
Óñëîâèÿ çàäà÷

1. Âû÷èñëèòü èíòåãðàë ïî îáëàñòè D, îãðàíè÷åííîé óêàçàííû-
ìè ëèíèÿìè.

2. Âû÷èñëèòü èíòåãðàë ïî îáëàñòè D, çàäàííîé ñèñòåìîé íåðà-
âåíñòâ:

• èçîáðàçèòü îáëàñòü â äåêàðòîâîé ñèñòåìå êîîðäèíàò;

• âû÷èñëèòü èíòåãðàë, ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì.

3. Íàéòè îáúåì òåëà, çàäàííîãî îãðàíè÷èâàþùèìè åãî ïîâåðõ-
íîñòÿìè.

4. Íàéòè îáúåì òåëà, çàäàííîãî îãðàíè÷èâàþùèìè åãî ïîâåðõ-
íîñòÿìè.

5. Íàéòè îáúåì òåëà, çàäàííîãî íåðàâåíñòâàìè.

6. Íàéòè ïëîùàäü ÷àñòè ïîâåðõíîñòè S, ïðîåêòèðóþùåéñÿ íà
îáëàñòü D.

7. Íàéòè çàðÿä ïëàñòèíêè, îãðàíè÷åííîé êðèâûìè, åñëè ïëîò-
íîñòü çàðÿäà â òî÷êå çàäàíà ôóíêöèåé µ (x, y).

8. Íàéòè ìàññó êðèâîé L, åñëè ïëîòíîñòü êðèâîé â êàæäîé åå
òî÷êå ðàâíà îðäèíàòå ýòîé òî÷êè.

9. Íàéòè ðàáîòó ñèëû ~F ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè
âäîëü ëèíèè L îò òî÷êè M äî òî÷êè N .

10. Âû÷èñëèòü èíòåãðàë ïî çàìêíóòîìó êîíòóðó C â ïîëîæèòåëü-
íîì íàïðàâëåíèè ïî ôîðìóëå Ãðèíà.

11. Äàíû âåêòîðíîå ïîëå ~F è ïëîñêîñòü Ax + By + Cz + D = 0
(p), êîòîðàÿ ñîâìåñòíî ñ êîîðäèíàòíûìè ïëîñêîñòÿìè îáðà-
çóåò ïèðàìèäó T . Ïóñòü σ � îñíîâàíèå ïèðàìèäû, ïðèíàä-
ëåæàùåå ïëîñêîñòè p; λ � êîíòóð, îãðàíè÷èâàþùèé σ; ~n �
íîðìàëü ê σ, íàïðàâëåííàÿ âíå ïèðàìèäû T . Òðåáóåòñÿ âû-
÷èñëñòü:

• ïîòîê âåêòîðíîãî ïîëÿ ~F ÷åðåç ïîâåðõíîñòü σ â íàïðàâ-
ëåíèè íîðìàëè ~n;

• öèðêóëÿöèþ âåêòîðíîãî ïîëÿ ~F ïî çàìêíóòîìó êîíòóðó
λ íåïîñðåäñòâåííî è ïðèìåíèâ òåîðåìó Ñòîêñà ê êîíòóðó
λ è îãðàíè÷åííîé èì ïîâåðõíîñòè σ ñ íîðìàëüþ ~n;

• ïîòîê âåêòîðíîãî ïîëÿ ~F ÷åðåç ïîëíóþ ïîâåðõíîñòü ïè-
ðàìèäû T â íàïðàâëåíèè âíåøíåé íîðìàëè ê åå ïîâåðõ-
íîñòè íåïîñðåäñòâåííî è ïðèìåíèâ òåîðåìó Ãàóññà �
Îñòðîãðàäñêîãî. Ñäåëàòü ÷åðòåæ.



ÂÀÐÈÀÍÒ 1

1. ∫∫
D

(
12x2y2 + 16x3y3

)
dx dy

D : x = 1; y = x2; y = −
√
x

2. ∫∫
D

(x+ y) dx dy

D :

{
0 6 y 6

√
3 · x;

2x 6 x2 + y2 6 4x

3.

x2 + y2 = 18; y =
√
3x;

z =
25

11
x; y = 0; z = 0

4.

z =
√

4− x2 − y2; z =
√
x2 + y2

255

5.

16 6 x2 + y2 + z2 6 100; y 6 0;

0 6 z 6

√
x2 + y2

24
; y 6 − x√

3

6.

S : z =
√
4− x2 − y2;

D :
{
x2 + y2 6 1, z = 0

}

7.

2 6
x2

5
+
y2

3
6 5; 0 6 y 6

3
√
5

5
x;

µ =
32

63
xy

8. L � îòðåçîê ïðÿìîé y = 2− 1
2
x, çàêëþ÷åííûé ìåæäó òî÷êàìè

A(0, 2) è B(4, 0).

9.
~F =

(
x2 − 2y

)
~i+

(
y2 − 2x

)
~j;

L � îòðåçîê ïðÿìîé MN , ãäå M(−4, 0), N(0, 2).

10. ∫
C

(y2 − y) dx+ (2xy + y) dy;

C :
{
x =

√
9− y2, x = 0

}
11.

~F = (x+ z)~i+ y~j + ~k, p : x+ y + z − 2 = 0



ÂÀÐÈÀÍÒ 2

1. ∫∫
D

y2 · sin xy
2
dx dy

D : x = 0; y =
√
π; y =

x

2

2. ∫∫
D

√
1− x2 − y2 dx dy

D :

{
x2 + y2 6 x;
x2 + y2 6 y

3.

y = 2
√
x; x+ y = 3;

z = 3x; z = 0

4.

z =
15

2

√
x2 + y2; z =

17

2
− x2 − y2

5.

