{
3, −π 6 x < 0,

9x+ 7, 0 6 x 6 π.

3. f(x) = (x− 1)2, 0 6 x 6 π ïî ñèíóñàì.

Âàðèàíò � 2.

1.

1∫
0

cosx2dx.

2. f(x) =

{
5x− 12, −π 6 x < 0,

11, 0 6 x 6 π.

3. f(x) = (x− 1)2, 0 6 x 6 π ïî êîñèíóñàì.

Âàðèàíò � 3.

1.

0,1∫
0

sin(100x2)dx.

2. f(x) =

{
−2x+ 5, −π 6 x < 0,
−10, 0 6 x 6 π.

3. f(x) = −(x+ 2)2, −π 6 x 6 0 ïî ñèíóñàì.

Âàðèàíò � 4.

1.

0,5∫
0

dx
4
√
1 + x4

.

2. f(x) =

{
11, −π 6 x < 0,

9x− 11, 0 6 x 6 π.

3. f(x) = −(x+ 2)2, −π 6 x 6 0 ïî êîñèíóñàì.

Âàðèàíò � 5.

1.

0,1∫
0

1− e−2x

x
dx.
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2. f(x) =

{
4, −π 6 x < 0,

−12x− 9, 0 6 x 6 π.

3. f(x) = (x+ 1)2, 0 6 x 6 π ïî ñèíóñàì.

Âàðèàíò � 6.

1.

1∫
0

ln(1 + x/5)

x
dx.

2. f(x) =

{
−8x+ 2, −π 6 x < 0,

6, 0 6 x 6 π.

3. f(x) = (x+ 1)2, 0 6 x 6 π ïî êîñèíóñàì.

Âàðèàíò � 7.

1.

1,5∫
0

dx
3
√
27 + x3

.

2. f(x) =

{
8x− 3, −π 6 x < 0,

9, 0 6 x 6 π.

3. f(x) = (x− 1)2, −π 6 x 6 0 ïî ñèíóñàì.

Âàðèàíò � 8.

1.

0,2∫
0

e−3x2

.

2. f(x) =

{
−2, −π 6 x < 0,

6x− 3, 0 6 x 6 π.

3. f(x) = (x− 1)2, −π 6 x 6 0 ïî êîñèíóñàì.

Âàðèàíò � 9.

1.

0,2∫
0

sin(25x2)dx.
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2. f(x) =

{
−2, −π 6 x < 0,

x+ 12, 0 6 x 6 π.

3. f(x) = −(x+ 1)2, 0 6 x 6 π ïî ñèíóñàì.

Âàðèàíò � 10.

1.

0,5∫
0

cos(4x2)dx.

2. f(x) =

{
8x− 3, −π 6 x < 0,

9, 0 6 x 6 π.

3. f(x) = −(x+ 1)2, 0 6 x 6 π ïî êîñèíóñàì.

Âàðèàíò � 11.

1.

1∫
0

dx
4
√
16 + x4

.

2. f(x) =

{
10x+ 8, −π 6 x < 0,

4, 0 6 x 6 π.

3. f(x) = −(x+ 1)2, −π 6 x 6 0 ïî ñèíóñàì.

Âàðèàíò � 12.

1.

0,2∫
0

1− e−x

x
.

2. f(x) =

{
10, −π 6 x < 0,

−8x+ 6, 0 6 x 6 π.

3. f(x) = −(x+ 1)2, −π 6 x 6 0 ïî êîñèíóñàì.

Âàðèàíò � 13.

1.

0,4∫
0

ln(1 + x/2)

x
dx.
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2. f(x) =

{
7, −π 6 x < 0,

6x− 5, 0 6 x 6 π.

3. f(x) = −(x− 2)2, 0 6 x 6 π ïî ñèíóñàì.

Âàðèàíò � 14.

1.

2∫
0

dx
3
√
64 + x3

.

2. f(x) =

{
x− 8, −π 6 x < 0,
4, 0 6 x 6 π.

3. f(x) = −(x− 2)2, 0 6 x 6 π ïî êîñèíóñàì.

Âàðèàíò � 15.

1.

0,3∫
0

e−2x2

.

2. f(x) =

{
12x− 5, −π 6 x < 0,

4, 0 6 x 6 π.

3. f(x) = −(x− 2)2, −π 6 x 6 0 ïî ñèíóñàì.

Âàðèàíò � 16.

1.

0,4∫
0

sin (5x/2)2dx.

2. f(x) =

{
−2, −π 6 x < 0,

−6x− 2, 0 6 x 6 π.

3. f(x) = −(x− 2)2, −π 6 x 6 0 ïî êîñèíóñàì.

Âàðèàíò � 17.

1.

0,2∫
0

cos(25x2).
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2. f(x) =

{
−8, −π 6 x < 0,

2x− 12, 0 6 x 6 π.

3. f(x) = (x− 2)2, 0 6 x 6 π ïî ñèíóñàì.

Âàðèàíò � 18.

1.

1,5∫
0

dx
4
√
81 + x4

.

2. f(x) =

{
x+ 7, −π 6 x < 0,
9, 0 6 x 6 π.

3. f(x) = (x− 2)2, 0 6 x 6 π ïî êîñèíóñàì.