25 6 x2 + y2 + z2 6 100; y > 0;

z 6 −
√
x2 + y2

99
; y > −x

√
3

6.

S : z = 2− x2 − y2;
D :

{
x2 + y2 6 1, z = 0

}

7.

1 6
x2

3
+ 3y2 6 15; x > 0; y >

1

3
x;

µ =
x

y

8. L � êîíòóð ïðÿìîóãîëüíèêà ñ âåðøèíàìè A(0, 1), B(4, 1),
C(4, 2) è D(0, 2).

9.

~F =
(
x2 − 2y

)
~i+

(
y2 − 2x

)
~j;

L : 2− x2

8
= y,

M(−4, 0), N(0, 2).

10. ∫
C

(x+ y)2 dx+ (x2 + y2) dy;

C :
{
x =

√
16− y2, x = 0

}
11.

~F = (x+ y)~i+ z~j + 2~k, p : 2x− y + 2z − 2 = 0



ÂÀÐÈÀÍÒ 3

1. ∫∫
D

(
36x2y2 − 96x3y3

)
dx dy

D : x = 1; y = 3
√
x; y = −x3

2. ∫∫
D

1

x2
· e

y
x dx dy

D :

{
x 6 y 6

√
3 · x;

1 6 x2 + y2 6 4

3.

y =
√
3x; x+ y = 6;

z = 4y; z = 0

4.

z =
√

25− x2 − y2; z =
√
x2 + y2

99

5.

16 6 x2 + y2 + z2 6 81; y 6 0;

z >

√
x2 + y2

99
; y 6 −x

√
3

6.

S : z = x2 − y2;
D :

{
x2 + y2 6 4, z = 0

}

7.

1 6
x2

3
+
y2

1
6 9; −x 6 y 6 0;

µ =
20

363
xy2

8. L � äóãà ïàðàáîëû y2 = 2px, îòñå÷åííàÿ ïàðàáîëîé x2 = 2py,
(p > 0).

9.

~F = (x+ y)~i+ 2x~j;

L : x2 + y2 = 4 (y > 0),

M(2, 0), N(−2, 0).

10. ∫
C

y dx− x2 dy;

C :
{
y = x2 + 1, y = 2

}
11.

~F = (y − x+ z)~i−~j, p : 2x+ y + 2z − 4 = 0



ÂÀÐÈÀÍÒ 4

1. ∫∫
D

y2 · e−
xy
4 dx dy

D : x = 0; y = 2; y = x

2. ∫∫
D

1√
4− x2 − y2

dx dy

D :

{
y > x; y > −x;
x2 + y2 6 2y

3.

y =
√
3x; x2 + y2 = 18;

y = 0; z =
5

11
x; z = 0

4.

z =
√

64− x2 − y2; z = 1;

x2 + y2 = 60 (âíóòðè öèëèíäðà)

5.

64 6 x2 + y2 + z2 6 144;

z > −
√
x2 + y2

63
; 0 6 y 6

x√
3

6.

S : 2x+ 3y + z = 6;

D :

{
x2

4
+
y2

9
6 1, z = 0

}
7.

9 6 x2 +
y2

3
6 100; 0 6 y 6 3x;

µ =
y

x2

8. L � êîíòóð òðåóãîëüíèêà ñ âåðøèíàìè A(−1, 2), B(1, 2) è
C(0, 1).

9.

~F = y2~i+ x2~j;

L :

{
x = a cos t
y = b sin t

, y > 0,

M(−a, 0), N(a, 0).

10. ∫
C

ey [(x− 2 sinx) dx− (1− 2 cosx) dy];

C :
{
y = x2 − 1, y = 0

}
11.

~F = x~i+ (y − z)~j + 2~k, p : −x+ 2y + 2z − 4 = 0



ÂÀÐÈÀÍÒ 5

1. ∫∫
D

(
9x2y2 + 48x3y3

)
dx dy

D : x = 1; y =
√
x; y = −x2

2. ∫∫
D

arctg
y

x
dx dy

D :

{
0 6 y 6 x√

3
;

2x 6 x2 + y2 6 4x

3.

x+ y = 3; y2 = 4x;

z = −y; z = 0 (z > 0)

4.

z =
21

2

√
x2 + y2;

z =
23

2
− x2 − y2

5.

64 6 x2 + y2 + z2 6 196;

z 6

√
x2 + y2

3
;
x√
3
6 y 6 0

6.

S : x2 + y2 = z2 (z > 0);

D :
{
x2 + y2 6 2x, z = 0

}
7.

1 6
x2

3
+
y2

4
6 4; x > 0; y > 2x;

µ =
40

31
x2y

8.
L � ÷àñòü ïàðàáîëû y = 2

√
x, 0 6 x 6 1.

9.

~F = (x+ y)~i+ (x− y)~j;
L : y = x2,

M(−1, 1), N(1, 1).

10. ∫
C

(2xy − y) dx+ (x2 + x) dy;

C :
{
x2 + y2 = 9

}
11.

~F = (2x+ 3y − 3z)~j, p : 2x− 3y + 2z − 6 = 0



ÂÀÐÈÀÍÒ 6

1. ∫∫
D

y2 · cos xy
2
dx dy

D : x = 0; y =

√
π

2
; y =

x

2

2. ∫∫
D

√
x2 + y2 dx dy

D :

{
x > 0; y > 0;
x2 + y2 6 x+ y

3.

x = 3
√

3y; x = 2
√

3y;

z = 0; z + y = 3

4.

z = 3
√
x2 + y2;

z = 10− x2 − y2

5.

64 6 x2 + y2 + z2 6 196;

−
√
x2 + y2

3
6 z 6

√
x2 + y2

15

6.

S : x2 + y2 + z2 = 25 (y > 0);

D :
{
x2 + z2 6 16, y = 0

}
7.

1 6
x2

9
+
y2

3
6 400; y >

x

3
; x > 0;

µ =
x

y2

8.

L : y =
x2

4
− lnx

2
, 1 6 x 6 2.

9.

~F = x~j;

L : x2 + y2 = a2, x > 0,

M(0,−a), N(0, a).

10. ∫
C

(y2 + 2 lnx) dx+ xy dy;

C :
{
x = y2 + 1, x = 2

}
11.

~F = x~i+ (z − x)~j + y~k, p : 3x+ 2y + 3z − 6 = 0



ÂÀÐÈÀÍÒ 7

1. ∫∫
D

(
18x2y2 + 32x3y3

)
dx dy

D : x = 1; y = x3; y = − 3
√
x

2. ∫∫
D

(
1− x2 − y2

)
dx dy

D :

{
0 6 y 6 x

√
3;

x2 + y2 6 4x

3.

y =
√
5x; x2 + y2 = 50

z =
12

25
x; z = 0 (z > 0)

4.

z =
√

9− x2 − y2; z =
√
x2 + y2

80

5.

16 6 x2 + y2 + z2 6 100;

−
√
x2 + y2

3
6 z 6

√
x2 + y2

35

6.

S : z = 1− x2 − y2;
D :

{
x2 + y2 6 1, z = 0

}

7.

9 6
x2

8
+
y2

2
6 10; y >

x

2
; x > 0;

µ =
x

y

8.
L : y = x3, 0 6 x 6 2.

9.

~F =
(
x2 − y2

)
~i+ xy~j;

L : îòðåçîê MN,

M(1, 1), N(3, 4).

10. ∫
C

(2y + x2) dx+ (y2x+ y − x) dy;

C :
{
x = y2 − 1, x = 0

}
11.

~F =~i+ (5x+ 2y + 3z)~k, p : x+ y + 3z − 3 = 0



ÂÀÐÈÀÍÒ 8

1. ∫∫
D

4y2 · sinxy dx dy

D : x = 0; y =

√
π

2
; y = x

2. ∫∫
D

1

(4 + x2 + y2)2
dx dy

D :

{
x > 0; y > 0;
2y 6 x2 + y2 6 4

3.

x = 19
√
2y; x = 4

√
2y;

z = 0; y + z = 2

4.

z =
√

100− x2 − y2; z = 6;

x2 + y2 = 51 (âíóòðè öèëèíäðà)

5.

9 6 x2 + y2 + z2 6 81; y 6 0;

0 6 z 6

√
x2 + y2

24
; y 6

x√
3

6.

S : x = z2 − y2;
D :

{
y2 + z2 6 4, x = 0

}
7.

1 6
x2

7
+
y2

1
6 4; y >

√
7

7
x; x 6 0;

µ =
15

31
x2y

8.

L :

{
x = 5(t− sin t)
y = 5(1− cos t)

, 0 6 t 6 π

9.

~F = y~i−
(
y + x2

)
~j;

L : y = 2x− x2,
M(0, 0), N(2, 0).

10. ∫
C

(y − x)2 dx− (x+ y)2 dy;

C : {y = cosx, y = 0, −π/2 6 x 6 π/2}

11.
~F = x~i+~j + (y + z)~k, p : 2x+ y + 2z − 4 = 0



ÂÀÐÈÀÍÒ 9

1. ∫∫
D

(
27x2y2 + 48x3y3

)
dx dy

D : x = 1; y = x2; y = − 3
√
x

2. ∫∫
D

y

x2
dx dy

D :

{
0 6 y 6 x;

16 6 x2 + y2 6 4
√
2 · x

3.

x =
5

3

√
y; x =

5

9
y;

z = 0; z =
5

9
(3 +

√
y)

4.

z =
√

36− x2 − y2;

z =

√
x2 + y2

63

5.

49 6 x2 + y2 + z2 6 169; y > 0;

−
√
x2 + y2

24
6 z 6 0; y >

x√
3

6.

S : 2x+ y + 3z = 6;

D :

{
x2

4
+
z2

9
6 1, y = 0

}
7.

9 6
x2

2
+
y2

6
6 25; y > x; x 6 0;

µ =
x
√
6

y2

8.

L :

{
x = 10 cos3 t
y = 10 sin3 t

, 0 6 t 6
π

2

9.

~F =

(
1√
x

)
~i−

(
1
√
y

)
~j;

L :

{
x = r cos t
y = r sin t

, x > 0, y > 0,

M(r, 0), N(0, r).

10. ∫
C

(x2 + y2) dx+ (y2 − x2) dy;

C :
{
x = −

√
R2 − y2, x = 0

}
11.

~F = (z + x)~i+ y~j + ~k, p : 2x+ 2y + z − 4 = 0



ÂÀÐÈÀÍÒ 10

1. ∫∫
D

y2 · e−
xy
8 dx dy

D : x = 0; y = 2; y =
x

2

2. ∫∫
D

1√
3− x2 − y2

dx dy

D :

{
0 6 y 6 x

√
3;

x2 + y2 6
√
3 · y

3.

x =
√

2y; x+ y = 4;

z = 0; z =
3

5
x

4.

z =
√

81− x2 − y2; z = 5;

x2 + y2 = 45 (âíóòðè öèëèíäðà)

5.

9 6 x2 + y2 + z2 6 64; y 6
x√
3
;

z >

√
x2 + y2

99
; y 6 − x√

3

6.