Âàðèàíò � 19.

1.

0,4∫
0

1− e−x/2

x
dx.

2. f(x) =

{
−x− 7, −π 6 x < 0,

2, 0 6 x 6 π.

3. f(x) = −(x− 1)2, 0 6 x 6 π ïî ñèíóñàì.

Âàðèàíò � 20.

1.

0,1∫
0

ln(1 + 2x)

x
dx.

2. f(x) =

{
−11, −π 6 x < 0,

6x− 12, 0 6 x 6 π.

3. f(x) = −(x− 1)2, 0 6 x 6 π ïî êîñèíóñàì.

Âàðèàíò � 21.

1.

2,5∫
0

dx
3
√
125 + x3

.

79



2. f(x) =

{
−4, −π 6 x < 0,

−6x+ 10, 0 6 x 6 π.

3. f(x) = −(x− 1)2, −π 6 x 6 0 ïî ñèíóñàì.

Âàðèàíò � 22.

1.

0,4∫
0

e−3x2/4dx.

2. f(x) =

{
−4x− 4, −π 6 x < 0,

−4, 0 6 x 6 π.

3. f(x) = −(x− 1)2, −π 6 x 6 0 ïî êîñèíóñàì.

Âàðèàíò � 23.

1.

0,5∫
0

sin(4x2)dx.

2. f(x) =

{
11x− 4, −π 6 x < 0,

1, 0 6 x 6 π.

3. f(x) = (x− 2)2, −π 6 x 6 0 ïî ñèíóñàì.

Âàðèàíò � 24.

1.

0,4∫
0

cos (5x/2)2dx.

2. f(x) =

{
4, −π 6 x < 0,

9x− 8, 0 6 x 6 π.

3. f(x) = (x− 2)2, −π 6 x 6 0 ïî êîñèíóñàì.

Âàðèàíò � 25.

1.

2∫
0

dx
4
√
256 + x4

.
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2. f(x) =

{
−9, −π 6 x < 0,

10x+ 5, 0 6 x 6 π.

3. f(x) = (x+ 1)2, −π 6 x 6 0 ïî ñèíóñàì.

Ðåøåíèå òèïîâûõ âàðèàíòîâ êîíòðîëüíîé ðàáîòû � 11

Âàðèàíò 1.

Çàäàíèå 1. Èñïîëüçóÿ ðàçëîæåíèå ïîäûíòåãðàëüíîé ôóíêöèè â ñòåïåí-
íîé ðÿä, âû÷èñëèòå ñ òî÷íîñòüþ äî 0, 001 èíòåãðàë

0,1∫
0

cos
(
100x2

)
dx.

Ðåøåíèå. Èñïîëüçóåì ñòàíäàðòíîå ðàçëîæåíèå â ðÿä Ìàêëîðåíà ôóíê-
öèè cos t:

cos t = 1− t2

2!
+

t4

4!
− · · ·+ (−1)n

t2n

(2n)!
+ . . . , t ∈ (−∞; +∞).

Ïîäñòàâëÿÿ t = 100x2, ïîëó÷àåì

cos 100x2 = 1− 1002x4

2!
+

1004x8

4!
− · · ·+ (−1)n

1002nx4n

(2n)!
+ . . .

Ïî÷ëåííî èíòåãðèðóÿ ñòåïåííîé ðÿä, ïîëó÷àåì

0,1∫
0

cos
(
100x2

)
dx =

=

0,1∫
0

(
1− 1002x4

2!
+

1004x8

4!
− · · ·+ (−1)n

1002nx4n

(2n)!
+ . . .

)
dx =

=

(
x− 1002x5

2! · 5
+

1004x9

4! · 9
− · · ·+ (−1)n

1002nx4n+1

(2n)!(4n+ 1)
+ . . .

)∣∣∣∣0,1
0

=

= 0, 1− 0, 1

2! · 5
+

0, 1

4! · 9
− · · ·+ (−1)n

0, 1

(2n)!(4n+ 1)
+ . . .
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Îêîí÷àòåëüíî:

0,1∫
0

cos
(
100x2

)
dx = 0, 1

∞∑
n=0

(−1)n
1

(2n)!(4n+ 1)
. (92)

Íåòðóäíî óáåäèòüñÿ, ÷òî ïîëó÷åííûé ÷èñëîâîé ðÿä îáëàäàåò ñëåäóþùè-
ìè ñâîéñòâàìè:

1. ðÿä ÿâëÿåòñÿ çíàêî÷åðåäóþùèìñÿ;

2. ïðåäåë îáùåãî ÷ëåíà ðÿäà ðàâåí íóëþ;

3. ìîäóëü îáùåãî ÷ëåíà ìîíîòîííî óáûâàåò.