S : x2 + y2 + z2 = 1 (z > 0);

D :
{
x2 + y2 6 x, z = 0

}
7.

4 6
x2

3
+
y2

9
6 100; y 6 −x; y > 0;

µ =
y

x2

8.

L :

{
x = ln t
y = 1

2

(
t+ 1

t

) , 1 6 t 6 2

9.

~F = 2xy~i− y2~j;
L : îòðåçîê MN,

M(0, 0), N(2, 1).

10. ∫
C

(y − x) dx− (x+ y) dy;

C :

{
y = b

√
1− x2

a2
, y = 0

}
, a > 0, b > 0

11.
~F = 2~i+ (y + z)~j + x~k, p : 2x+ 2y − z − 2 = 0



ÂÀÐÈÀÍÒ 11

1. ∫∫
D

(
18x2y2 + 32x3y3

)
dx dy

D : x = 1; y = 3
√
x; y = −x2

2. ∫∫
D

1

(4− x2 − y2)2
dx dy

D :

{
x2 + y2 6 2y;
x2 + y2 6 2x

3.

x =
√

3y; x+ y = 6;

z = 0; z =
4

5
x

4.

z =
√

100− x2 − y2; z = 7;

x2 + y2 = 51 (âíóòðè öèëèíäðà)

5.

36 6 x2 + y2 + z2 6 100;

z > −
√
x2 + y2

63
; − x√

3
6 y 6 x

√
3

6.

S : x2 + y2 + z2 = 4 (x > 0);

D :
{
z2 + y2 6 2z, x = 0

}
7.

1 6
x2

4
+
y2

3
6 2; y >

3

2
x; y > 0;

µ = xy

8.

L :

{
x = et(cos t+ sin t)
y = et(cos t− sin t)

, 0 6 t 6
π

4

9.

~F = 4xy~i− x2~j;

L : y =
1

4
x2,

M(0, 0), N(2, 1).

10. ∫
C

xy2 dx− x2y dy;

C :
{
x =

√
a2 − y2, x = 0

}
11.

~F = (z − y + x)~j − ~k, p : 2x+ 2y + z − 4 = 0



ÂÀÐÈÀÍÒ 12

1. ∫∫
D

y2 · cosxy dx dy

D : x = 0; y =
√
π; y = x

2. ∫∫
D

x2

y2
dx dy

D : 2 6 x2 + y2 6 −2y

3.

y =
5

6

√
x; y =

5

18
x;

z = 0; z =
5

18

(
3 +
√
x
)

4.

z = 6
√
x2 + y2;

z = 16− x2 − y2

5.

36 6 x2 + y2 + z2 6 144;

z 6

√
x2 + y2

3
; x
√
3 6 y 6

x√
3

6.

S : x2 + y2 + z2 = 4 (y > 0);

D :
{
x2 + z2 6 2x, y = 0

}

7.

1 6
x2

3
+ y2 6 4; y 6 0; y 6 x;

µ = x2y

8.

L :

{
x = cos t+ t sin t
y = sin t− t cos t , 0 6 t 6

π

2

9.

~F = 2xy~i− x2~j;
L : x = 2y2,

M(0, 0), N(2, 1).

10. ∫
C

y2 dx− x dy;

C : {y = cosx, y = 0, −π/2 6 x 6 π/2}

11.
~F = 2~i+ y~j + (z − x)~k, p : 2x− y + 2z − 4 = 0



ÂÀÐÈÀÍÒ 13

1. ∫∫
D

(
18x2y2 + 32x3y3

)
dx dy

D : x = 1; y = x3; y = −
√
x

2. ∫∫
D

arctg
x

y
dx dy

D :

{
x2 + y2 6 4y;
y > 2

3.

y = 6
√
3x; y =

√
3x;

z = 0; x+ z = 3

4.

z =
√

9− x2 − y2;

z =

√
x2 + y2

35

5.

36 6 x2 + y2 + z2 6 144;

−
√
x2 + y2

3
6 z 6 −

√
x2 + y2

15

6.

S : y = x2 − z2;
D :

{
x2 + z2 6 9, y = 0

}
7.

1 6
x2

4
+
y2

9
6 4; 0 6 y 6

3

2
x;

µ = xy

8.

L :

{
x = t3 + 1
y = t2

, 0 6 t 6 1

9.
~F = 2yx~i− y2~j;

L � ëîìàíàÿ ëèíèÿ, ïåðâîå çâåíî êîòîðîé ñîåäèíÿåò òî÷êè
M(0, 0) è B(2, 0), à âòîðîå � òî÷êè B(2, 0) è N(2, 1).

10. ∫
C

ex [(1 + cos y) dx− (y + sin y) dy];

C : {y = x, x = 2, y = 1}

11.
~F = (2y + 3z − 3x)~k, p : 2x+ 2y − 3z − 6 = 0



ÂÀÐÈÀÍÒ 14

1. ∫∫
D

4y2 · sin 2xy dx dy

D : x = 0; y =
√
2π; y = 2x

2. ∫∫
D

x2

y3
dx dy

D :

{
x2 + y2 > y; y > x;
x2 + y2 6 x+ y

3.

y = 2
√
x; x+ y = 3;

z = 0; z = 3y (z > 0)

4.

z =
√

64− x2 − y2; z = 4;

x2 + y2 = 39 (âíóòðè öèëèíäðà)

5.

9 6 x2 + y2 + z2 6 81;

−
√
x2 + y2

3
6 z 6

√
x2 + y2

35

6.

S : z2 = y2 + x2 (z > 0);

D : {x > 0, y > 0, x+ y 6 1}

7.

1 6
x2

1
+
y2

3
6 9; −x 6 y 6 0;

µ = xy2

8.

L :

{
x = 2(2 cos t− cos 2t)
y = 2(2 sin t− sin 2t)

, 0 6 t 6
π

3

9.

~F = cos y ·~i− sinx ·~j;
L : îòðåçîê MN,

M(2,−2), N(−2, 2).

10. ∫
C

y

x
dx+ 2 lnx dy;

C : {2x+ y = 4, x = 1, y = 0}

11.
~F = z~i+ y~j + (x− y)~k, p : 3x+ 3y + 2z − 6 = 0



ÂÀÐÈÀÍÒ 15

1. ∫∫
D

(
27x2y2 + 48x3y3

)
dx dy

D : x = 1; y =
√
x; y = −x3

2. ∫∫
D

√
4− x2 − y2 dx dy

D :

{
x2 + y2 6 2y; x 6 0;
x2 + y2 > −2x

3.

x+ y = 8; y2 = 4x;

z = 0; z = 6y (z > 0)

4.

z =
√
16− x2 − y2;

z =

√
x2 + y2

15

5.

4 6 x2 + y2 + z2 6 64; y 6 x
√
3;

0 6 z 6

√
x2 + y2

24
; y 6

x√
3

6.

S : z2 = 2x2 + 2y2 (z > 0);

D :
{
x2 + y2 6 2y, z = 0

}
7.

1 6
x2

3
+ y2 6 4; 0 6 y 6 x;

µ = xy

8.
L : ρ = 3e(3ϕ/4), 0 6 ϕ 6

π

3

9.

~F = − y2

x
5
3 + y

5
3

~i+
x2

x
5
3 + y

5
3

~j;

L :

{
x = R cos3 t
y = R sin3 t

, x > 0, y > 0,

M(R, 0), N(0, R).

10. ∫
C

(x2y + x− y) dx+ (y2 + 2x) dy;

C :
{
y = x2 + 1, y = 2

}
11.

~F = (5y + 2z + 3x)~i+~j, p : 3x+ y + z − 3 = 0



ÂÀÐÈÀÍÒ 16

1. ∫∫
D

y2 · e−
xy
2 dx dy

D : x = 0; y =
√
2; y = x

2. ∫∫
D

1

(x2 + y2)2
dx dy

D :

{
x2 + y2 6 2x;
x > 1

3.

y =
5

3

√
x; y =

5

9
x;

z = 0; z =
5

3

(
3 +
√
x
)

4.

z =
3

2

√
x2 + y2;

z =
5

2
− x2 − y2

5.

36 6 x2 + y2 + z2 6 144; y >
x√
3
;

−
√
x2 + y2

3
6 z 6 0; y > x

√
3

6.

S : z2 = 4y2 + 4x2 (z > 0);

D :

{
x2

4
+
y2

9
6 1, z = 0

}
7.

1 6
x2

4
+
y2

25
6 4; y >

5

2
x; x > 0;

µ =
x

y

8.
L : x2 + y2 = ay (a > 0)

9.

~F = (2a− y)~i− (a− y)~j;

L :

{
x = a(t− sin t)
y = a(1− cos t)

,

M(0, 0), N(2πa, 0).

10. ∫
C

(x+ y)2 dx− (x− y)2 dy;

C : {y = sinx, y = 0, 0 6 x 6 π}

11.
~F =~i+ (y + x)~j + z~k, p : x+ y + z − 2 = 0



ÂÀÐÈÀÍÒ 17

1. ∫∫
D

(
4xy + 3x2y2

)
dx dy

D : x = 1; y = x2; y = −
√
x

2. ∫∫
D

1

x+ y
dx dy

D : 1 6 x2 + y2 6 x+ y

3.

x =
√

3y; z =
4

3
x;

z = 0; x+ y = 6

4.

z =
√
36− x2 − y2; z = 2;

x2 + y2 = 27 (âíóòðè öèëèíäðà)

5.

36 6 x2 + y2 + z2 6 121; y > 0;

z 6 −
√
x2 + y2

99
; y > x

√
3

6.

S : y2 = 2x2 + 2z2 (y > 0);

D : {x > 0, z > 0, x+ 2z 6 1}

7.

1 6 x2 +
y2

2
6 4; y 6

x
√
6

3
; y 6 0;

µ = xy2

8.
L : x2 + y2 = bx, y > 0 (b > 0)

9.

~F = 2xy~i+ x2~j;

L : y = x3,

M(0, 0), N(1, 1).

10. ∫
C

(x2 − y2) dx− (x2 + y2) dy;

C :
{
y =
√
R2 − x2, y = 0

}
11.

~F = y~i+ 2~j + (z + x)~k, p : x− 2y − 2z + 2 = 0



ÂÀÐÈÀÍÒ 18

1. ∫∫
D

y2 · cos 2xy dx dy

D : x = 0; y =

√
π

2
; y =

x

2

2. ∫∫
D

y3

x2
dx dy

D :

{
2x 6 x2 + y2 6 4x;
− x√

3
6 y 6 x

3.

x =
√

2y; z =
15

8
y;

x2 + y2 = 8; x = 0; z = 0

4.

z =
√

49− x2 − y2; z = 3;

x2 + y2 = 33 (âíóòðè öèëèíäðà)

5.

4 6 x2 + y2 + z2 6 49; y 6 0;

z >

√
x2 + y2

99
; y 6 x

√
3

6.

S : 2y2 = 3x2 + 3z2 (y > 0);

D :
{
x2 + z2 6 2x, y = 0

}
7.

4 6 x2 +
y2

3
6 9; −3x 6 y 6 0;

µ =
y

x2

8.
L : ρ = 8 cosϕ, 0 6 ϕ 6

π

4

9.