Òàêèì îáðàçîì, ïîëó÷åííûé ÷èñëîâîé ðÿä (92) óäîâëåòâîðÿåò óñëîâèÿì
òåîðåìû Ëåéáíèöà (ÿâëÿåòñÿ ðÿäîì ëåéáíèöåâñêîãî òèïà). Îòñþäà ñëåäóåò,
âî-ïåðâûõ, ÷òî ðÿä ñõîäèòñÿ, è, âî-âòîðûõ, ÷òî îñòàòîê ðÿäà, ò. å. ïîãðåø-
íîñòü, âîçíèêàþùàÿ ïðè ó÷¼òå òîëüêî êîíå÷íîãî ÷èñëà ïåðâûõ ñëàãàåìûõ,
íå ïðåâîñõîäèò ïî ìîäóëþ ïåðâîãî îòáðîøåííîãî ÷ëåíà.

Âû÷èñëèì ïåðâûå ñëàãàåìûå ðÿäà:

0,1∫
0

cos
(
100x2

)
dx =

1

10
− 1

10 · 2 · 5
+

1

10 · 2 · 3 · 4 · 9
−· · · = 1

10
− 1

100
+

1

2160
−. . .

Ïîñêîëüêó òðåòüå ñëàãàåìîå ìåíüøå òðåáóåìîé òî÷íîñòè âû÷èñëåíèé:

1

2160
<

1

1000
= 0, 001,

äëÿ ïðèáëèæ¼ííîãî âû÷èñëåíèÿ ñóììû ðÿäà äîñòàòî÷íî âçÿòü äâà ïåðâûõ
ñëàãàåìûõ

0,1∫
0

cos
(
100x2

)
dx ≈ 0, 1− 0, 01 = 0, 09.

Ïîñêîëüêó âû÷èñëåíèÿ ïðîèçâîäèëèñü ñ òî÷íîñòüþ äî 0,001, îòâåò ñëåäóåò
îêðóãëèòü äî òð¼õ çíàêîâ ïîñëå çàïÿòîé.

Îòâåò: 0,090.

Çàäàíèå 2. Ðàçëîæèòü ôóíêöèþ

f(x) =

{
0, −π 6 x 6 0;

π − x, 0 < x 6 π.
(93)
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â ðÿä Ôóðüå íà îòðåçêå [−π; π]. Ïîñòðîèòü ãðàôèê ôóíêöèè è ñóììû ðÿäà
Ôóðüå.

Ðåøåíèå. Ðÿäîì Ôóðüå íà îòðåçêå [−L;L] íàçûâàåòñÿ ôóíêöèîíàëüíûé
ðÿä âèäà

a0
2
+

∞∑
n=1

an cos
πnx

L
+ bn sin

πnx

L
, an, bn ∈ R. (94)

Ðÿäîì Ôóðüå äëÿ ôóíêöèè f , îïðåäåë¼ííîé íà îòðåçêå [−L;L], íàçûâà-
åòñÿ ðÿä âèäà (94), êîýôôèöèåíòû êîòîðîãî îïðåäåëÿþòñÿ ïî ñëåäóþùèì
ôîðìóëàì

ak =
1

L

L∫
−L

f(x) cos
πkx

L
dx, k = 0, 1, 2, . . . (95)

bk =
1

L

L∫
−L

f(x) sin
πkx

L
dx, k ∈ N. (96)

Â íàøåì ñëó÷àå ñëåäóåò ïðèìåíèòü ôîðìóëû (95) è (96) ïðè L = π.
Ò. ê. ôóíêöèÿ f íà ðàçíûõ ÷àñòÿõ îòðåçêà çàäà¼òñÿ ðàçíûìè âûðàæåíèÿìè
(ñì. ôîðìóëó (93)), èíòåãðàë ïî îòðåçêó [−π;π] ñëåäóåò ðàçáèòü â ñóììó
èíòåãðàëîâ ïî åãî ÷àñòÿì � îòðåçêàì [−π; 0] è [0; π]. Ó÷ò¼ì, ÷òî, ïîñêîëüêó
âî âñåõ òî÷êàõ îòðåçêà [−π; 0] ôóíêöèÿ f ðàâíà íóëþ, èíòåãðàë ïî ýòîé
÷àñòè îòðåçêà òàêæå ðàâåí íóëþ. Â ðåçóëüòàòå ïîëó÷àåì:

a0 =
1

π

π∫
−π

f(x) dx =
1

π

π∫
0

(π − x) dx = −1

π

π∫
0

(π − x) d (π − x) =

= − 1

π

(π − x)2

2

∣∣∣∣∣
π

0

=
π

2
,

ïðè k > 1

ak =
1

π

π∫
−π

f(x) cos kx dx =
1

π

π∫
0

(π − x) cos kx dx =

∥∥∥∥∥ u = π − x du = −dx

dv = cos kx dx v =
sin kx

k

∥∥∥∥∥ =
(π − x) sin kx

πk

∣∣∣∣π
0

+
1

πk

π∫
0

sin kx dx =
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= 0− 1

πk

cos kx

k

∣∣∣∣π
0

=
cos 0− cos π

πk2
=

1− (−1)k

πk2
=


2

πk2
, k = 2m− 1;

0, k = 2m.

Ïî ôîðìóëå (96) ïðè L = π ïîëó÷àåì

bk =
1

π

π∫
−π

f(x) sin kx dx =
1

π

π∫
0

(π − x) sin kx dx =

∥∥∥∥∥ u = π − x du = −dx

dv = sin kx dx v = −cos kx

k

∥∥∥∥∥ = − (π − x) cos kx

πk

∣∣∣∣π
0

− 1

πk

π∫
0

cos kxdx =

=
1

k
− sin kx

πk2

∣∣∣∣π
0

=
1

k
.

Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ êîýôôèöèåíòîâ ak è bk â ôîðìóëó (94),
ïîëó÷àåì, ÷òî ðÿä Ôóðüå äëÿ ôóíêöèè f èìååò âèä

S(x) =
π

4
+
2 cos x

π
+sinx+

sin 2x

2
+
2 cos 3x

9π
+
sin 3x

3
+
sin 4x

4
+
2 cos 5x

25π
+· · · =

=
π

4
+

2

π

∞∑
m=1

cos(2m− 1)x

(2m− 1)2
+

∞∑
k=1

sin kx

k
.

Ôóíêöèÿ f îïðåäåëåíà íà îòðåçêå [−π;π] è ÿâëÿåòñÿ êóñî÷íî-ëèíåéíîé.
Å¼ ãðàôèê ïðèâåä¼í íà ðèñóíêå (5), ñòðåëî÷êè íà êîíöàõ ëèíèé ïîêàçûâà-
þò ÷òî ýòè ãðàíè÷íûå òî÷êè íå âõîäÿò â ñîñòàâ ëèíèè.

Ðèñóíîê 5 � Ãðàôèê ôóíêöèè f (ê çàäàíèþ 2 ïåðâîãî âàðèàíòà)

Ñîãëàñíî òåîðåìå Äèðèõëå â òî÷êàõ íåïðåðûâíîñòè çíà÷åíèÿ ôóíêöèè
ñîâïàäàþò ñî çíà÷åíèÿìè ñóììû ñîîòâåòñòâóþùåãî åé ðÿäà Ôóðüå. Ïî-
ýòîìó, ÷òîáû ïîñòðîèòü ãðàôèê ñóììû ðÿäà Ôóðüå, ñëåäóåò ïðîäîëæèòü
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ãðàôèê ôóíêöèè f ïî ïåðèîäè÷íîñòè, ò. å. ñ ó÷¼òîì ñâîéñòâà

S(x+ 2π) = S(x),

à òàêæå ó÷åñòü, ÷òî â òî÷êàõ ðàçðûâà, ñîãëàñíî òåîðåìå Äèðèõëå, çíà÷åíèå
ñóììû ðÿäà Ôóðüå ðàâíî ïîëóñóììå çíà÷åíèé íà êîíöàõ ðàçðûâà. Ñóììà
ðÿäà Ôóðüå â òî÷êå x = 0 ðàâíà, ñëåäîâàòåëüíî,

S(0) =
0 + π

2
=

π

2
.

Òàêîå æå çíà÷åíèå ñóììà ðÿäà áóäåò ïðèíèìàòü âî âñåõ òî÷êàõ âèäà 2πn,
n ∈ Z. Ãðàôèê ñóììû ðÿäà Ôóðüå ïðèâåä¼í íà ðèñóíêå 6.

Ðèñóíîê 6 � Ãðàôèê ñóììû ðÿäà Ôóðüå (ê çàäàíèþ 2 ïåðâîãî âàðèàíòà)

Çàäàíèå 3. Ðàçëîæèòü ïî ñèíóñàì ôóíêöèþ

f(x) = 1− x, x ∈ [0; 1],

ïîñòðîèòü ãðàôèê ôóíêöèè è ñóììû å¼ ðÿäà Ôóðüå.

Ðåøåíèå. Êîýôôèöèåíòû ðÿäà Ôóðüå â ñëó÷àå ðàçëîæåíèÿ ïî ñèíóñàì
îïðåäåëÿþòñÿ ôîðìóëîé

ak = 0, bk =
2

L

L∫
0

f(x) sin
πkx

L
dx. (97)

Ïðèìåíèì ôîðìóëû (97) ïðè L = 1:

bk = 2

1∫
0

(1− x) sin πkx dx =

∥∥∥∥∥ u = 1− x du = −dx

dv = sin πkx dx v = −cos πkx

πk

∥∥∥∥∥ =
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= − 2(1− x) cos πkx

πk

∣∣∣∣1
0

− 2

πk

1∫
0

cos πkx dx =
2

πk
− 2

π2k2
sin πkx

∣∣∣∣1
0

=

=
2

πk
.

Ðàçëîæåíèå ïî ñèíóñàì èìååò, ñëåäîâàòåëüíî, âèä:

f ∼ 2

π

∞∑
k=1

sin πkx

k
=

2 sin πx

π
+

2 sin 2πx

2π
+

2 sin 3πx

3π
+

2 sin 4πx

4π
+ . . .

Ôóíêöèÿ f îïðåäåëåíà íà îòðåçêå [0; 1] è ÿâëÿåòñÿ ëèíåéíîé. Å¼ ãðàôèê
ïðèâåä¼í íà ðèñóíêå 7.