~F =
(
x2 − y2

)
~i+

(
x2 + y2

)
~j;

L :
x2

4
+
y2

9
= 1, y > 0,

M(3, 0), N(−3, 0).

10. ∫
C

(x+ y) dx− (x− y) dy;

C :

{
x2

a2
+
y2

b2
= 1

}
11.

~F = −~i+ (x− z + y)~k, p : x+ 2y + 2z − 4 = 0



ÂÀÐÈÀÍÒ 19

1. ∫∫
D

(
12xy + 9x2y2

)
dx dy

D : x = 1; y =
√
x; y = −x2

2. ∫∫
D

√
16− x2 − y2 dx dy

D :


x2 + y2 6 4;
x2 + y2 + 4y > 0;
x > 0; y 6 0

3.

y =
√
x; y = 2

√
x;

z = 0; z + y = 2

4.

z = 12
√
x2 + y2;

z = 28− x2 − y2

5.

16 6 x2 + y2 + z2 6 64; y > − x√
3
;

z > −
√
x2 + y2

63
; y 6 −x

√
3

6.

S : 3x2 = 4y2 + 4z2 (x > 0);

D :
{
y2 + z2 6 4z, x = 0

}
7.

4 6
x2

4
+
y2

9
6 9; 0 6 y 6

3

2
x;

µ = x2

8.
L : ρ = 2 sinϕ, 0 6 ϕ 6

π

6

9.

~F = 2xy~i− x2~j;
L : y = sinx,

M(π, 0), N(0, 0).

10. ∫
C

xy2 dx− x2y dy;

C :
{
x2 + y2 = a2

}
11.

~F = (x− z)~i+ 2~j + z~k, p : 2x+ 2y − z − 4 = 0



ÂÀÐÈÀÍÒ 20

1. ∫∫
D

3y2 · sin xy
2
dx dy

D : x = 0; y =

√
4π

3
; y =

2

3
x

2. ∫∫
D

x+ y

x2 + y2
dx dy

D :


x2 + y2 + 2y > 0;
x2 + y2 + 4y 6 0;
0 6 x 6 − y√

3

3.

x =
√
y; x = 2

√
y;

x+
1

3
z = 2; z = 0

4.

z = 9
√
x2 + y2;

z = 22− x2 − y2

5.

16 6 x2 + y2 + z2 6 100; y 6 − x√
3
;

z 6

√
x2 + y2

3
; y > −x

√
3

6.

S : 5x2 = 3y2 + 3z2 (x > 0);

D :

{
y2

4
+ z2 6 1, x = 0

}
7.

1 6
x2

4
+ y2 6 100; x > 0; y >

1

2
x;

µ =
x

y2

8.
L : ρ = a(1− cosϕ), 0 6 ϕ 6 π (a > 0)

9.

~F =
(
x2 + y2

)
~i+

(
x2 − y2

)
~j;

L : y =

{
x, 0 6 x 6 1
2− x, 1 < x 6 2

,

M(2, 0), N(0, 0).

10. ∫
C

ex [(1− cos y) dx− (y − sin y) dy];

C : {x = 0, y = 1, y = x}

11.
~F = (3x− 3y + 2z)~i, p : 3x− 2y − 2z + 6 = 0



ÂÀÐÈÀÍÒ 21

1. ∫∫
D

(
8xy + 9x2y2

)
dx dy

D : x = 1; y = 3
√
x; y = −x3

2. ∫∫
D

√
9− x2 − y2 dx dy

D :

{
x2 + y2 6 3x;
x2 + y2 6 3y

3.

x2 + y2 = 18; y =
√
3x;

z =
25

11
x; y = 0; z = 0

4.

z =
15

2

√
x2 + y2; z =

17

2
− x2 − y2

5.

16 6 x2 + y2 + z2 6 81; y 6 0;

z >

√
x2 + y2

99
; y 6 −x

√
3

6.

S : 2x+ 3y + z = 6;

D :

{
x2

4
+
y2

9
6 1, z = 0

}

7.

1 6
x2

4
+ y2 6 4; y 6

√
3

2
x; y 6 0;

µ = x2y

8.
L � ÷àñòü ïàðàáîëû y = 2

√
x, 0 6 x 6 1.

9.

~F = x~j;

L : x2 + y2 = a2, x > 0,

M(0,−a), N(0, a).

10. ∫
C

(2y + x2) dx+ (y2x+ y − x) dy;

C :
{
x = y2 − 1, x = 0

}
11.

~F = x~i+~j + (y + z)~k, p : x+ y + z − 2 = 0



ÂÀÐÈÀÍÒ 22

1. ∫∫
D

y2 · e−
xy
2 dx dy

D : x = 0; y = 1; y =
x

2

2. ∫∫
D

1√
9− x2 − y2

dx dy

D :

{
x2 + y2 6 3x;
− x√

3
6 y 6 x√

3

3.

y = 2
√
x; x+ y = 3;

z = 3x; z = 0

4.

z =
√

25− x2 − y2; z =
√
x2 + y2

99

5.

64 6 x2 + y2 + z2 6 144;

z > −
√
x2 + y2

63
; 0 6 y 6

x√
3

6.

S : x2 + y2 = z2 (z > 0);

D :
{
x2 + y2 6 2x, z = 0

}

7.

16 6
x2

3
+
y2

9
6 100; y > x; x > 0;

µ =
x

y

8.

L : y =
x2

4
− lnx

2
, 1 6 x 6 2.

9.

~F =
(
x2 − y2

)
~i+ xy~j;

L : îòðåçîê MN,

M(1, 1), N(3, 4).