Ðèñóíîê 7 � Ãðàôèê ôóíêöèè f (ê çàäàíèþ 3 ïåðâîãî âàðèàíòà)

×òîáû ïîñòðîèòü ãðàôèê ñóììû ðÿäà ïî ñèíóñàì, íóæíî ñïåðâà ïðî-
äîëæèòü ïî íå÷¼òíîñòè ôóíêöèþ f íà îòðåçîê [−1; 1], à ïîòîì ïî ïåðèî-
äè÷íîñòè íà âñþ ÷èñëîâóþ ïðÿìóþ. Äëÿ x ∈ [−1; 0):

f̂(x) = −f̂(−x) =

∥∥∥∥ò. ê. − x ∈ (0; 1]

∥∥∥∥ = −f(−x) = − (1− (−x)) = −x−1.

Òàêèì îáðàçîì, ïðîäîëæåííàÿ ïî íå÷¼òíîñòè íà âåñü îòðåçîê [−1; 1] ôóíê-
öèÿ èìååò âèä:

f̂(x) =

{
1− x, 0 6 x 6 1,
−x− 1, −1 6 x < 0.

Ãðàôèê ôóíêöèè f̂ ïîëó÷àåòñÿ äîáàâëåíèåì ê ãðàôèêó ôóíêöèè f (ñì. ðè-
ñóíîê 7) ó÷àñòêà, ïîëó÷åííîãî ïîâîðîòîì âîêðóã íà÷àëà êîîðäèíàò íà óãîë
π, ïîñêîëüêó ãðàôèê íå÷¼òíîé ôóíêöèè îáëàäàåò ñâîéñòâîì öåíòðàëüíîé
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Ðèñóíîê 8 � Ïðîäîëæåíèå ôóíêöèè ïî íå÷¼òíîñòè (ê çàäàíèþ 3 ïåðâîãî
âàðèàíòà)

ñèììåòðèè îòíîñèòåëüíî íà÷àëà êîîðäèíàò. Ãðàôèê ôóíêöèè f̂ ïðèâåä¼í
íà ðèñóíêå 8

Ðàçëîæåíèå ôóíêöèè f ïî ñèíóñàì íà îòðåçêå [0; 1] ñîâïàäàåò ñ ðÿäîì
Ôóðüå äëÿ ôóíêöèè f̂ íà îòðåçêå [−1; 1]. Ïðîäîëæåííàÿ ïî ïåðèîäè÷íîñòè
íà âñþ ÷èñëîâóþ ïðÿìóþ ôóíêöèÿ áóäåò èìåòü ðàçðûâû ïåðâîãî ðîäà â
òî÷êàõ xk = 2k (k ∈ Z). Â ýòèõ òî÷êàõ, ñîãëàñíî òåîðåìå Äèðèõëå ôóíêöèÿ
äîëæíà ïðèíèìàòü íóëåâîå çíà÷åíèå:

S(0) =
S(0−) + S(0+)

2
=

−1 + 1

2
= 0.

Ãðàôèê ñóììû ðÿäà Ôóðüå ïðèâåä¼í íà ðèñóíêå 9.

Âàðèàíò 2.

Çàäàíèå 1. Èñïîëüçóÿ ðàçëîæåíèå ïîäûíòåãðàëüíîé ôóíêöèè â ñòåïåí-
íîé ðÿä, âû÷èñëèòå ñ òî÷íîñòüþ äî 0, 001 èíòåãðàë

0,3∫
0

1− e
−
x
3

x
dx.

Ðåøåíèå. Èñïîëüçóåì ñòàíäàðòíîå ðàçëîæåíèå â ðÿä Ìàêëîðåíà ôóíê-
öèè et:

et = 1 +
t

1!
+

t2

2!
+

t3

3!
+ · · ·+ tn

n!
+ . . . t ∈ (−∞; +∞).
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Ðèñóíîê 9 � Ãðàôèê ñóììû ðÿäà Ôóðüå (ê çàäàíèþ 3 ïåðâîãî âàðèàíòà)

Ïîäñòàâëÿÿ t = −x
3 , ïîëó÷èì

e
−
x
3 = 1− x

3
+

x2

32 · 2!
− x3

33 · 3!
+ · · ·+ (−1)n

xn

3n · n!
+ . . .

Äëÿ ïîäûíòåãðàëüíîé ôóíêöèè ïîëó÷èì:

1− e
−
x
3

x
=

1

3
− x

32 · 2!
+

x2

33 · 3!
− · · ·+ (−1)n−1 xn−1

3n · n!
+ . . .

Èíòåãðèðóÿ ïî÷ëåííî ñòåïåííîé ðÿä, ïîëó÷àåì

0,3∫
0

1− e
−
x
3

x
dx =

=

0,3∫
0

(
1

3
− x

32 · 2!
+

x2

33 · 3!
− · · ·+ (−1)n−1 xn−1

3n · n!
+ . . .

)
dx =

=

(
x

3
− x2

2 · 32 · 2!
+

x3

3 · 33 · 3!
− · · ·+ (−1)n−1 xn

n · 3n · n!
+ . . .

)∣∣∣∣0,3
0

=

=
3

10 · 3
− 32

102 · 2 · 32 · 2!
+

33

103 · 3 · 33 · 3!
−· · ·+(−1)n−1 3n

10n · n · 3n · n!
+· · · =

=
1

10
− 1

102 · 2 · 2!
+

1

103 · 3 · 3!
− · · ·+ (−1)n−1 1

10n · n!
+ . . .

Îêîí÷àòåëüíî ìîæíî çàïèñàòü
0,3∫
0

1− e
−
x
3

x
dx =

∞∑
n=1

(−1)n−1 1

10n · n · n!
. (98)
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Íåòðóäíî óáåäèòüñÿ, ÷òî ïîëó÷åííûé ÷èñëîâîé ðÿä îáëàäàåò ñëåäóþùè-
ìè ñâîéñòâàìè:

1. ðÿä ÿâëÿåòñÿ çíàêî÷åðåäóþùèìñÿ;

2. ïðåäåë îáùåãî ÷ëåíà ðÿäà ðàâåí íóëþ;

3. ìîäóëü îáùåãî ÷ëåíà ìîíîòîííî óáûâàåò.

Òàêèì îáðàçîì, ïîëó÷åííûé ÷èñëîâîé ðÿä (98) óäîâëåòâîðÿåò óñëîâèÿì
òåîðåìû Ëåéáíèöà (ÿâëÿåòñÿ ðÿäîì ëåéáíèöåâñêîãî òèïà). Îòñþäà ñëåäóåò,
âî-ïåðâûõ, ÷òî ðÿä ñõîäèòñÿ, è, âî-âòîðûõ, ÷òî îñòàòîê ðÿäà, ò. å. ïîãðåø-
íîñòü, âîçíèêàþùàÿ ïðè ó÷¼òå òîëüêî êîíå÷íîãî ÷èñëà ïåðâûõ ñëàãàåìûõ,
íå ïðåâîñõîäèò ïî ìîäóëþ ïåðâîãî îòáðîøåííîãî ÷ëåíà.

Âû÷èñëèì ïåðâûå ñëàãàåìûå ðÿäà:

0,3∫
0

1− e
−
x
3

x
dx =

1

10
− 1

400
+

1

18000
− . . .

Ïîñêîëüêó òðåòüå ñëàãàåìîå ìåíüøå òðåáóåìîé òî÷íîñòè âû÷èñëåíèé:

1

18000
<

1

1000
= 0, 001,

äëÿ ïðèáëèæ¼ííîãî âû÷èñëåíèÿ ñóììû ðÿäà äîñòàòî÷íî âçÿòü äâà ïåðâûõ
ñëàãàåìûõ

0,3∫
0

1− e
−
x
3

x
dx ≈ 1

10
− 1

400
= 0, 1− 0, 0025 = 0, 0975.

Ïîñêîëüêó ïåðâîå îòáðîøåííîå ñëàãàåìîå áûëî ïîëîæèòåëüíûì, ïðèáëè-
æ¼ííîå çíà÷åíèå îêàçûâàåòñÿ ìåíüøå òî÷íîé ñóììû ðÿäà. Ò. ê. âû÷èñëå-
íèÿ ïðîèçâîäèëèñü ñ òî÷íîñòüþ äî 0,001, îòâåò ñëåäóåò îêðóãëèòü äî òð¼õ
çíàêîâ ïîñëå çàïÿòîé.

Îòâåò: 0,098.

Çàäàíèå 2. Ðàçëîæèòü ôóíêöèþ

f(x) =

{
x− 1, −2 6 x 6 0;
1, 0 < x 6 2.

(99)

â ðÿä Ôóðüå íà îòðåçêå [−2; 2]. Ïîñòðîèòü ãðàôèê ôóíêöèè è ñóììû ðÿäà
Ôóðüå.
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Ðåøåíèå. Íàéä¼ì êîýôôèöèåíòû ðÿäà Ôóðüå ïî èçâåñòíûì ôîðìóëàì
(L = 2), ó÷èòûâàÿ ÷òî èíòåãðàë ïî îòðåçêó [−2; 2] íåîáõîäèìî ðàçáèâàòü â
ñóììó èíòåãðàëîâ ïî åãî ÷àñòÿì. Ñïåðâà íàéä¼ì êîýôôèöèåíòû ïðè êîñè-
íóñàõ (ak). Ïðè k ̸= 0:

ak =
1

2

2∫
−2

f(x) cos
πkx

2
dx =

1

2

0∫
−2

(x− 1) cos
πkx

2
dx+

1

2

2∫
0

cos
πkx

2
dx =

∥∥∥∥∥∥
u = x− 1 du = dx

dv = cos πkx
2 dx v =

2 sin πkx
2

πk

∥∥∥∥∥∥
=

1

2

(
(x− 1)

2 sin πkx
2

πk

∣∣∣∣∣
0

−2

− 2

πk

0∫
−2

sin
πkx

2
dx

)
+
1

2

(
2 sin πkx

2

πk

)∣∣∣∣∣
2

0

=

=
1

2

(
0 +

4

π2k2
cos

πkx

2

∣∣∣∣0
−2

)
+0 =

2

π2k2
(1− cos πk) =

2

π2k2
(
1− (−1)k

)
.