10. ∫
C

(y − x)2 dx− (x+ y)2 dy;

C : {y = cosx, y = 0, −π/2 6 x 6 π/2}

11.
~F = (2x+ 3y − 3z)~j, p : 2x− 3y + 2z − 6 = 0



ÂÀÐÈÀÍÒ 23

1. ∫∫
D

(
24xy + 18x2y2

)
dx dy

D : x = 1; y = x3; y = − 3
√
x

2. ∫∫
D

1

(9 + x2 + y2)2
dx dy

D :

{
3x 6 x2 + y2 6 9;
y > 0; x > 0

3.

y =
√
3x; x+ y = 6;

z = 4y; z = 0

4.

z =
√

64− x2 − y2; z = 1;

x2 + y2 = 60 (âíóòðè öèëèíäðà)

5.

64 6 x2 + y2 + z2 6 196;

z 6

√
x2 + y2

3
;
x√
3
6 y 6 0

6.

S : x2 + y2 + z2 = 25 (y > 0);

D :
{
x2 + z2 6 16, y = 0

}

7.

1 6
x2

3
+
y2

4
6 4; 0 6 y 6 2x;

µ = x

8.
L : y = x3, 0 6 x 6 2.

9.

~F = y~i−
(
y + x2

)
~j;

L : y = 2x− x2,
M(0, 0), N(2, 0).

10. ∫
C

(x2 + y2) dx+ (y2 − x2) dy;

C :
{
x = −

√
R2 − y2, x = 0

}
11.

~F = x~i+ (y − z)~j + 2~k, p : x− 2y − 2z + 4 = 0



ÂÀÐÈÀÍÒ 24

1. ∫∫
D

y2 · cosxy dx dy

D : x = 0; y =
√
π; y = 2x

2. ∫∫
D

108

(9− x2 − y2)2
dx dy

D :

{
3x 6 x2 + y2 6 9

4
;

x 6 y

3.

y =
√
3x; x2 + y2 = 18;

y = 0; z =
5

11
x; z = 0

4.

z =
21

2

√
x2 + y2;

z =
23

2
− x2 − y2

5.

64 6 x2 + y2 + z2 6 196;

−
√
x2 + y2

3
6 z 6

√
x2 + y2

15

6.

S : z = 1− x2 − y2;
D :

{
x2 + y2 6 1, z = 0

}
7.

1 6 x2 +
y2

6
6 4; 0 6 y 6 3

√
2x;

µ = y

8.

L :

{
x = 5(t− sin t)
y = 5(1− cos t)

, 0 6 t 6 π

9.

~F =

(
1√
x

)
~i−

(
1
√
y

)
~j;

L :

{
x = r cos t
y = r sin t

, x > 0, y > 0,

M(r, 0), N(0, r).

10. ∫
C

(y − x) dx− (x+ y) dy;

C :

{
y = b

√
1− x2

a2
, y = 0

}
, a > 0, b > 0

11.
~F = (2x+ 3y + 5z)~j + ~k, p : x+ 3y + z − 3 = 0



ÂÀÐÈÀÍÒ 25

1. ∫∫
D

(
12xy + 27x2y2

)
dx dy

D : x = 1; y = x2; y = − 3
√
x

2. ∫∫
D

y2

x2
dx dy

D :

{
x2 + y2 + 2x 6 0;
x2 + y2 > 2

3.

x+ y = 3; y2 = 4x;

z = −y; z = 0 (z > 0)

4.

z = 3
√
x2 + y2;

z = 10− x2 − y2

5.

16 6 x2 + y2 + z2 6 100;

−
√
x2 + y2

3
6 z 6

√
x2 + y2

35

6.

S : x = z2 − y2;
D :

{
y2 + z2 6 4, x = 0

}

7.

1 6 x2 +
y2

2
6 4; y 6

√
6

3
x; y 6 0;

µ = xy2

8.

L :

{
x = 10 cos3 t
y = 10 sin3 t

, 0 6 t 6
π

2

9.

~F = 2xy~i− y2~j;
L : îòðåçîê MN,

M(0, 0), N(2, 1).

10. ∫
C

xy2 dx− x2y dy;

C :
{
x =

√
a2 − y2, x = 0

}
11.

~F = −~i+ (x− z + y)~k, p : x+ 2y + 2z − 4 = 0



ÂÀÐÈÀÍÒ 26

1. ∫∫
D

y2 · sin xy
2
dx dy

D : x = 0; y =
√
π; y = x

2. ∫∫
D

x

y2
dx dy

D :

{
16 6 x2 + y2 6 4

√
2 · y;

x > 0

3.

x = 3
√

3y; x = 2
√

3y;

z = 0; z + y = 3

4.

z =
√

9− x2 − y2; z =
√
x2 + y2

80

5.

9 6 x2 + y2 + z2 6 81; y 6 0;

0 6 z 6

√
x2 + y2

24
; y 6

x√
3

6.

S : 2x+ y + 3z = 6;

D :

{
x2

4
+
z2

9
6 1, y = 0

}

7.

2 6
x2

5
+
y2

3
6 5; 0 6 y 6

3
√
5

5
x;

µ =
32

63
xy

8.

L :

{
x = ln t
y = 1

2

(
t+ 1

t

) , 1 6 t 6 2

9.

~F = 4xy~i− x2~j;

L : y =
1

4
x2,

M(0, 0), N(2, 1).