Íåòðóäíî çàìåòèòü, ÷òî ïðè ÷¼òíûõ çíà÷åíèÿõ k êîýôôèöèåíòû ak ðàâíû
íóëþ. Îêîí÷àòåëüíûé ðåçóëüòàò óäîáíî çàïèñàòü â âèäå

ak =

{
0, k = 2m (m ∈ N)
4

π2k2
, k = 2m− 1 (m ∈ N).

(100)

Íóëåâîé êîýôôèöèåíò âû÷èñëèì îòäåëüíî:

a0 =
1

2

2∫
−2

f(x)dx =
1

2

0∫
−2

(x−1)dx+
1

2

2∫
0

1dx =
1

2

0∫
−2

(x−1)d(x−1)+
1

2
·2 =

=
1

2

(x− 1)2

2

∣∣∣∣0
−2

+ 1 =
1

4
(1− 9) + 1 = −1.

Ïîëó÷èëîñü, ÷òî a0 � åäèíñòâåííûé ÷¼òíûé êîýôôèöèåíò ïðè êîñèíóñàõ
îòëè÷íûé îò íóëÿ.

Òåïåðü âû÷èñëèì êîýôôèöèåíòû ïðè ñèíóñàõ:

bk =
1

2

2∫
−2

f(x) sin
πkx

2
dx =

1

2

0∫
−2

(x− 1) sin
πkx

2
dx+

1

2

2∫
0

sin
πkx

2
dx =
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∥∥∥∥∥∥
u = x− 1 du = dx

dv = sin πkx
2 dx v = −

2 cos πkx
2

πk

∥∥∥∥∥∥
=

1

2

(
−(x− 1)

2 cos πkx
2

πk

∣∣∣∣∣
0

−2

+
2

πk

0∫
−2

cos
πkx

2
dx

)
− 1

2

2

πk
cos

πkx

2

∣∣∣∣2
0

=

=
1− 3 cos πk

πk
+

2

π2k2
sin

πkx

2

∣∣∣∣0
−2

−cos πk − 1

πk
=

2− 4 cos πk

πk
=

2(1− 2(−1)k)

πk
.

Äëÿ êîýôôèöèåíòîâ bk òàêæå ìîæíî îòäåëüíî ðàñïèñàòü ñëó÷àè ÷¼òíûõ è
íå÷¼òíûõ íîìåðîâ:

bk =

{
− 2

πk , k = 2m (m ∈ N)
6
πk , k = 2m− 1 (m ∈ N).

(101)

Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ êîýôôèöèåíòîâ, ïîëó÷àåì ðÿä Ôóðüå
äëÿ çàäàííîé ôóíêöèè:

S(x) = −1

2
+

∞∑
k=1

4
(
1− (−1)k

)
π2k2

cos
πkx

2
+

2
(
1− (−1)k

)
πk

sin
πkx

2
. (102)

Ñ ó÷¼òîì ôîðìóë (100) è (101) âûðàæåíèå (102) ìîæíî ïåðåïèñàòü â âèäå

S(x) = −1

2
+

∞∑
m=1

4 cos π(2m−1)x
2

π2(2m− 1)2
−

2 sin π(2m−1)x
2

π(2m− 1)
+

3 sin πmx

πm
(103)

èëè

S(x) = −1

2
+

4

π2

∞∑
m=1

cos π(2m−1)x
2

(2m− 1)2
− 2

π

∞∑
m=1

sin π(2m−1)x
2

2m− 1
+

3

π

∞∑
m=1

sin πmx

m
.

Íåòðóäíî óáåäèòüñÿ, ÷òî ôîðìóëû (102) è (103) çàäàþò îäíó è òó æå ñóììó:

S(x) = −1

2
+

4

π2
cos

πx

2
− 2

π
sin

πx

2
+

3

π
sin πx+

4

9π2
cos

3πx

2
− 2

3π
sin

3πx

2
+

+
3

2π
sin 2πx+

4

25π2
cos

5πx

2
− 2

5π
sin

5πx

2
+

1

π
sin 3πx+ . . .

×òîáû ïîñòðîèòü ãðàôèê ñóììû ðÿäà Ôóðüå, íóæíî ïðîäîëæèòü èçîáðà-
æ¼ííûé íà ðèñóíêå 10 ãðàôèê ôóíêöèè f ïî ïåðèîäè÷íîñòè íà âñþ ÷èñëî-
âóþ ïðÿìóþ, ò. å. âîñïîëüçîâàòüñÿ óñëîâèÿìè

S(x) = f(x) ïðè x ∈ (−2; 0) ∪ (0; 2) è S(x+ 4) = S(x),
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Ðèñóíîê 10 � Ãðàôèê ôóíêöèè f (ê çàäàíèþ 2 âòîðîãî âàðèàíòà)

à çàòåì îïðåäåëèòü çíà÷åíèå ñóììû ðÿäà â òî÷êàõ ðàçðûâà ñ ïîìîùüþ
òåîðåìû Äèðèõëå:

S(x0) =
S(x0 + 0) + S(x0 − 0)

2
.

Â íàøåì ñëó÷àå

S(0) = S(4n) =
1 + (−1)

2
= 0, S(2 + 4n) =

−3 + 1

2
= −1 (n ∈ Z).

Ãðàôèê ñóììû ðÿäà Ôóðüå ïðèâåä¼í íà ðèñóíêå 11.