10. ∫
C

y2 dx− x dy;

C : {y = cosx, y = 0, −π/2 6 x 6 π/2}

11.
~F = x~i+ (z − x)~j + y~k, p : 3x+ 2y + 3z − 6 = 0



ÂÀÐÈÀÍÒ 27

1. ∫∫
D

(
8xy + 18x2y2

)
dx dy

D : x = 1; y = 3
√
x; y = −x2

2. ∫∫
D

(
9− x2 − y2

)
dx dy

D :

{
x2 + y2 6 2y;

x 6 y 6 x
√
3

3.

y =
√
5x; x2 + y2 = 50

z =
12

25
x; z = 0 (z > 0)

4.

z =
√

100− x2 − y2; z = 6;

x2 + y2 = 51 (âíóòðè öèëèíäðà)

5.

49 6 x2 + y2 + z2 6 169; y > 0;

−
√
x2 + y2

24
6 z 6 0; y >

x√
3

6.

S : x2 + y2 + z2 = 1 (z > 0);

D :
{
x2 + y2 6 x, z = 0

}
7.

1 6
x2

3
+ 3y2 6 15; x > 0; y >

1

3
x;

µ =
x

y

8.

L :

{
x = et(cos t+ sin t)
y = et(cos t− sin t)

, 0 6 t 6
π

4

9.

~F = 2xy~i− x2~j;
L : x = 2y2,

M(0, 0), N(2, 1).

10. ∫
C

ex [(1 + cos y) dx− (y + sin y) dy];

C : {y = x, x = 2, y = 1}

11.
~F =~i+ (5x+ 2y + 3z)~k, p : x+ y + 3z − 3 = 0



ÂÀÐÈÀÍÒ 28

1. ∫∫
D

y2 · e−
xy
8 dx dy

D : x = 0; y = 4; y = 2x

2. ∫∫
D

(x− y) dx dy

D :

{
2x 6 x2 + y2 6 4x;
x > 0; y > 0

3.

x = 19
√

2y; x = 4
√

2y;

z = 0; y + z = 2

4.

z =
√

36− x2 − y2;

z =

√
x2 + y2

63

5.

9 6 x2 + y2 + z2 6 64; y 6
x√
3
;

z >

√
x2 + y2

99
; y 6 − x√

3

6.

S : x2 + y2 + z2 = 4 (x > 0);

D :
{
z2 + y2 6 2z, x = 0

}
7.

1 6
x2

3
+
y2

1
6 9; −x 6 y 6 0;

µ =
20

363
xy2

8.

L :

{
x = cos t+ t sin t
y = sin t− t cos t , 0 6 t 6

π

2

9.
~F = 2yx~i− y2~j;

L � ëîìàíàÿ ëèíèÿ, ïåðâîå çâåíî êîòîðîé ñîåäèíÿåò òî÷êè
M(0, 0) è B(2, 0), à âòîðîå � òî÷êè B(2, 0) è N(2, 1).

10. ∫
C

y

x
dx+ 2 lnx dy;

C : {2x+ y = 4, x = 1, y = 0}

11.
~F = x~i+~j + (y + z)~k, p : 2x+ y + 2z − 4 = 0
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1. ∫∫
D

(
12xy + 27x2y2

)
dx dy

D : x = 1; y = x3; y = −
√
x

2. ∫∫
D

ln
√
9− x2 − y2 dx dy

D :

{
1 6 x2 + y2 6 4;
y > x; y > x√

3

3.

x =
5

3

√
y; x =

5

9
y;

z = 0; z =
5

9
(3 +

√
y)

4.

z =
√

81− x2 − y2; z = 5;

x2 + y2 = 45 (âíóòðè öèëèíäðà)

5.

36 6 x2 + y2 + z2 6 100;

z > −
√
x2 + y2

63
; − x√

3
6 y 6 x

√
3

6.

S : x2 + y2 + z2 = 4 (y > 0);

D :
{
x2 + z2 6 2x, y = 0

}
7.

9 6 x2 +
y2

3
6 100; 0 6 y 6 3x;

µ =
y

x2

8.

L :

{
x = t3 + 1
y = t2

, 0 6 t 6 1

9.

~F = cos y ·~i− sinx ·~j;
L : îòðåçîê MN,

M(2,−2), N(−2, 2).

10. ∫
C

(x2y + x− y) dx+ (y2 + 2x) dy;

C :
{
y = x2 + 1, y = 2

}
11.

~F = (z + x)~i+ y~j + ~k, p : 2x+ 2y + z − 4 = 0
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1. ∫∫
D

y2 · cos xy
2
dx dy

D : x = 0; y =
√
2π; y = 2x

2. ∫∫
D

ex
2+y2 dx dy

D :

{
0 6 y 6 x;
4 6 x2 + y2 6 9

3.

x =
√

2y; x+ y = 4;

z = 0; z =
3

5
x

4.

z =
√

100− x2 − y2; z = 7;

x2 + y2 = 51 (âíóòðè öèëèíäðà)

5.

36 6 x2 + y2 + z2 6 144;

z 6

√
x2 + y2

3
; x
√
3 6 y 6

x√
3

6.

S : y = x2 − z2;
D :

{
x2 + z2 6 9, y = 0

}
7.

1 6
x2

3
+
y2

4
6 4; x > 0; y > 2x;

µ =
40

31
x2y

8.

L :

{
x = 2(2 cos t− cos 2t)
y = 2(2 sin t− sin 2t)

, 0 6 t 6
π

3

9.

~F = − y2

x
5
3 + y

5
3

~i+
x2

x
5
3 + y

5
3

~j;

L :

{
x = R cos3 t
y = R sin3 t

, x > 0, y > 0,

M(R, 0), N(0, R).

10. ∫
C

(x+ y)2 dx− (x− y)2 dy;

C : {y = sinx, y = 0, 0 6 x 6 π}

11.
~F = 2~i+ (y + z)~j + x~k, p : 2x+ 2y − z − 2 = 0