Çàäàíèå 3. Ðàçëîæèòü ïî êîñèíóñàì ôóíêöèþ

f(x) = 1− x, x ∈ [0; 1],

ïîñòðîèòü ãðàôèê ôóíêöèè è ñóììû å¼ ðÿäà Ôóðüå.

Ðåøåíèå. Êîýôôèöèåíòû ðÿäà Ôóðüå â ñëó÷àå ðàçëîæåíèÿ ïî êîñèíóñàì
îïðåäåëÿþòñÿ ôîðìóëàìè

ak =
2

L

L∫
0

f(x) cos
πkx

L
dx, bk = 0. (104)

Ïðèìåíèì ôîðìóëû (104) ïðè L = 1:

a0 = 2

1∫
0

(1− x) dx = −2

1∫
0

(1− x) d(1− x) = − (1− x)2
∣∣∣∣1
0

= 1.
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Ðèñóíîê 11 � Ãðàôèê ñóììû ðÿäà Ôóðüå (ê çàäàíèþ 2 âòîðîãî âàðèàíòà)

Ïðè k > 1

ak = 2

1∫
0

(1− x) cos πkx dx =

∥∥∥∥∥ u = 1− x du = −dx

dv = cos πkx dx v =
sin πkx

πk

∥∥∥∥∥ =

=
2(1− x) sin πkx

πk

∣∣∣∣1
0

+
2

πk

1∫
0

sinπkx dx = 0− 2

π2k2
cosπkx

∣∣∣∣1
0

=

= 2 · cos 0− cos πk

π2k2
= 2 · 1− (−1)k

π2k2
=

{
0, k = 2m,
4

π2k2
, k = 2m− 1.

Ðàçëîæåíèå ïî êîñèíóñàì èìååò âèä:

f ∼ 1

2
+

4

π2

∞∑
m=1

cos π(2m− 1)x

(2m− 1)2
=

1

2
+

4 cos πx

π2
+

4 cos 3x

9π2
+

4 cos 5x

25π2
+ . . .

Ôóíêöèÿ f îïðåäåëåíà íà îòðåçêå [0; 1] è ÿâëÿåòñÿ ëèíåéíîé. Å¼ ãðàôèê
ïðèâåä¼í íà ðèñóíêå 12à.

×òîáû ïîñòðîèòü ãðàôèê ñóììû ðÿäà íóæíî ñïåðâà ïðîäîëæèòü ïî ÷¼ò-
íîñòè ôóíêöèþ f íà îòðåçîê [−1; 1], à ïîòîì ïî ïåðèîäè÷íîñòè íà âñþ
÷èñëîâóþ ïðÿìóþ. Äëÿ x ∈ [−1; 0):

f̃(x) = f̃(−x) =

∥∥∥∥ò. ê. − x ∈ (0; 1]

∥∥∥∥ = f(−x) = 1− (−x) = 1 + x.
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à) á)

Ðèñóíîê 12 � Ê çàäàíèþ 3 âòîðîãî âàðèàíòà: ãðàôèê ôóíêöèè f (à) è å¼

ïðîäîëæåíèÿ ïî ÷¼òíîñòè f̂ (á)

Òàêèì îáðàçîì, ïðîäîëæåííàÿ ïî ÷¼òíîñòè íà âåñü îòðåçîê [−1; 1] ôóíêöèÿ
èìååò âèä:

f̃(x) =

{
1− x, 0 6 x 6 1,
1 + x, −1 6 x < 0,

ò. å. f̃(x) = 1−|x| ïðè x ∈ [−1; 1]. Ãðàôèê ôóíêöèè f̂ ïîëó÷àåòñÿ äîáàâëå-
íèåì ê ãðàôèêó ôóíêöèè f (ðèñóíîê 12à) ó÷àñòêà, ïîëó÷åííîãî çåðêàëü-
íûì îòðàæåíèåì îòíîñèòåëüíî îñè Oy, ïîñêîëüêó ãðàôèê ÷¼òíîé ôóíêöèè
âñåãäà ñèììåòðè÷åí îòíîñèòåëüíî îñè îðäèíàò. Ãðàôèê ôóíêöèè f̂ ïðèâå-
ä¼í íà ðèñóíêå 12á.

Ðàçëîæåíèå ôóíêöèè f ïî êîñèíóñàì íà îòðåçêå [0; 1] ñîâïàäàåò ñ ðÿäîì
Ôóðüå äëÿ ôóíêöèè f̃ íà îòðåçêå [−1; 1]. Ïîñêîëüêó f̃(−1) = f̃(1), ïðîäîë-
æåííàÿ ïî ïåðèîäè÷íîñòè íà âñþ ÷èñëîâóþ ïðÿìóþ ôóíêöèÿ îêàçûâàåòñÿ
íåïðåðûâíîé è, â ñèëó òåîðåìû Äèðèõëå, áóäåò ñîâïàäàòü ñ ñóììîé ðÿäà
Ôóðüå (ñì. ðèñóíîê 13).

Ðèñóíîê 13 � Ãðàôèê ñóììû ðÿäà Ôóðüå (ê çàäàíèþ 3 âòîðîãî âàðèàíòà)
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